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Preface

Pure mathematicians sometimes are satisfied with show-
ing that the non-existence of a solution implies a logical
contradiction, while engineers might consider a numer-
ical result as the only reasonable goal. Such one sided
views seem to reflect human limitations rather than ob-
jective values. In itself mathematics is an indivisible or-
ganism uniting theoretical contemplation and active ap-
plication. R. COURANT [112]

Partial differential equations (PDE’s) were introduced as mathematical models of var-
ious physical phenomena. In the 20th century, the theory of differential equations was
mainly developed in the context of an a priori conception that can be expressed by
the triad: existence, regularity, and approximation. In it, the accent is made on a pri-
ori mathematical analysis, and numerical experiment is often regarded as the very last
(and in a sense technical) step, which is more related to practical applications than to
theory.
A certain revision of views has started 20–30 years ago. It was stimulated by rapid

development of numerical methods for PDE’s. The experience accumulated in this
area shows that a priori methods provide only one part of the information necessary
for a comprehensive analysis of models based on PDE’s. If differential equations are
considered not as a self-contained branch of pure mathematics but as tools consigned
to serve natural sciences, then the imperfection of purely a priori analysis is easy to
observe. For example, almost all results of regularity theory and asymptotic analysis
have a qualitative meaning and are addressed to the whole class (or a subclass) of
boundary value problems considered. However, in the numerical experiment we al-
ways deal with an approximate solution of a particular problem the quality of which
must be certified by a certain quantitative criterion. The latter task calls for further
development of different mathematical methods focused on a posteriori analysis of
approximate solutions.
The need for new mathematical approaches to the analysis of PDE’s is motivated

not only by “routine” arguments (such as getting accurate numerical approximations).
There is a more fundamental problem: validation of mathematical models. Certainly,
it can be solved only by joint efforts of mathematicians and specialists in a particular
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natural science and a posteriori error control methods able to guarantee the reliability
of mathematical experiments must play an essential role in such research.
This book can be viewed as an introduction to a posteriori error estimation theory

for PDE’s, which is now in the process of formation and development. It includes
an extended version of the lecture course “A posteriori estimates and adaptivity in
continuum mechanics” that was prepared for the Special Radon Semester organized
in 2005 by the Radon Institute of Computational and Applied Mathematics in Linz.
That course was based on earlier lectures delivered in 2000–2001 for students of the
St. Petersburg Polytechnical University (Russia) and in 2003 for students and scientific
researchers of the University of Jyväskylä (Finland) and the University of Houston
(USA). In 2006, I read a modified version of the course at the Helsinki University of
Technology (Finland) and in 2007 at the University of Valenciennes (France). The
work with lectures was also supported by the DAAD program of Germany and FIM
(Switzerland) during long-term visits to the University of Saarbrücken (Germany) and
the Swiss Federal Institute of Tecnology (ETH, Zurich).
For these years, the content and structure of the text varied. However, the main

line of it remains the same: for each class of boundary value problems, a posteriori
estimates are derived by purely functional methods, which are used in the theory of
PDE’s for analysis of the corresponding differential equations. In other words, the
method suggested for deriving a posteriori error estimates (as well as methods, which
study existence and regularity) exploits specific features of a particular mathematical
problem, but does not attract properties of approximate solutions, mesh, and numerical
method used (the latter information can be utilized later). As a result, we obtain esti-
mates that contain no mesh-dependent constants and are valid for any approximation
from the corresponding energy space. This new functional approach to the a posteriori
error estimation developed in the last decade is the main subject of the book.
A posteriori estimates of the functional type came about from two sources. The

variational statement of the problem (if it has variational form) generates the first
derivation method, which is well exposed in many papers and in the book [244]. The
second method is based on transformations of integral identities that define general-
ized solutions. Most results exposed in Chapters 3–9 are obtained with the help of this
“nonvariational” method. The main idea of it is briefly as follows:

An integral identity (variational inequality) that defines a generalized solution is a
source of guaranteed and computable bounds of the difference between this solution
and any function from the corresponding energy space.

Chapter 2 contains a concise overview of various a posteriori error estimation meth-
ods developed in the 20th century, which are different from those considered in sub-
sequent chapters. Its purpose is to give only a general presentation and to discuss
several approaches to the error control problem. The reader interested in their detailed
investigation is referred to relevant literature.
In Chapter 3, the basic ideas of the functional approach are explained with the

paradigm of a simple elliptic problem. The next chapters are devoted to particular
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classes of problems: diffusion, linear elasticity, variational inequalities, etc. Their goal
is not only to present new estimates, but to demonstrate the method used for deriving
them. The latter problem is even more important because the understanding of basic
ideas would allow the reader to derive a posteriori estimates for a concrete problem of
interest.
The book rests upon a moderate background in functional analysis and the theory

of PDE’s. I hope that it will be useful for advanced specialists in the mathematics
of computations, as well as for students specialized in applied mathematics, and for
numerical analysts.
I wish to express my deep gratitude to Prof. O.A. Ladyzhenskaya for comments and

advice she gave me in 2000–2003. During the last decade I has had fruitful discussions
of problems related to the topic with many colleagues in Europe and USA; sincere
thanks to all of them. Some of these discussions have resulted in joint works presented
on the reference list.
I thank Dr. R. Plato and Dr. N. Lebedinskaya for their kind help in editing the book.
My special gratefulness is to the Radon Institute for Computational and Applied

Mathematics (RICAM) in Linz, where the idea of this book appeared and was actively
supported. Also, I am very grateful to the University of Jyväsylä and the Academy of
Finland for a long-term support of my research.

Sergey Repin Saint Petersburg, 2008





1 Introduction

1.1 A priori and a posteriori methods of error estimation

Partial differential equations (PDE’s) were divised as mathematical models of various
physical phenomena. Over the 20th century, mathematical models based on PDE’s
have been intensively investigated as part of the new rapidly developing scienceMath-
ematical Modeling1.
Originally, the analysis of models generated by differential equations was performed

in the framework of an a priori method the main steps of which are as follows:

� proving existence and uniqueness of a solution;
� studying higher differentiability of a solution and deriving regularity estimates;
� establishing rate convergence estimates for sequences of approximations.

Proving the fact that the problem considered possesses a (unique) solution is the first
principal step. The second step is focused on qualitative properties of exact solutions
(the existence of higher derivatives, the continuity and smoothness of a solution, or
the behavior in the vicinity of special points, the type of possible singularities). This
a priori information can be further utilized in approximation methods. The third step
started receiving serious attention in the 50–60s when first systematic results in the er-
ror control theory for PDE’s were obtained. Classical convergence theory is perfectly
presented, e.g., in P. Ciarlet [107] and G. Strang and G. Fix [344]. It is focused on
asymptotic estimates of approximation errors. The ultimate aim of this theory is to
prove that the difference between an exact solution u and an approximation uk found
in a finite-dimensional subspace of dimension k tends to zero as k ! 1. In a sense,
proving such a convergence can be viewed as a formal justification of the approxima-
tion method used. More exact estimates show the convergence rate, i.e., they establish
the relation

ku � ukkV � c
�

1

k

�m

; (1.1.1)

where V is an appropriate space and c and m are some positive real numbers inde-
pendent of k. The value of the constant c depends on the exact solution u and on the
type of approximations used. These estimates give the most general information on
the behavior of approximation errors and are often called a priori error estimates.
Usually, a priori error estimates establish the asymptotic behavior of an upper bound

of the approximation error for the whole set of solutions and their approximations of
a certain type. However, they are generally unable to evaluate efficiently the error

1In recent years, Mathematical Modeling has come under consideration as part of the Computational
Science that “constitutes the third pillar of the scientific enterprize, peer alongside Theory and Physical
Experiment” [267].
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related to a particular approximate solution computed on a particular mesh. Moreover,
they possess other features that make their practical exploitation rather difficult. First,
they are valid only for Galerkin approximations. In practice, it is often difficult to
guarantee that an approximate solution computed by a numerical procedure is indeed
the exact solution of a respective finite-dimensional problem. Second, such estimates
require the extra regularity of exact solution. However, in many practically important
cases exact solutions do not have such regularity.
These drawbacks stimulated efforts focused on new error estimation methods able to

characterize explicitly the accuracy of approximate solutions. In the late 70s and early
80s, it became clear that successful numerical methods for PDE’s should be based
on the so-called mesh-adaptive procedures that modify finite-dimensional spaces (and
meshes) using the information comprised in the approximate solution computed at
the previous step2. In fact, at that time it was understood that a priori methods in
the theory of PDE’s should be combined with a posteriori ones. In the a posteriori
method, getting an approximate solution is not the final step but a starting point of
a new analysis, which is aimed at (a) estimating the accuracy of the solution and (b)
indicating the distribution of errors over the domain. Obviously, (a) gives a stopping
criterion and (b) provides information needed for a correction of the finite-dimensional
subspace.
A posteriori error estimates, together with other related topics (such as “mesh refine-

ment” and “adaptivity”), have attracted much attention in the last decades. The above
problems create the basis for a new wave of investigations in numerical analysis united
by the common name “reliable modeling”. Nowadays, Fully Reliable Mathematical
Modeling based on advanced methods of computer simulation forms one of the most
challenging scientific directions the development of which is of great importance for
many applied sciences. Fully reliable modeling consists of

� efficient computation of a sequence of approximate solutions that converges to the
desired exact solution and

� reliable verification of the accuracy of the approximation obtained.

The second problem is discussed in the present book.

1.2 Book structure

Throughout Chapter 1, we discuss the error control problem in general terms and
present a short summary of mathematical notions and notation necessary for the un-
derstanding of the material.

2An interesting discussion on the reliability of different computer simulation methods in nonlinear
mechanical problems is contained in [15]. It reflects early observations of the fact that approximations
of strongly nonlinear problems (and not just them) may seriously depend on the structure of the finite-
dimensional space (mesh) used.
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Chapter 2 contains a concise overview of a posteriori error estimation methods. We
discuss the very first error indicators suggested by Runge, Prager and Synge, Mikhlin,
and Ostrowski. After that, we briefly present another group of a posteriori error esti-
mates that follow from the monotonicity of operators. In the application to PDE’s, the
methods of this group are close to the theory of positive solutions and the maximum
principle. Theoretically, they could give a posteriori error estimates of the strongest
(pointwise) type. A short discussion of them presented in the chapter is intended to
give preliminary knowledge (and to generate an interest in further study) rather than
to expose a complete theory.
The subsequent material is devoted to error indication methods created in the 70s–

90s for finite element approximations. We consider the classical explicit residual
method, methods based on the post-processing of approximate solutions, and the dual-
weighted residual method, which have gained high popularity in the computational
community in the last decade. The purpose of this overview is to give only a general
idea of various a posteriori error indicators, which are usually used in adaptive numer-
ical methods. The reader interested in a detailed investigation of them is referred to
relevant literature.
In Chapter 3, we start the study of functional a posteriori estimates. To express the

main ideas in the most transparent form throughout the chapter we consider only one
problem: Poisson’s equation with Dirichlet boundary conditions. For this problem, we
explain both derivation methods (variational and nonvariational) and show that they
lead to exactly the same a posteriori error estimates. Further, we discuss properties,
modifications, and practical implementation of the estimates.
Chapter 4 is devoted to diffusion problems. We begin with the linear stationary

problem, which can be viewed as the first generalization of the problem treated in
Chapter 3. A posteriori estimates are now derived for mixed, Neumann, and Robin
boundary conditions. Further, we find error estimates for reaction-diffusion and
convection-diffusion problems. In the last part of the chapter, we consider the case
where the stationary diffusion equation involves both reaction and convection terms.
A posteriori estimates for nonstationary diffusion equations are obtained in Chapter 9.
Chapter 5 deals with elliptic systems arising in linear elasticity theory. We obtain

error estimates in terms of displacements and stresses and especially discuss the case
of isotropic elasticity, which is typical of applications.
In Chapter 6, we present the error estimation method for models in the theory of

viscous fluids. Among them we examine the stationary Stokes problem and its gener-
alizations, the Oseen problem, and the stationary Navier–Stokes equation (for a suffi-
ciently small velocity). Models related to generalized Newtonian fluids are discussed
in Chapter 8.
The experience gained by studying Chapters 3–6 will help the reader to look at the

theory from general positions. This is what Chapter 7 is intended for. Here, we evolve
the variational and nonvariational methods of a posteriori error estimation in operator
form. Using the material of this chapter it is easy to obtain a posteriori estimates for a
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particular class of problems that fits the general conditions imposed on the operators.
In the last section of Chapter 7, we discuss mixed formulations of elliptic problems and
show that the a posteriori estimates can also be derived by transforming the relations
that define the saddle point of the corresponding Lagrangian.

The book is mainly focused on linear problems. A concise excursion to the theory of
a posteriori error estimation for nonlinear problems is presented in Chapter 8. First, we
deal with elliptic variational inequalities (of the first and second type) and show that
proper transformations of variational inequalities also lead to computable estimates
of approximation errors. It is of interest that the same estimates have earlier been
derived by the variational method, which we also discuss in the chapter. Further, we
consider generalizations of the variational and nonvariational methods to a wide class
of nonlinear elliptic problems. A posteriori estimates of the functional type for various
nonlinear problems have intensively been studying during the last decade. However, a
consequent exposition of the corresponding results is beyond the scope of this book.
Instead of this, in the last section of the chapter we give an overview of the results and
a deeper discussion of the estimates derived for the ˛-Laplacian, for problems with
nonlinear boundary conditions, and for generalized Newtonian fluids.

Chapter 9 is concerned with applications of error estimation theory to some other
problems. It starts with equations of higher order and a class of problems associated
with the operator curl. Certainly, the estimates presented follow from the general
theory of Chapter 7. However, it seems pertinent to give a more transparent discussion
of these (practically important) problems. A method that yields a posteriori functional
estimates for evolutionary problems is given in the third section. Section 4 is devoted
to a posteriori error estimates of the new type derived for optimal control problems
with the help of functional error majorants. In the next section, we examine two error
estimation methods for nonconforming approximations (they also follow from error
estimation theory presented in Chapters 3–4). Another important topic concerns the
influence of errors caused by indeterminacy of data, which always exists in real-life
problems. In Section 6, we show that using new error estimation methods opens a
way for measuring the errors that arise owing to data uncertainty. Finally, we discuss
the problem of error estimation in terms of quantities other than the (global) energy
norm. We show that with the help of functional error majorants one can obtain errors in
local and weighted norms, in goal-oriented functionals, and in some other (nonenergy)
norms.

In conclusion, it is worth adding a comment on practical applications of the a pos-
teriori estimates presented in the book. In the last decade, serious efforts were concen-
trated on the study of this subject. The estimates were numerically tested for diffusion
(elliptic and parabolic), stationary Stokes and Oseen problems, linear elasticity and
thermoelasticity, variational inequalities, optimal control problems, and nonconform-
ing approximations of elliptic problems. A posteriori estimates of the functional type
were used together with standard software packages (such as MATLAB and ANSYS)
and compared with a posteriori error estimates of other types. Summarizing the ex-
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perience accumulated, we can say that new a posteriori estimates are more expensive
(e.g., if we compare them with error indicators based on gradient averaging). How-
ever, they have two serious advantages: the error bounds are guaranteed and are valid
for conforming approximations of all types. The latter property is especially impor-
tant in practical computations where it is difficult to guarantee that the true solution
is indeed regular, the approximate solution satisfies the Galerkin orthogonality condi-
tion, and it may be necessary to adapt quickly the error estimation method to approx-
imations of new types. In addition, functional a posteriori estimates do not contain
mesh-dependent constants and can be computed with the help of a unified numerical
technology (and one computer code, which is a checker independent of a solver).

The reader will find references to publications including numerical results and their
discussion in respective sections of the book. However, a systematic exposition of all
these results would make the book unreasonably large. For this reason, it is concen-
trated on the explanation of key ideas, methods, and algorithms. Studying them would
allow the thoughtful reader to implement easily the estimates in his/her own code and
check how the error estimation technology works.

1.3 The error control problem

If we wish to use differential equations as mathematical models of real-life objects
and processes, then the main question is how to solve them reliably. By the word
“solve” we mean the ability to get detailed quantitative information on the exact solu-
tion. Regrettably, analytic methods yield solutions to a restricted amount of problems.
Therefore, in the vast majority of cases “solving” is reduced to a numerical proce-
dure resulting in an approximate solution. Thus, a mathematical experiment should
be regarded as the crucial step that provides information, which is either difficult or
impossible to get by other methods. The general principle of scientific objectivity
suggests that

the mathematical experiment must obey the same strict authenticity rules

as those commonly accepted in natural sciences.
In other words, mathematical modeling cannot be confident without answering the
question:

What is the guaranteed accuracy of an approximate solution?

A priori rate convergence estimates supply a rather philosophical answer to this
question, namely: “If the dimension of subspaces increases in a certain proportion
(and if all subspaces are regular in some sense), then the upper bound of the error es-
tablished for the whole class of approximations decreases with a certain rate”. Such an
answer cannot be accepted as a sufficient one. An a priori estimate may be unable to
give a realistic estimate for a particular approximate solution. Moreover, there are sev-
eral other questions that convincingly call for a different approach to the error control
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problem. For example:

� Which part of the difference between computed solutions and observable (physical)
data is related to approximations (numerical method) and which is generated by the
mathematical model used?

� How accurately do we know the coefficients, domain, boundary and initial condi-
tions and how does the indeterminacy in this knowledge affects the solution?

� How sensitive is the solution with respect to changes in the mathematical model
(e.g., with respect to adding (removing) lower terms to the equation, changing
boundary conditions or using other modifications)?

These are difficult questions, and very often they are ignored in engineering and scien-
tific computations. However, if they are not answered, then computer simulation is but
a producer of more or less probable conjectures (which sometimes may lead to wrong
conclusions).

Reliable answers to these and other questions cannot be found unless the following
main error control problem is solved:

Given the data (coefficients,a domain, boundary conditions) of a bound-
ary value problem having the exact solution u and a function v from the
corresponding (energy) space V , compute the radii r1 and r2 of two balls
B.v; r1/ and B.v; r2/ centered at v such that

u 62 B.v; r1/ and u 2 B.v; r2/: (1.3.1)

We say that a method used to solve the above problem is sharp if one can find r1 and
r2 such that r2 � r1 � � for any given � > 0.
Obviously, this problem is solved if we have the estimate

M .v;D/ � ku � vkV �M .v;D/; 8v 2 V; (1.3.2)

where k � kV stands for the norm of V , D denotes the set of known data and the func-
tionalsM (error majorant) andM (error minorant) are directly computable. This es-
timate establishes two-sided guaranteed error bounds for conforming approximations
of all types.
Throughout the book, the functionals that give upper and lower bounds of approxi-

mation errors are denoted by M and M , respectively. Subscripts are used to specify
such a functional and relate it to a particular problem: for example,M ST is the majo-
rant for the Stokes problem.
Estimate (1.3.2) has a practical significance if the functionalsM andM satisfy an

additional consistency condition:

M .v;D/! 0; M .v;D/! 0 as v ! u inV; (1.3.3)

which guarantees that the majorant (minorant) vanishes on any sequence converging
(in the energy space) to the exact solution. The majorants discussed in the book satisfy
this condition.
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Another important requirement imposed on M and M is that (1.3.2) must hold
without extra regularity assumptions on the exact solution u (which in a priori error
estimates are usually required). From the practical point of view, such a property of
an error estimate is very useful, because the regularity (smoothness) of exact solutions
is unstable with respect to small variations in data (coefficients of a PDE and the ge-
ometry of a domain). In real life problems, these data are never known exactly, so that
numerical analysts and engineers should use approximation and error control methods
that do not exploit (explicitly or implicitly) higher regularity of exact solutions and are
stable with respect to small variations in problem data.
In Chapters 3–9 we derive the functionals M and M for various classes of boun-

dary-value problems. In addition to v, they also include the known data D and “free”
function(s) y, which can be viewed as approximations of certain differential opera-
tor(s) applied to u. For example, in diffusion problems they are associated with ru
or Aru (where A is the diffusion matrix) and in linear elasticity with L".u/ (where
L is the elasticity tensor and ".u/ is the tensor of small strains). These differential
complexes have a physical meaning and are often called “dual” variables. We consider
them as arguments and rewrite (1.3.2) in the form

M .v; y;D/ � ku � vkV �M .v; y;D/; 8v 2 V; y 2 Y; (1.3.4)

where Y is a certain set (usually it is a space) that contains admissible y.
Also we derive computable functionals that provide reliable bounds for the er-

rors estimated in terms of combined (primal-dual) norms (e.g., in terms of the norm
k.u � v/kV C k.p � q/kY , where p denotes the exact dual function and q is an ap-
proximation of p).
Once the estimate (1.3.4) has been derived for a class of boundary value problems,

the computer simulation methods for this class are fully controllable. Therefore, such
estimates should be derived for each mathematical model used for the quantitative
analysis. The aim of this book is not only to presentM and M for particular classes
of boundary value problems but to explain the basic principles that will help the reader
to derive similar estimates for a particular mathematical model he/she studies.
Finally, we note that (1.3.4) generates the variational statement

inf
v2V;
y2Y

M .v; y;D/:

In principle, a sequence of approximations converging to the exact solution can be
computed by a certain minimization procedure applied toM .v; y;D/. The values of
M indicate the quality of v and y as approximations of the exact solutions u and p,
so that the efficiency of an approximation process is explicitly controlled. However,
in practice such a minimization procedure may be rather expensive, and it is more
efficient to find v and y by other (e.g., mixed) methods.
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1.4 Mathematical background and notation

It is assumed that the reader is familiar with basic facts in functional analysis and the
theory of differential equations and understands such notions as “generalized deriva-
tive”, “weak solution”, Lebesgue and Sobolev space. Those feel necessary to study the
mathematical background are advised to use, e.g., [151, 197, 234, 211]. The content
of these books is quite sufficient for the understanding of the material.

1.4.1 Vectors and tensors

By R
d and M

d�d we denote the spaces of real d -dimensional vectors and d � d
matrixes (tensors), respectively. The scalar product of vectors is denoted by �, and for
the product of tensors we use the symbol W, i.e.,

u � v D uivi ; � W � D �ij�ij ;

where summation (from 1 to d ) over repeated indices is implied. The norms of vectors
and tensors are defined with the help of the products introduced above:

jaj WD pa � a; j� j WD p� W �:

Henceforth, the symbol WD means “equals by definition”. The multiplication of a
matrix A 2 M

d�d and a vector b 2 R
d is the vector, which we denote Ab. In the

book, matrixes are usually denoted by capital Latin letters or by Greek letters (e.g., � ,
� , "). AT and A�1 denote the transposed and inverse matrixes, respectively.
Any tensor � is decomposed into the deviatoric part �D and the trace tr � WD �i i , so

that � WD �D C 1
d

I tr � , where I is the unit tensor. It is easy to check that

� W I D tr �; �D W I D 0; (1.4.1)

j� j2 D j�Dj2 C 1

d
.tr �/2; (1.4.2)

so that we have an orthogonal decomposition of � into two parts (which sometimes are
called deviatorical and spherical).
In the book, we use various inequalities for scalars, vectors, and tensors. First, we

recall the algebraic Young’s inequality

2ab � ˇa2 C 1

ˇ
b2; (1.4.3)

which is valid for any ˇ > 0. For a pair of vectors a and b we have a similar estimate

2a � b � ˇjaj2 C 1

ˇ
jbj2; (1.4.4)
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which implies the inequalities

jaC bj2 � .1C ˇ/jaj2 C 1C ˇ
ˇ
jbj2; (1.4.5)

jaC bj2 � 1

1C ˇ jaj
2 � 1

ˇ
jbj2: (1.4.6)

Similarly, for a pair of tensors � and � we have

2� W � � ˇj� j2 C 1

ˇ
j� j2; (1.4.7)

j� C � j2 � .1C ˇ/j� j2 C 1C ˇ
ˇ
j� j2: (1.4.8)

If H is a Hilbert space with scalar product .�; �/ and norm k � k associated with the
product, then it is easy to extend (1.4.4)–(1.4.6) to the elements ofH .
The inequality (1.4.1) is a particular form of the more general Young’s inequality

ab � 1

p
.ˇa/p C 1

p0

�

b

ˇ

�p0

;
1

p
C 1

p0 D 1: (1.4.9)

Differential operations for vectors and tensors are introduced with the help of a sym-
bolic vector r D is

@
@xs
, where is (s D 1; : : : ; d ) denote the init vectors of the Carte-

sian system. We recall that is � ik D ısk , where ısk D 0 if s 6D k and ıkk D 1.
If is a differentiable scalar-valued function thenr is the vector

n

@ 
@x1
; @ 
@x2
; @ 
@x3

o

,

which is the gradient of  . For a vector-valued function a D asis we have the follow-
ing differential operations:

r � a D is @
@xs
� akik D @as

@xs
D as;s WD div a;

r � a D curl a WD .a3;2 � a2;3I a1;3 � a3;1I a2;1 � a1;2/ (for d D 3);

ra D r ˝ a D @ak

@xs
is ˝ ik D ak;sis ˝ ik :

Let  and a be a differentiable function and vector-valued function, respectively. It is
easy to see that

r � . a/ D @

@xs
is � . akik/ D @

@xs
.ıks  ak/ D

@ 

@xs
as C @as

@xs
 

and we arrive at the relation

div a D a � r C  div a: (1.4.10)
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Other differential relations, namely,

r.� / D �r C  r�;
r. a/ D r ˝ aC  r a;

r � . a/ D  .curl a/Cr � a;
r � .a � b/ D b � curl a � a � curl b;
r � .a˝ b/ D b div aC a � rb

are also often used in the analysis of boundary value problems.
Differential operations of the second order are not always defined. Some others lead

to a trivial result. We recall that

r � .r / D 0; r � .r � a/ D 0;
divr D r � r D .r � r/ D � ;

and

r � .r � a/ D r.r � a/ � .r � r/a D grad div a � r2a:
A vector-valued function a is called solenoidal if it can be represented as curl b, where
b of another vector-valued function. In this case, diva D 0, so that solenoidal fields
are divergence-free.
Similar relations hold for tensors. For example, if � is a tensor-valued function with

differentiable components, then

Div .�a/ D a � Div � C � T W ra: (1.4.11)

By Div � we denote the divergence of a tensor-valued function � , which is a vector-
valued function with components f�ij;j g.
In subsequent chapters, we use several known integral relations. The first of them

is the Ostrogradski formula:
Z

�

div a dx D
Z

�

a � n ds; (1.4.12)

where � is a closed surface of �.
By (1.4.10) and (1.4.12), we obtain

Z

�

div . a/ dx D
Z

�

. div aCr � a/ dx D
Z

�

 a � n ds (1.4.13)

If  vanishes on � , then from (1.4.13) it follows that
Z

�

. div aCr � a/ dx D 0: (1.4.14)
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Another integral relation is
Z

�

curl a � v dx D
Z

�

a � curl v dx �
Z

�

.a � n/ � v ds: (1.4.15)

In the above relations, we assume that the functions are sufficiently regular so that the
corresponding volume and surface integrals exist.
Finally, we recall the Helmholtz’s theorem, which is known as the fundamental

theorem of vector calculus. It states that any sufficiently smooth, rapidly decaying
vector-valued function can be resolved into curl-free and divergence-free (solenoidal)
components, i.e.,

q D r C curl a: (1.4.16)

For a bounded domain �, Helmholtz decomposition states that q can be resolved into
a solenoidal vector-valued function q0 and r , where  2 VH 1.�/ (e.g., see [232]).
Another version (which is often used in mathematical hydrodynamics) resolves q into
q0 and r such that div q0 D 0, q0 � n D 0 on � , and  is a scalar-valued function
having (generalized) derivatives of the first order (e.g., see [210] or [348]).

1.4.2 Spaces of functions

We denote a bounded connected domain in R
d by � and its boundary (which is as-

sumed to be Lipschitz continuous) by � . Usually, ! stands for an open subset of �.
The closure of sets is denoted by a bar and the Lebesgue measure of a set ! 2 R

k

by meask!. If ! is a domain in R
d and 	 2 R

d�1 is its boundary, then we also use
simplified notation j!j and j	 j for the corresponding d and d � 1 measures.
By Lp.!/ we denote the space of functions summable with power p with norm

kwkp;! WD
�

Z

!

jwjpdx
�1=p

:

The vector-valued functions with components that are square summable in � form
the Hilbert space L2.�;Rd /. Analogously, L2.�;Md�d / is the Hilbert space of
tensor-valued functions (sometimes we use the special notation † for this space). If
tensor-valued functions are assumed to be symmetric, then we write M

d�d
s (and †s

instead of L2.�;Md�d
s /).

For v 2 L2.�;Rd / and � 2 L2.�;Md�d /, the norms are defined by the relations

kvk2 WD
Z

�

jvj2 dx and k�k2 WD
Z

�

j� j2 dx:

Since no confusion may arise, we denote the norm ofL2.�/ and the norm of the space
L2.�;Rd / by k � k. The space of measurable essentially bounded functions is denoted
by L1.�/. It is equipped with the norm

kuk1;� D ess sup
x2�
ju.x/j:
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By VC1.�/ we denote the space of all infinitely differentiable functions with compact
supports in �. The spaces of k-times differentiable scalar- and vector-valued func-
tions are denoted by C k.�/ and C k.�;Rd /, respectively; VC k.�/ is the subspace of
C k.�/ that contains functions vanishing at the boundary; P k.�/ denotes the set of
polynomial functions defined in� � R

d , i.e., v 2 P k.�/ if

v D
X

j˛j�m
a˛x

˛; m � k;

where ˛ WD .˛1; : : : ; ˛d / is the so-called multi-index,
j˛j D ˛1 C ˛2 C : : :C ˛d ; a˛ D a˛1;:::;˛d ;

and x˛ D x˛1x˛2 : : : x˛d .
Solenoidal vector-valued functions the components of which are square summable

in � form the space S.�/.
For partial derivatives we keep the standard notation and write

@f

@xi
or f;i :

Usually, we understood them in a generalized sense: a function g D fi is called the
generalized derivative of f 2 L1.�/ with respect to the xi if it satisfies the relation

Z

�

f w;i dx D �
Z

�

gw dx; 8w 2 C 10 .�/: (1.4.17)

Generalized derivatives of higher orders are defined by similar integral relations (see
S. Sobolev [336]).
By fggS we denote the mean value of a function g on S , i.e.,

fggS WD
1

jS j
Z

S

g dx

andegS WD g � fggS . The functions with zero mean form the space

zL2.�/ WD
n

q 2 Q
ˇ

ˇ

ˇ

fqg� D 0
o

:

The spaceH.�; div/ is a subspace of L2.�;Rd / that contains vector-valued func-
tions with square-summable divergence, and H.�;Div/ is a subspace of † that con-
tains tensor-valued functions with square-summable divergence, i.e.,

H.�; div/ WD fv 2 L2.�;Rd / j div v 2 L2.�/g;
H.�;Div/ WD f� 2 L2.�;Md�d / j Div � 2 L2.�;Rd /g:
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Both spaces H.�; div/ and H.�;Div/ are Hilbert spaces endowed with scalar prod-
ucts

.u; v/div WD
Z

�

.u � v C divu div v/ dx

and

.�; �/Div WD
Z

�

.� W � C Div � � Div �/ dx;

respectively. The norms k � kdiv and k � kDiv are associated with the above-defined
scalar products.
Similarly,H.�; curl / is the Hilbert space of vector-valued functions having square-

summable curl or, i.e.,

H.�; curl / WD fv 2 L2.�;Rd / j curl v 2 L2.�/g:

This space can be defined as the closure of smooth functions with respect to the norm

kwkcurl WD
�kwk2� C kcurlwk2�

�1=2
:

The Sobolev spaces W m;p.�/ (where m and p are positive integer numbers) con-
tain functions summable with power p the generalized derivatives of which up to order
m belong to Lp. For a function f 2 W m;p.�/, the norm is defined as usual:

kf km;p;� D
�

Z

�

X

j˛j�m
jD˛f jp dx

�1=p

:

Here ˛ D f˛1; : : : ; ˛d g is the multi index and

D˛v D @j˛jv
@x
˛1
1 : : : @x

˛d
d

is the derivative of order j˛j. The Sobolev spaces with p D 2 are denoted by the letter
H , i.e.,

Hm.�/ WD ˚v 2 L2.�/ j D˛v 2 L2.�/; 8m W j˛j � m� :

These spaces belong to the class of Hilbert spaces. A subset ofHm.�/ formed by the
functions vanishing on � is denoted by VHm.�/.
The functions in Sobolev spaces have counterparts on � (and on other manifolds of

lower dimensions) that are associated with spaces of traces. Thus, there exist some
bounded operators mapping the functions defined in � to functions defined on the
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boundary. For example, the operator � W H 1.�/! L2.�/ is called the trace operator
if it satisfies the following conditions:

�v D v j� ; 8v 2 C 1.�/; (1.4.18)

k�vk2;� � cT�kvk1;2;�; (1.4.19)

where cT� is a positive constant independent of v. From these relations, we observe
that �v is a natural generalization of the trace defined for a continuous function (in the
pointwise sense). The image of � is a subset of L2.�/, which is the space H 1=2.�/.
Thus, � 2 L

�

H 1.�/;H 1=2.�/
�

and the space VH 1.�/ is the kernel of �. The func-
tions from other Sobolev spaces are also known to have traces in Sobolev spaces with
fractional indices.
Also, for any � 2 H 1=2.�/, one can define a continuation operator

� 2 L.H 1=2.�/;H 1.�//

such that
�� D w; w 2 H 1.�/; �w D � on �

and (e.g., see J.-L. Lions and E. Magenes [222])

k�kH1=2;� � c� kwk1;2;� ; kwk1;2;� � c� k�kH1=2;� : (1.4.20)

Using the operator �, we define subspaces of functions vanishing on � or on some part
�1 of � . Usually, such subspaces are marked by the zero subindex, e.g.,

V0 WD fv 2 V j �v D 0 a:e: on �1g ;
Henceforth, we understand the boundary values of functions in the sense of traces, so
that the phrase “u D � on �” means that the trace �u of a function u defined in �
coincides with a given function � defined on � (for the sake of simplicity, we usually
omit �). If for two functions u and v defined in � we say that u D v on � , then we
mean that �.u � v/ D 0 on � .
For f 2 L2.�/, the functional

hf;i ; 'i WD �
Z

�

f
@'

@xi
dx (1.4.21)

is linear and continuous not only for functions in VC1.�/ but also for all functions of
the space VH 1.�/ (this fact follows from the density of smooth functions in VH 1.�/

and known theorems on the continuation of linear functionals). Such functionals can
be viewed as generalized derivatives of square summable functions. They form the
spaceH�1.�/ dual to VH 1.�/. It is easy to see that the quantity

jjjjjjf;i jjjjjj WD sup
'2 VH1.�/
' 6D0

jhf;i ; 'ij
kr'k� (1.4.22)

is nonnegative and finite. It can be used to introduce the norm forH�1.�/.
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1.4.3 Inequalities

In the subsequent chapters, we use several inequalities well known in functional anal-
ysis (e.g., see [336, 214]). For convenience of the reader, we collect and discuss them
below.
First, we recall the inequality

ja � bj �
� d
X

iD1
jai j˛

�1=˛� d
X

iD1
jbi j˛0

�1=˛0

; (1.4.23)

where 1
˛0 C 1

˛
D 1 and a; b 2 R

d . It is known as the discrete Hölder inequality. The
Hölder inequality in functional form is as follows:

Z

�

uv dx � kuk˛;�kvk˛0;�: (1.4.24)

Let u and v be two functions in L˛.�/. Then
Z

�

.uC v/˛ dx D
Z

�

u.uC v/˛�1 dx C
Z

�

v.uC v/˛�1 dx

� kuk˛;�
�

Z

�

.uC v/.˛�1/˛0
dx

�1=˛0

C kvk˛;�
�

Z

�

.uC v/.˛�1/˛0
dx

�1=˛0

D .kuk˛;� C kvk˛;�/
�

Z

�

.uC v/.˛�1/˛0
dx

�.˛�1/=˛

and we arrive at the Minkowski inequality
�

Z

�

.uC v/˛dx
�1=˛

� kuk˛;� C kvk˛;�; (1.4.25)

that states the triangle inequality for the norm. The Hölder and Minkowski inequalities
also hold for spaces of vector- and tensor-valued functions.
For the functions in VH 1.�/, we have the Friedrichs inequality

kwk� � CF�krwk�; 8w 2 VH 1.�/; (1.4.26)

where CF� is a positive constant independent of w. It is not difficult to observe that
the constant in (1.4.26) satisfies the relation

1

CF�
D 
� WD inf

w2 VH1.�/
w 6D0

krwk
kwk : (1.4.27)

Let � � b�. For any w 2 VH 1.�/, we can define bw D w in � and bw.x/ D 0 for any
x 2 b� n�. Obviously, bw 2 VH1.b�/. Therefore,


� � inf
bw2 VH1.b�/

bw 6D0

krbwk
kbwk D 
Cb� D

1

C
Fb�
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and CF� � CFb�. Assume that

� � … WD fx 2 R
d j ai < x < bi ; bi � ai D lig:

Then,


� � 
… D �
s

X

i

1

l2i
;

and we obtain an explicit upper bound for CF�.
For w 2 H 1.�/, the Friedrichs inequality has a more general form

kwk2� � c2F�

�

krwk2� C
Z

�

jwj2 ds
�

: (1.4.28)

For w 2 H 1.�/, the Poincaré inequality reads

kwk2� � C 2P�

�

krwk2� C
�

Z

�

w dx
�2
�

: (1.4.29)

From (1.4.29) it follows that

kwk� � CP�krwk�; 8w 2 zL2.�/: (1.4.30)

If
� D …l WD fx 2 R

d j xi 2 .0; li /; li > 0g;
then the Poincaré inequality takes the form (e.g., see [217])

kwk2� �
1

j…l j
�

Z

…l

w dx

�2

C d

2

Z

…l

d
X

iD1
l2i w

2
;i dx: (1.4.31)

In S. Mikhlin [234, 233], the reader will find more information concerning the con-
stants in the Poincaré and Friedrichs inequalities.
In continuum mechanics, of importance is the following assertion known as the

Korn’s inequality. Let � be an open, bounded domain with Lipschitz continuous
boundary. Then

Z

�

�jwj2 C j".w/j2� dx � CK�kwk21;2;�; 8w 2 H 1.�;Rd /; (1.4.32)

where CK� is a positive constant independent of w and ".w/ denotes the symmetric
part of the tensor rw, i.e.,

"ij .w/ D 1

2

�

@wi

@xj
C @wj

@xi

�

:
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It is not difficult to verify that the left-hand side of (1.4.32) is bounded from above by
the H 1-norm of w. Thus, it represents a norm equivalent to k � k1;2;�. The kernel of
".w/ is called the space of rigid deflections and is denoted byR.�/. Ifw 2 R.�/, then
it can be represented in the form w D w0C!0x, where w0 is a vector independent of
x and !0 is a skew-symmetric tensor with coefficients independent of x. It is easy to
understand that the dimension of R.�/ is finite and equals d C d.d�1/

2
.

For the functions in VH 1.�/, the Korn’s inequality is easy to prove. Indeed,

j".w/j2 D 1

4
.wi;j C wj;i /.wi;j C wj;i /

D 1

4
.wi;jwi;j C wj;iwj;i C 2wi;jwj;i / D 1

2
.jrwj2 C wi;jwj;i /;

where the summation over repeated indices is implied. Therefore, for any w 2 VC 2.�/
we have
Z

�

j".w/j2dx D 1

2

Z

�

�

jrwj2 C wi;jwj;i
�

dx D 1

2

Z

�

�

jrwj2 � wiwj;ij
�

dx

D 1

2

Z

�

�

jrwj2 C wi;iwj;j
�

dx D 1

2

Z

�

�

jrwj2 C jwi;i j2
�

dx

� 1

2
krwk2:

Hence,

krwk � p2k".w/k 8w 2 VC 2.�/: (1.4.33)

Since VC 2.�/ is dense in VH 1.�/, this inequality is also valid for functions in VH 1.�/.
The proofs of the Korn’s inequality (1.4.32) are much more complicated (e.g., see
[120]).

1.4.4 Convex functionals

Consider a Banach space V . A set K � V is called convex if 
1v1 C 
2v2 2 K for
all v1; v2 2 K and all 
1; 
2 2 RC such that 
1 C 
2 D 1. Let K be a convex set. A
functional J W K ! R is said to be convex if

J.
1v1 C 
2v2/ � 
1J.v1/C 
2J.v2/ (1.4.34)

for all v1; v2 2 K and all 
1; 
2 2 RC such that 
1 C 
2 D 1. A functional J is
called strictly convex if

J.
1v1 C 
2v2/ < 
1J.v1/C 
2J.v2/ (1.4.35)

for all v1; v2 2 K (such that v1 6D v2) and 
 2 .0; 1/. A functional J is called concave
(resp., strictly concave) if the functional .�J / is convex (resp., strictly convex).
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The functional

�K.v/ D
	

0 if v 2 K;
C1 if v 62 K

is called the characteristic functional of the set K. It is clear that it is convex if and
only if the set K is convex.
If J1 and J2 are two convex functionals defined on a convex set K then the func-

tionals ˛1J1 C ˛2J2 (for ˛1; ˛2 2 RC) and maxfJ1; J2g are also convex. It is worth
noting that the latter fact remains valid for any amount of convex functionals, i.e., the
upper bound taken over any set of convex functionals is a convex functional. There-
fore, convex functionals are often represented as upper bounds of affine functionals.
By definition, the space V � consists of all linear continuous functionals on V . It is

called topologically dual to V . The value of v� 2 V � on v 2 V is denoted by hv�; vi.
This product generates a duality pairing of the spaces V and V �. If V is a Banach
space, then V � can also be normed by setting





v�


� WD sup

v2V
hv�; vi
kvk : (1.4.36)

Henceforth, we assume that the supremum (or infimum) of a quotient is taken with
respect to all elements of V , except for the zero element 0V .
Any affine functional defined on elements of V has the form hv�; vi � ˛, where

v� 2 V � and ˛ 2 R. A functional space is called reflexive if it coincides with the
bidual space V �� (i.e., if there exists a one-to-one mapping of V to V �� and back that
preserves the metric). All Hilbert spaces are reflexive. The same is true for the spaces
Lp with 1 < p < C1.
The theorem of F. Riesz asserts that for Hilbert spaces, any functional v� 2 V � can

be written in the form of a scalar product introduced in such a space, i.e.,

.u; v/ D hv�; vi; 8v 2 V; (1.4.37)

where u is uniquely determined.
The functional J � W V � ! R defined by the relation

J �.v�/ D sup
v2V
fhv�; vi � J.v/g (1.4.38)

is said to be dual (or conjugate) to J .

Remark 1.1. If J is a smooth function that increases at infinity faster than any linear
function, then J � is the Legendre transform of J . The dual functionals were studied by
Young, Fenchel, Moreau, and Rockafellar (e.g., see [121, 132, 324]). The functional
J � is also called polar to J .
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The functional
J ��.v/ D sup

v�2V �
fhv�; vi � J �.v�/g (1.4.39)

is called the second conjugate to J (or bipolar).
If J is a convex functional attaining finite values, then J coincides with J ��.
To illustrate the definitions of conjugate functionals, consider functionals defined

on the Euclidean space Ed . In this case, V and V � consist of the same elements:
d -dimensional vectors (denoted by 
 and 
�, respectively) and the quantity h
�; 
i is
given by the scalar product 
� � 
 .
Let A D faij g be a positive definite matrix. We have the following pair of mutually

conjugate functionals:

J.
/ D 1

2
A
 � 
 and J �.
�/ D 1

2
A�1
� � 
�: (1.4.40)

Another example is given by the functionals

J.
/ D 1

˛
j
j˛ and J �.
�/ D 1

˛0 j
�j˛0
; (1.4.41)

where 1
˛
C 1

˛0 D 1. If ' is an odd convex function, then .'.kukV //� D '�.ku�kV �/:

Let a functional J W V ! R takes a finite value at v0 2 V . The functional J is called
subdifferentiable at v0 if there exists an affine minorant l such that J.v0/ D l.v0/. A
minorant with this property is called the exact minorant at v0. Obviously, any affine
minorant exact at v0 has the form

l.v/ D hv�; v � v0i C J.v0/; l.v/ � J.v/; 8v 2 V: (1.4.42)

The element v� is called a subgradient of J at v0. The set of all subgradients of J at
v0 forms a subdifferential, which is usually denoted by @J.v0/. It may be empty, may
contain one element or infinitely many elements.
An important property of convex functionals follows directly from the fact that they

have an exact affine minorant at any point (at which the functional attains a finite
value). Assume that J is a convex functional and v� 2 @J.v0/. Then there exists an
affine minorant such that

hv�; vi � ˛ � J.v/; 8v 2 V;
and hv�; v0i � ˛ D J.v0/: Hence, we obtain

J.v/ � J.v0/ � hv�; v � v0i: (1.4.43)

The inequality (1.4.43) represents the basic incremental relation for convex function-
als. For proper convex functionals, there exists a simple criterion that enables one
verify whether or not an element v� belongs to the set @J.v/.
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Proposition 1.2. The following two statements are equivalent:

J.v/C J �.v�/ � hv�; vi D 0; (1.4.44)

v� 2 @J.v/; (1.4.45)

v 2 @J �.v�/: (1.4.46)

Proof. Assume that v� 2 @J.v/: In accordance with (1.4.43), we have

J.w/ � J.v/C hv�; w � vi; 8w 2 V:

Hence,
hv�; vi � J.v/ � hv�; wi � J.w/; 8w 2 V

and, consequently,

hv�; vi � J.v/ � sup
w2V
fhv�; wi � J.w/g D J �.v�/: (1.4.47)

However, by the definition of J �, we know that for any v and v�

J �.v�/ � hv�; vi � J.v/: (1.4.48)

We observe that (1.4.47) and (1.4.48) imply (1.4.44).
Assume that v 2 @J �.v�/: Then J �.w�/ � J �.v�/C hw� � v�; vi; so that

hv�; vi � J �.v�/ � sup
w�2V �

fhw�; vi � J �.w�/g D J ��.v/:

On the other hand,

hv�; vi � J �.v�/ � J ��.v/ D J.v/;

and we again arrive at (1.4.44).
Assume that (1.4.44) holds. By the definition of J �, we obtain

0 D J.v/C J �.v�/ � hv�; vi � J.v/ � J.w/ � hv�; v � wi;

where w is an arbitrary element of V: Thus,

J.w/ � J.v/ � hv�; w � vi; 8w 2 V;

which means that J.v/ C hv�; v � wi is an exact affine minorant of J (at v) and,
consequently, (1.4.45) holds.
The proof of (1.4.46) is quite similar.
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Let J and J � be a pair of conjugate functionals. Then

DJ .v; v
�/ WD J.v/C J �.v�/ � hv�; vi

is called the compound functional. From Proposition 1.2 it follows that DJ is non-
negative and vanishes only if the arguments satisfy (1.4.45) and (1.4.46), which are
also called the duality relations and very often represent the constitutive relations of a
physical model. Compound functionals play an important role in the a posteriori error
estimation of nonlinear problems (see Chapter 8). They serve as penalty functionals
that penalize errors caused by dissatisfaction of the duality relations. For this reason,
we denote the compound functionals by the letterD.
Note that the relation DJ .v; v�/ � 0 generates inequalities that can be viewed as

generalizations of the Young’s inequality (cf. (1.4.3)–(1.4.9)):

hv�; vi � J.v/C J �.v�/: (1.4.49)

In particular, if V and V � coincide with R
d and J.v/ D jvj˛

˛
, then J �.v�/ D jv�j˛0

˛0

and (1.4.36) implies the estimate

v� � v � jvj
˛

˛
C jv

�j˛0

˛0 ; 8 v; v� 2 R
d : (1.4.50)

Finally, we recall some basic notions related to the differentiation of convex func-
tionals. We say that J has a weak derivative J 0.v0/ 2 V � (at the point v0) in the sense
of Gâteaux if

lim
�!C0

J.v0 C 
w/ � J.v0/



D hJ 0.v0/; wi; 8w 2 V: (1.4.51)

Assume that J is differentiable in the above sense and v� 2 @J.v0/. Then for any
v 2 V we know that J.v/ � J.v0/ � hv�; v � v0i: Set v D v0 C 
w, where 
 > 0.
Now, we have J.v0 C 
w/ � J.v0/ � 
hv�; wi: Therefore,

hJ 0.v0/; wi D lim
�!C0

J.v0 C 
w/ � J.v0/



� hv�; wi;

and hJ 0.v0/ � v�; wi � 0 for any w 2 V . This inequality means that, in such a case,
the Gâteaux derivative coincides with v�:



2 Overview

2.1 Error indicator by Runge

First attempts to formulate accuracy criteria for approximate solutions date back to
the very beginning of the 20th century when C. Runge suggested a heuristic error
indication rule. Originally, it was applied to quadrature formulas, but later the rule
was also adapted to integration procedures that he developed for ordinary differential
equations. In essence, Runge’s rule is based on comparing “coarse” and “refined”
solutions.
Assume that an approximate solution uh has been found on a mesh Th with mesh

size h and uhref is a solution on a refined mesh Thref . Let an asymptotic error estimate

uh � u D �hm CO.hmCp/; m; p > 0; (2.1.1)

be known, where � is a certain (unknown) function. We have

uref � u D �hmref CO.hmCp
ref /;

and, consequently,

uh � uhref Š �.hm � hmref/CO.hmCp/CO.hmCp
ref /:

From here, we conclude that, up to higher order terms,

uh � u Š hm
uh � uhref
hm � hmref

: (2.1.2)

If href D �h with � 2 .0; 1/, then the above relation reads

uh � u Š 1

1 � �m .uh � uhref/: (2.1.3)

Certainly, the estimate adequately presents the error only if h is small enough (so
that the higher order terms are negligibly small) and if the asymptotic relation (2.1.1)
holds. In general, these (rather strong) a priori requirements cannot be guaranteed,
which means that (2.1.3) should be viewed as a conditional estimate.
Anyway, (2.1.3) partially justifies the following heuristic rule often used in engi-

neering computations:

If uh � uhref is small, then both approximations uhref and uh are probably
close to the exact solution u.
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Indeed, (2.1.3) shows that for sufficiently small h, the error uh � u is proportional to
uh � uhref . Using the modern terminology, we can say that

ER.x/ WD uh.x/ � uhref.x/

is suggested as an error indicator and a certain measure of ER as a stopping criterion.
For this purpose, the quantities

max
x2� jER.x/j or kER.x/kp;�; p � 1

are often used. ER implies a simple error verification method. In many cases, it gives
quite acceptable (and even good) results. For these reasons, it would be logical to
compare any new error indicator suggested for a particular class of problems with ER.
However, ER is not fully reliable, because the fact that two subsequent elements of

an approximation sequence are close to each other cannot guarantee that they are close
to the exact solution. For example, ER may be small if a refinement is improperly
performed (i.e., if new degrees of freedom appended to Thref do not correlate with the
error). Also, it is often important to have computable and guaranteed upper and lower
bounds for various norms (seminorms) of uh � u, which cannot be derived by the
above heuristic arguments.
In subsequent chapters, we will present quantities computed by uh and uhref that do

provide guaranteed bounds of approximation errors (the simplest form is exposed in
the Section 3.6.2). However, their derivation is based on mathematical tools that did
not exist at the time of C. Runge.

2.2 Prager–Synge estimate

In 1947, W. Prager and J. L. Synge [266] presented an a posteriori estimate valid for
approximations of linear elliptic problems. Originally, the proof was motivated by
an orthogonal decomposition of the energy space of a problem and purely geometric
arguments (this approach is often called the hypercircle method [347]).
Let us discuss the idea with the paradigm of the problem

�uC f D 0; in �; (2.2.1)

u D 0; on �: (2.2.2)

By the Helmholtz decomposition, we know that q 2 L2.�;Rd / is uniquely repre-
sented as q0 C r , where  2 VH 1.�/, q0 belongs to the set S.�/ of vector-valued
solenoidal functions, and the orthogonality condition has the form

Z

�

q0 � rw dx D 0; 8w 2 VH 1.�/:
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Figure 2.2.1: “Two blind men and their hypercircle.” Geometric interpretation from
[347]

Let

q 2 Qf WD
	

� 2 H.�; div/
ˇ

ˇ

ˇ

Z

�

� � rw dx D
Z

�

f w dx 8w 2 VH 1.�/

�

:

The set Qf contains vector-valued functions that satisfy (in a generalized sense) the
relation div q C f D 0.
Since ru � q 2 Q0 D S.�/, we have the orthogonality relation

Z

�

r.u � v/ � .ru � q/ dx D 0;

which implies the estimate

kr.u � v/k2 C kru � qk2 D krv � qk2: (2.2.3)

Figure 2.2.1 presents a geometric interpretation of the hypercircle formula: if two
blind men walking along two orthogonal roads are able to measure the distance be-
tween them, then they can construct a “hypercircle” and estimate the distance to the
crosspoint.
From (2.2.3) it also follows that

kr.u � v/k D inf
q2Qf

krv � qk: (2.2.4)

This relation and its analogs for more complicated problems generate various a pos-
teriori estimates that use equilibration of the dual variable (flux). We discuss some of
them in Section 2.6.3.



Section 2.3 Mikhlin estimate 25

2.3 Mikhlin estimate

S. Mikhlin [232] suggested to derive a posteriori estimates for linear elliptic problems
with the help of variational arguments. The main idea of this approach is easy to
explain with the paradigm of the problem (2.2.1)–(2.2.2).
First, we note that

1

2
kr.u � v/k2 D J.v/ � J.u/; (2.3.1)

where

J.u/ WD inf
v2 VH1.�/

J.v/; J.v/ WD 1

2
krvk2 �

Z

�

f v dx:

This fact follows from the identity

J.v/ � J.u/ D 1

2
kr.u � v/k2 C

Z

�

.ru � r.v � u/ � f .v � u// dx

and the relation
Z

�

ru � rw dx D
Z

�

f w dx; 8w 2 VH 1.�/;

that holds for the minimizer u. Regrettably, the right-hand side of (2.3.1) is not com-
putable because the value of J.u/ is not known. This difficulty can be bypassed if a
computable lower bound of J.u/ is known. A natural quantity that serves this task is
the value of the so-called dual variational functional

I�.q/ WD �1
2
kqk2

whose maximum taken over the set of equilibrated fields coincides with J.u/, i.e.,

J.u/ D I.p/ WD sup
q2Qf

I.q/:

Thus, we find that for any q 2 Qf
1

2
kr.u � v/k2 � J.v/C 1

2
kqk2 D 1

2
krvk2 �

Z

�

f v dx C 1

2
kqk2

D 1

2
krvk2 �

Z

�

q � rv dx C 1

2
kqk2 D 1

2
krv � qk2: (2.3.2)

Later (see, e.g, H. Gajewski, K. Gröger, and K. Zacharias [145], S. Mikhlin [234],
P. Mosolov, and V. Myasnikov [239]), similar estimates were derived for some classes
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of convex variational problems. Estimates based on complementary principles were
also obtained in A.M. Arthurth [14].
From the practical point of view estimates (2.2.3) and (2.3.2) have an essential draw-

back: they are valid only for q 2 Qf . However, the set Qf is defined by the differ-
ential relation, which in general is difficult to exactly satisfy. In S. Mikhlin [232], a
strategy close to the known orthogonal projections method (see also M. Vishik [362],
H. Weil [369], S. Zaremba [375]) is discussed. It is based on the construction of an
approximating sequence for the dual problem. However, practical realization of this
approach within the framework of locally supported finite element approximations
may be faced with serious technical difficulties. Certainly, for simple problems (e.g.,
homogeneous Laplace equation in a rectangular domain) it is possible to construct
such approximations but for problems with strongly nonhomogeneous coefficients in
complicated domains, vector-valued problems, problems with nonlinear and convec-
tive terms this task is much more difficult. For example, the so-called equilibrated
finite element approximations for problems in solid mechanics (e.g., see C. Johnson
and B. Mercier [188]) are constructed by means of macroelements.
Sometimes, numerical analysts use “almost equilibrated” approximations that may

not exactly satisfy the differential relation. Substitution of an “almost equilibrated”
function q may give a good error indicator but in this case the reliability of the upper
bound in (2.3.2) is not guaranteed.
Also, it is worth remarking that an upper bound constructed by some q 2 Qf is

efficient only if q is close to the exact flux p. Since the latter is unknown, the only
way to find a suitable q is to minimize krv � qk overQf (or over a certain subspace
ofQf ). Note that

1

2
krv � qk2 D 1

2
krvk2 �

Z

�

f v dx C 1

2
kqk2;

where the first and second terms on the right-hand side do not depend on q. Therefore,
the problem is reduced to

inf
q2Qf

1

2
kqk2;

which is the dual variational problem. Hence, in the Prager–Synge–Mikhlin method,
getting sharp error bounds requires solving the dual problem with the help of conform-
ing approximations of the set Qf (which is defined by a differential relation). In the
next chapter, we will see that the requirement q 2 Qf is superfluous, and guaranteed
upper bounds can be found using a much wider set for q.

2.4 Ostrowski estimates for contractive mappings

Many problems admit a fixed point formulation: Find xı in a complete metric space
.X; d/ such that

xı D Txı; (2.4.1)
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where T W X ! X is a continuous operator. Then approximations are usually con-
structed by the iteration procedure

xi D Txi�1; i D 1; 2; : : : ; (2.4.2)

where x0 2 X is a certain selected element. In this case, it is required

(a) to establish conditions that guarantee convergence of xi to xı and
(b) to find computable estimates of the error ei D d.xi ; xı/.
Both problems can be effectively solved, provided that T possesses an additional

property.

Definition 2.1. An operator T W X ! X is called q-contractive on a set S � X if there
exists a positive real number q such that the inequality

d.Tx;Ty/ � q d.x; y/ (2.4.3)

holds for any elements x and y of the set S .

The first step in the analysis of (2.4.2) is given by the following well-known theo-
rem.

Theorem 2.2 (S. Banach). Let T be a q-contractive mapping of a closed nonempty set
S � X to itself with q < 1. Then, T has a unique fixed point in S and the sequence xi
obtained by (2.4.2) converges to this point.

Proof. It is easy to see that

d.xiC1; xi / D d.Txi ;Txi�1/� qd.xi ; xi�1/� : : :� qid.x1; x0/:
Therefore, for any m > 1 we have

d.xiCm; xi / � d.xiCm; xiCm�1/C d.xiCm�1; xiCm�2/C : : :C d.xiC1; xi /
� qi .qm�1 C qm�2 C : : :C 1/d.x1; x0/: (2.4.4)

Since

m�1
X

kD0
qk � 1

1 � q ;

(2.4.4) implies the estimate

d.xiCm; xi / � qi

1 � q d.x1; x0/: (2.4.5)

If i ! 1, then the right-hand side of (2.4.5) tends to zero, so that fxig is a Cauchy
sequence. It has a limit y 2 X . Then, d.xi ; y/! 0 and

d.Txi ;Ty/ � qd.xi ; y/! 0;
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so that d.Txi ;Ty/ ! 0 and Txi ! Ty. Pass to the limit in (2.4.2) as i ! C1. We
observe that Ty D y: Hence, any limit of such a sequence is a fixed point.
Assume that two different fixed points x1ı and x2ı exist. Since

d.x1ı ; x2ı / D d.Tx1ı ;Tx2ı / � qd.x1ı ; x2ı /
we arrive at a contradiction, which shows that xı is unique.

Theorem 2.2 also implies an a priori convergence estimate.
Let ej D d.xj ; xı/ denote the error at the j th step. Then

ej D d.Txj�1;Txı/ � qej�1 � qj e0
and

ej � qj e0:
This estimate gives a certain idea of how the error decreases. However, this a priori
upper bound may be rather coarse.
A posteriori error bounds for the iteration method are given by the following theo-

rem.

Theorem 2.3 (Ostrowski [257]). For any xj with j � 1, the following estimate holds:

M
j
� WD

d.xjC1; xj /
1C q � ej �M j

˚ WD
q d.xj ; xj�1/

1 � q : (2.4.6)

Proof. The right-hand side estimate in (2.4.6) follows from (2.4.5). For i D 1 it reads
d.x1Cm; x1/ � q

1 � q d.x1; x0/:

Since x1Cm ! xı as m!C1, we pass to the limit with respect to m and obtain
d.xı; x1/ � q

1 � q d.x1; x0/:

We may view xj�1 as the starting point of the sequence. Then, in the above relation
x0 D xj�1 and x1 D xj , and we arrive at the following upper bound of the error:

d.xı; xj / � q

1 � q d.xj ; xj�1/:

The lower bound of the error follows from the relation

d.xj ; xj�1/ � d.xj ; xı/C d.xj�1; xı/ � .1C q/d.xj�1; xı/;

which shows that

d.xj�1; xı/ � 1

1C q d.xj ; xj�1/:
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We observe that two-sided estimates of ej are easily computable, provided that q is
estimated from above by a number less than 1.

Remark 2.4. Note that

M
j
˚

M
j
�

D 1C q
1 � q

d.xj ; xj�1/
d.xjC1; xj /

q � 1C q
1 � q :

Therefore, the efficiency of the upper and lower bounds in (2.4.6) crucially depends
on the value of 1 � q.

Estimates (2.4.6) and their modifications can be applied to linear and nonlinear al-
gebraic systems, integral equations, and other problems solved by iteration methods
(e.g., see E. Zeidler [376]). The major difficulty in the application of the above a pos-
teriori estimates is that in practice it may be difficult to find a sharp upper bound of q
and to establish that it is indeed less than 1.
A posteriori methods for various iteration schemes have been investigated by many

authors. Below we give some references that provide an idea of the results obtained
and will help to find more pertinent information.
In G. Auchmuty [17], two sided p-norm error bounds for solutions of linear sys-

tems are presented. O. Scherzer, H.W. Engl, and K. Kunisch [328] studied a posteriori
choice of the regularization parameter in a Tikhonov scheme for ill-posed problems
(see also H.W. Engl and O. Scherzer [123]). A further study of this strategy is pre-
sented in Jin Qi-nian and Hou Zong-yi [268]. A posteriori estimates for linear ill-posed
problems were investigated in A. Leonov [220]. More information on error estimates
for iteration Newton-type methods can be found, e.g., in K. Braune [75], Jin Qi-nian
[184], P. Meyer [231], F. Potra [263], K. Tsuruta and K. Ohmori [351], T. Yamamoto
[373].
Boundary value problems are often reformulated in terms of integral equations. A

posteriori error estimates for the respective numerical methods (e.g., boundary ele-
ment methods) are usually derived with the help of the techniques that exploits special
properties of the iteration operator. For the readers interested in iteration methods and
a posteriori estimates for integral type formulations of linear and nonlinear boundary
value problems we recommend the papers by C. Carstensen [89], Lin Qun and Shi
Jan [269], M. Schultz and O. Steinbach [330], S. Shaw and J. R. Whiteman [333],
and M. Schulz and W. L. Wendland [331], where they will also find more references
related to the topic.
Finally, we note that the theory of contractive mappings can generate “numerically

based existence theorems” that establish existence of localized solutions to nonlinear
problems in the vicinity of a computed (constructed) approximate solution (see, e.g.,
J. G. Heywood, W. Nagata, and W. Xie [171], where such a method was applied to the
Navier–Stokes equation).
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2.5 Error estimates based on monotonicity

The theory of monotone operators gives another way of constructing explicitly com-
putable error estimates. Such operators are defined on the so-called ordered (or par-
tially ordered) spaces that introduce the relation x � y for all (or almost all) elements
x; y of the space. We recall that the operator T is called monotone if x � y implies
Tx � Ty and antitone if x � y implies Tx � Ty.
Consider an abstract fixed point problem: Find xı in a complete ordered (partially

ordered) space X such that

xı D Txı C f; f 2 X: (2.5.1)

Assume that T D T˚C T�, where T˚ is monotone and T� is antitone. Let x�0, x�1,
x˚0, and x˚1 be such that x�0 � x�1 � x˚1 � x˚0, and

x�1 D T˚x�0 C T�x˚0 C f; x˚1 D T˚x˚0 C T�x�0 C f:
Then, we observe that

x�2 D T˚x�1 C T�x˚1 C f � T˚x�0 C T�x˚0 C f D x�1;

x˚2 D T˚x˚1 C T�x�1 C f � T˚x˚0 C T�x�0 C f D x˚1:

By continuing the iterations we obtain elements such that

x�k � x� .kC1/ � x˚ .kC1/ � x˚k : (2.5.2)

If x ! TxC f maps a compact setD � X to itself, then by the Schauder fixed point
theorem xı exists and belongs to D. From (2.5.2) it follows that xı is bounded from
below and above by the sequences fx�kg and fx˚kg, respectively.
Applications of this method are mainly oriented towards systems of linear simul-

taneous equations and integral equations (a detailed discussion of the monotonicity
methods is presented in L. Collatz [110]). As an example, we consider the system of
linear simultaneous equations

x D Ax C f;
which is supposed to have a unique solution xı. Assume that

A D A˚ � A�; A� D fa�
ij g 2M

d�d ;

A˚ D fa˚
ij g 2M

d�d ; a�
ij � 0; a˚

ij � 0:

We may partially order the space R
d by saying that x � y if and only if xi � yi for

i D 1; 2; : : : ; n. Compute the vectors
x�.kC1/ D A˚x�k C A�x˚k C f; x˚.kC1/ D A˚x˚k C A�x�k C f:
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If x�0 � x�1 � xı � x˚1 � x˚0, then for the components of xı we obtain two-sided
estimates

x
.i/

�k
� x.i/

� .kC1/ � x.i/ı � x.i/˚ .kC1/ � x.i/˚k
; i D 1; 2; : : : ; n: (2.5.3)

It should be noted that the convergence of x.i/
�k

and x.i/
˚k

to xı (and the convergence
rate) calls for a special investigation, which must use specific features of a particular
problem.
The reader interested in estimates based on monotonicity can find more information

and relevant references in, e.g., E. Geisler, A. Tal, and D. Garg [150] (where they
are discussed in the context of ordinary nonlinear equations), J. Schröder [329], and
M. Plum [262] (where monotonicity methods were used to perform computer-assisted
existence proofs based on Schauder’s fixed point theorem).

2.6 A posteriori error indicators
for finite element approximations

It is commonly accepted that the mathematical concept of the finite element methods
brings its origin in the paper by R. Courant [112] where the method was introduced as a
variant of the B. Galerkin [147] andW. Ritz [323] methods using locally supported trial
functions. In 60–70s, finite element methods have formed one of the main approaches
to the numerical analysis of PDE’s. The foundations of the finite element method are
exposed in the books by Ph. Ciarlet [107], S. Brenner and R. L. Scott [76], C. Johnson
[185], J. T. Oden and J. N. Reddy [254], G. Strang and G. Fix. [344], O. C. Zienkiewicz
and K. Morgan [381], and many other publications. Achievements and some unsolved
problems of the finite element method are discussed, e.g., in the papers by I. Babuška
[20] and O. C. Zienkiewicz [379] (see also I. Babuška and J. E. Osborn [30]).
In the late 70s and early 80s, it became clear that the successive numerical methods

for PDE’s should be based on the so-called mesh-adaptive procedures that modify
finite dimensional spaces with the help of the information contained in an approximate
solution computed at the previous step. This new concept generated an interest to
a posteriori error indicators that provide information for a proper “improvement” of
finite-dimensional spaces. Nowadays, mesh-adaptive methods based on a posteriori
estimates dominate in the numerical analysis of differential equations (e.g., see [261,
7, 8, 35, 40, 41, 100, 117, 124, 178, 187, 190, 322, 356, 383] and the papers cited
therein). The majority of a posteriori methods for FEM are based either on the analysis
of residuals or on special properties (e.g., additional regularity) of exact solutions.
A posteriori error estimation for finite element approximations is the main subject

of the books by M. Ainsworth and J. T. Oden [8], I. Babuška and T. Stroboulis [35],
W. Bangerth and R. Rannacher [40], K. Eriksson, D. Estep, P. Hansbo and C. Johnson
[124], and R. Verfürth [356]. There, the reader will find detailed expositions of various
approaches, results of numerical experiments, and a wide list of references. Below,
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we shortly discuss several a posteriori error estimation methods developed for finite
element approximations. Certainly, the exposition is not complete. Its goal is to give a
view of the mathematical ideas underlying the methods.

2.6.1 Explicit residual methods

From the mathematical viewpoint, the classical “residual method” is a method for
finding an upper bound of the residual functional evaluated in the topology of the
image space of the respective operator. It leads to the so-called “explicit residual
a posteriori estimate”, which yields an error bound for a Galerkin approximation as a
sum of element-wise residuals and interelement jumps with weights given by constants
in the so-called Clément’s interpolation inequalities (see Ph. Clément [108]).
To present the main idea, we use the problem (2.2.1)–(2.2.2), the generalized solu-

tion of which meets the integral identity
Z

�

ru � rw dx D
Z

�

f w dx; w 2 V0 WD VH 1.�/: (2.6.1)

Let v 2 V0 be an approximate solution of this problem. Then,
Z

�

r.u � v/ � rw dx D Fv.w/; w 2 V0; (2.6.2)

where

Fv.w/ WD
Z

�

.f w � rv � rw/ dx
is a linear functional defined on V0. It is easy to see that this functional is equal to zero
if v coincides with u. In all other cases, the norm of this functional, defined by the
relation

jjjjjjFv jjjjjj WD sup
w2V0;
w 6D0

j Fv.w/ j
krwk ; (2.6.3)

is positive. Therefore, it is natural to call Fv the error functional. It is easy to show
that jjjjjjFv jjjjjj is indeed a measure of the deviation of v from u. By (2.6.2) and (2.6.3), we
note that

Z

�

j r.u � v/ j2 dx D Fv.u � v/ � jjjjjjFv jjjjjj kr.u � v/k:
Hence,

kr.u � v/k � jjjjjjFv jjjjjj : (2.6.4)

However, j Fv.w/ j� kr.u � v/kkrwk, so that (2.6.3) implies the inequality op-
posite to (2.6.4). Thus, the norm of the norm of the deviation from the exact solution
coincides with the norm ofFv. Here arises the problem of how to compute jjjjjjFv jjjjjj prac-
tically for a given v. A straightforward computation of the norm based on (2.6.3) is
hardly possible. A more promising way is to find computable upper bounds of jjjjjjFv jjjjjj .
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In the papers of I. BabuLska and W.C. Rheinboldt [31, 32] and some other publications
of them, a way was suggested for deriving such bounds, which was later called the
explicit residual method.
The explicit residual method is applicable if v is a Galerkin approximation of the

exact solution computed on a finite-dimensional space Vh 2 V0, i.e., if v D uh, where
Z

�

ruh � rwh dx D
Z

�

f wh dx; wh 2 V0h: (2.6.5)

In this case,
Z

�

r.u � uh/ � rwh dx D 0; wh 2 V0h; (2.6.6)

i.e., the error r.u � uh/ is orthogonal to rwh for any wh 2 V0h, and we find that

Fuh.w/ D
Z

�

r.u � uh/ � rw dx D
Z

�

r.u � uh/ � r.w � �hw/ dx;

where �h W V0 ! V0h is a continuous mapping (typically �h is defined by the
Clément’s interpolation operator [108]). Let � be divided into a collection of sub-
domains�k , k D 1; 2; : : : ;M , and uh be a smooth function in each subdomain. Then

Fuh.w/ WD
M
X

kD1

Z

�k

�.uh � u/.w � �hw/ dx

C
M
X

k;lD1

Z

�kl

�

@.u � uh/
@�kl




�kl

.w � �hw/ ds;

where �kl is the common part of the boundaries of�k and �l , �kl is the unit normal
vector to this boundary, and

�



�

�kl
denotes the jump of a quantity 
 at the boundary

�kl . If the �k are simplexes, then for �h the interpolation estimates are as follows:

kw � �hwk�k � 	1kdiam.�k/kwk1;2;!1k ; (2.6.7)

kw � �hwk�kl � 	2kj�kl j1=2kwk1;2;!2k ; (2.6.8)

where !1k and !2k are certain domains (patches of neighbor elements) that contain
�k ,

diam.�k/ D sup
x1;x22�k

jx1 � x2j;

and 	1k and 	2k are the interpolation constants (which depend not only on �k , but
also on the form of all elements in the patches !1k and !2k , respectively). By these
estimates we can represent jjjjjjFuh jjjjjj as the sum of local quantities

�2k WD diam.�k/2 k�uh C f k2�k C
1

2

M
X

lD1
j�kl j
















�

@uh

@�kl




�kl
















2

�kl

;
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which are related to the residual on �k and the values of the jumps in the normal
component of the gradient on the boundary. The respective estimate of the overall
error is as follows:

kr.u � uh/k2 � jjjjjjFuh jjjjjj 2 �
M
X

kD1
ck�

2
k; (2.6.9)

where the constants ck depend on 	1k and 	2k associated with the sampling con-
sidered. The quantities �k are used as error indicators. Comparing their values on
different elements, one can suggest an adequate mesh-adaptation procedure. In this
case, the estimate is used in the form

kr.u � uh/k2 � C
M
X

kD1
�2k; (2.6.10)

where the different ck are replaced by one common constant C . It should be noted that
often the values of two terms in �k are quite different. In this case, error indicators for
mesh-adaptation can be constructed with the help of only the dominant part of �k .
Difficulties arise if a guaranteed and sharp upper bound of kr.u � uh/k is required.

Indeed, we must find a large amount of local constants 	1k and 	2k in (2.6.7)–(2.6.8).
In general, finding such a constant requires solving an infinite-dimensional problem
on each patch. For example,

	1k D diam.�k/�1 sup
w2H1.!1k/

w 6D0

kw � �hwk�k
kwk1;2;!1k

: (2.6.11)

In general, this problem is of the same level as (2.6.3). In the literature, it is sometimes
recommended to replaceH 1 in (2.6.11) by a certain set of polynomial functions. This
provides a possibility of computing an approximate value of 	1k but, in such a case,
the reliability of the upper bound of the error may be lost. Another unpleasant feature
of the method is that 	1k and 	2k depend on Th and, consequently, all of them must be
recalculated if one sampling is replaced by another one.
Also, it is worth mentioning that the estimate (2.6.9) is derived by formal mathe-

matical transformations that clearly overestimate jjjjjjFuh jjjjjj . Obviously, in (2.6.10) such
an overestimation may be much larger (especially for nonuniform meshes, where the
constants 	1k and 	2k are quite different). Thus, such estimates may lead to a con-
siderable overestimation of the total error. This fact was observed in some carefully
performed tests (e.g., see C. Carstensen and S. A. Funken [93]). Nevertheless, the ex-
plicit residual method is widely exploited in practice, and the quantities �k are often
used not for the computation of a guaranteed upper bound of the total error, but serve
as error indicators that give am idea of the distribution of local errors in�.
The amount of publications associated with residual based methods is huge. In ad-

dition to the books [8, 35, 124, 356], the reader will find discussions of the method,
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e.g., in M. Ainsworth and J. T. Oden [6, 7], C. Carstensen [87], C. Carstensen and
S. A. Funken [92, 93] (in these papers the authors consider ways of computing bounds
of interpolation constants in the residual based error estimator), C. Carstensen and
R. Verfürth [100] (the authors show that the “edge component” dominates in the resid-
ual error estimator), K. Eriksson and C. Johnson [125], and C. Johnson and P. Hansbo
[187].
In C. Carstensen and S. Sauter [99], a posteriori error estimates were derived for

elliptic PDEs on domains with complicated structures. Estimates for problems with
biharmonic operator are analyzed in A. Charbonneau, K. Dossou and R. Pierre [102].
Residual-type estimates for linear first order systems of PDE’s were obtained in
P. Houston, J. A. Mackenzie, E. Suli, and G. Warnecke [180].
A posteriori estimates taking into account the influence of the non-discretized part

of the domain on the approximation error are considered in W. Dörfler and M. Rumpf
[117]. Estimates in the L1-norm can be found, e.g., in S.W. Brady and A. R. Elcrat
[66]. Adaptive methods for convection-diffusion problems are considered in C. John-
son [186] and R. Verfürth [360]. Papers by R. Verfürth [359] and K. Eriksson and
C. Johnson [126] are devoted to parabolic type problems. A posteriori error esti-
mates for anisotropic meshes are presented in K.G. Siebert [334] and G. Kunert [203,
204]. Also, we recommend papers by I. Babuška, R. Duran, and R. Rodriguez [25],
G. F. Carey and D. L. Humphrey [84], J. T. Oden, L. Demkowicz, W. Rachowicz, and
T.A. Westermann, [251], R. E. Ewing [129], D.W. Kelly, J. R. Gago, O. C. Zienkie-
wicz, and I. Babuška [195], B. I. Wohlmuth and R.H.W. Hoppe [372], where the
reader will find discussions of various a posteriori estimators and more references.
Finally, we conclude this overview by saying several words about residual a poste-

riori estimates for nonlinear boundary value problems. In an abstract form (for non-
linear mappings) residual type estimates were considered in J. Pousin and J. Rappaz
[264, 265] and R. Verfürth (e.g., see [355, 356]). The book [356] contains a system-
atic consideration of this question. Certain particular classes of nonlinear problems
were analyzed by many authors. For example, nonlinear diffusion-convection prob-
lems were considered in J. Medina, M. Picasso and J. Rappaz [229] and for nonlinear
parabolic problems in R. Verfürth [357]. A posteriori estimates for variational inequal-
ities related to problems with obstacles were analyzed in M. Ainsworth, J. T. Oden, and
C.Y. Lee [9], D. Braess [68], Z. Chen and R.H. Nochetto [103], R. H.W. Hoppe and
R. Kornhuber [178], R. Kornhuber [198], and A. Vesser [361].

2.6.2 Implicit residual methods

In the so-called implicit residual methods, the error is represented as the solution of
an auxiliary boundary value problem. For example, let uh 2 V0h be a conforming
approximation of the problem (2.6.1). By (2.6.2) we have the relation

Z

�

r.u � uh/ � rw dx D Fuh.w/; 8w 2 V0 (2.6.12)
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which shows that e D u � uh is a solution of the problem

�e C r.uh/ D 0 in �; (2.6.13)

e D 0 on �; (2.6.14)

where r.uh/ D f C divruh 2 H�1.�/ and (2.6.13) is understood in the sense of
distributions. Formally, this idea can be extended to a wide class of linear problems.
Indeed, ifA W X ! Y is a linear operator for which we consider the problem

AuC f D 0 in �; (2.6.15)

u D 0 on �; (2.6.16)

then, for any v 2 X ,

Ae C r.v/ D 0 in �; (2.6.17)

e D 0 on �; (2.6.18)

where r.v/ D f CAv is the residual.
We note that finding accurate approximate solutions of (2.6.13)–(2.6.14) (and of

(2.6.17)–(2.6.18)) may be a difficult task (because, in general, the error functional is
a distribution so that we have a boundary value problem with rather irregular right-
hand side). Moreover, the accuracy of an approximate solution obviously affects the
accuracy of error estimation, so that a new error estimation problem arises.
In practical applications, several methods are used in order to overcome the above

mentioned difficulties. In particular, it is often suggested to split the residual functional
into a number of functionals defined as solutions of local subproblems. For example,
in R. E. Bank and A. Weiser [42]) error indicators are constructed with the help of
local boundary value problems with data defined by residuals and interelement jumps
(see also R. Duran and R. Rodriguez [119]). In the equilibrated residual method (e.g.,
see M. Ainsworth and J. T. Oden [8]), local boundary value problems are constructed
on each element, using the residuals and suitable Neumann conditions on boundaries
of the elements. Local Dirichlet and Neumann problems on patches are also used in
E. Stein and S. Ohnimus [339] and R. Verfürth [358, 360]. Applications to nonlinear
problems are discussed, e.g., in C. Carstensen, R. Klose, and A. Orlando [97].
Finally, we note that implicit type methods are often used for the indication of local

errors. Concerning a posteriori methods developed to evaluate local errors of FEM ap-
proximations, we address the reader to the books by M. Ainsworth and T. Oden [8] and
I. Babuška and T. Strouboulis [35]. Also we recommend papers by I. Babuška, F. Ih-
lenburg, A. Mathur, T. Strouboulis, S. K. Gangaraj, C. S. Upadhyay [27, 39, 39, 37],
E. Stein and S. Ohnimus [338], R. Verfürth [358, 360], and M. Ainsworth, J. T. Oden
and C.Y. Lee [9].
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2.6.3 A posteriori estimates based on post-processing
of approximate solutions

Post-processing methods exploit certain a priori known properties of exact solutions.
In general terms, the situation that typically arises for finite element approximations
is as follows. Consider a conforming approximation uh (which belongs to a finite-
dimensional subspace Vh) and the function ƒuh, where ƒ is a certain linear operator
(e.g., the operator r). Usually, ƒuh lies in a rather wide space U . For example, if
approximations of (3.2.1)–(3.2.2) are constructed with the help of piece-wise affine
continuous functions then ruh 2 L2.�/. However, in many cases a priori estimates
of the exact solution guarantee that

ƒu 2 U;

where U is a subset of U . In particular, if f 2 L2.�/, then the exact flux ru of
the problem (3.2.1)–(3.2.2) is a vector-valued function in U D H.�; div /. Moreover,
very often we know that ru 2 H1.�;Rd / (globally or locally). Another option is to
set U D Qf . These observations suggest an idea to post-process ruh and find a close
vector-valued function that satisfies some of the above-menioned properties. Formally,
the principal scheme is as follows.
Assume that we have a continuous mapping G such that

(a) G.ƒvh/ 2 U,
(b) post-processing is a relatively inexpensive procedure,
(c) G.ƒvh/ is much closer to ƒu than ƒvh.

If G satisfies (a)–(b), then the difference G.ƒvh/�ƒvh generates an efficient indi-
cator of element-wise errors.

Regularization. Usually, elliptic problems with smooth coefficients have regular so-
lutions in internal subdomains, which suggests an idea to project fluxes of approxi-
mate solutions to a set of more regular functions (e.g., see the paper by J. H. Bram-
ble and A.H. Schatz [73], which is one of the earliest publications in this area). If
the error caused by violations of a priori regularity properties dominates and a post-
processing operator efficiently performs regularization of approximate solutions, then
one may hope that the difference between the approximate solution and its regularized
(smoothed) counterpart represents the major part of the error. Typically, regularization
is applied to fluxes ruh (or Aruh) and to stresses for problems related to continuum
mechanics.
Assume that G performs efficient regularization of fluxes, i.e.,

kGruh � ruk � ˛ kruh � ruk ; (2.6.19)

where ˛ < 1. In this case,

kruh � ruk � kGruh � ruhk C ˛ kruh � ruk
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and

kGruh � ruhk � ˛ kruh � ruk C kruh � ruk :
Hence,

.1 � ˛/ kruh � ruk � kGruh � ruhk � .1 C ˛/ kruh � ruk : (2.6.20)

If ˛ � 1, then (2.6.20) shows that the image of ruh computed by a post-processing
operator G is much closer to the exact solution than ruh. Thus,

kruh � ruk ' kGruh � ruhk ; (2.6.21)

and the function jGruh � ruhj.x/ (which is easily computable) can be used as an
error indicator. Certainly, the quality of such error indicator depends on the smallness
of ˛.
The regularization of fluxes (or other solution components) leads to a variety of

error indicators. Below we briefly describe some of them.

Local post-processing. In most cases, post-processing is performed by elementwise
averaging procedures. Let Oi be a patch of finite elements (see Fig 2.6.1), i.e.,

NOi D
[

jD1;2;:::;mi
Tij :

O

T

T
Tii

i

i

1

2

3

Figure 2.6.1 Patch Oi .

Define gi as a vector-valued function in P k.Oi ;Rd / solving the minimization prob-
lem

inf
g2Pk.Oi ;Rd /

Z

Oi

jg � Gruhj2 dx: (2.6.22)

The minimizer gi can be used to define the values of an averaged flux at some points.
Further, these values are utilized by a prolongation procedure that defines an averaged
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function Gruh W � ! R: Consider the simplest case. Let uh be a piecewise affine
continuous function. Then,

ruh 2 P 0.Tij ;Rd / 8Tij 2 Th;

and ruh 62 H 1.�/. Denote the values of ruh on Tij by .ruh/ij . Set k D 0 and find
gi 2 P 0 such that
Z

Oi

jgi � ruhj2 dx D inf
g2P 0.Oi /

Z

Oi

jg � ruhj2 dx

D inf
g2P 0.Oi /

8

<

:

jgj2jOi j � 2g �
Mi
X

jD1
.ruh/ij jTij j C

Mi
X

jD1
j.ruh/ij j2jTij j

9

=

;

: (2.6.23)

It is easy to see that gi is given by a weighted sum of .ruh/ij , namely,

gi D
Mi
X

jD1

jTij j
jOi j .ruh/ij : (2.6.24)

Now, we define the value of Gruh.xi / as gi . Repeat this procedure for all nodes and
define the vector-valued function Gr.uh/ by piecewise affine prolongation of these
values.
If the mesh is regular and all the quantities jTij j are equal, then (2.6.24) reads

gi D
Mi
X

jD1

1

Mi
.ruh/ij : (2.6.25)

Various averaging formulas of this type are represented in the form

gi D
Mi
X

jD1

ij .ruh/ij ;

Mi
X

jD1

ij D 1; (2.6.26)

where the quantities 
ij are weight factors. For internal nodes, they may be taken in
accordance with (2.6.24) or defined by the rule


ij D j	ij j
2�

;

where j	ij j is the radian measure of the angle of Tij associated with the node i . How-
ever, if a node belongs to the boundary, then it is better to choose special weights.
Their values depend on the mesh and on the type of the boundary. The reader can find
a detailed consideration of this question in I. HlaváLcek and M. KLriLzek [176].
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Another way of defining gi is to solve the problem

inf
g2Pk.Oi /

mi
X

sD1
jg.xs/ � Gruh.xs/j2 ; (2.6.27)

where the points xs 2 NOi are the so-called superconvergent points. Evidently, in this
case, the integral type averaging is replaced by a discrete one.

Global averaging. Local minimization problems on patches can be replaced by the
following global problem: Find Ngh 2 Uh such that

k Ngh �ƒuhk2� D inf
gh2Uh

kgh �ƒuhk2� ; (2.6.28)

whereUh is a certain finite-dimensional subspace ofU. The function Ngh can be viewed
as Gƒuh. Very often Ngh is a better image of Gƒu than the functions obtained by local
procedures. Moreover, mathematical justifications of the methods based on global
averaging procedures can be performed under weaker assumptions what makes them
applicable to a wider class of problems (e.g., see C. Carstensen and S.A. Funken
[92] and C. Carstensen and S. Bartels [90] where it was shown that each averaging
procedure leads to a certain a posteriori estimate).
Estimates based upon global averaging of gradients were also considered in

B.-O. Heimsund, X.-C. Tai and J. Wang [170]. In J. Wang [367], it was suggested
the so-called “least squares surface fitting” procedure that for problems with suffi-
ciently smooth solutions lead to a recovered function with superconvergent properties.
The analysis is based on the presentation

u �Q�uh D .u �Q�u/CQ� .u � uh/;
where u is the exact solution of a linear elliptic problem, uh is the Galerkin approx-
imation computed on a mesh Th and Q� is the L2-projection operator on the finite-
dimensional space constructed on a mesh T� with the help of piecewise polynomial
functions of the order r � 0. The key fact is that

kQ�u �Q�uhk � Chs�1C˛minf0;2�sgku � uhkH1 ; (2.6.29)

where ˛ 2 .0; 1/ is a parameter that relates h and � as � D h˛, original problem is
assumed to be H s-regular with 1 � s � k C 1, and k is the degree of polynomials
used in the Galerkin approximation. From (2.6.29) it follows that

ku �Q�uhk 6 C hˇ.h;�;r;k/
�





uf






rC1;�0 C




uf






kC1;�
�

; (2.6.30)

provided that u 2 HkC1.�/ \ H rC1.�0/ \ V0. In (2.6.30), the rate ˇ depends on
�; h; r and k and is grater than 2 provided that uf is regular enough, and the space V� is
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selected appropriately (i.e. it is sufficiently rich). Concrete values of the convergence
rate for various k, r , and ˛ are presented in ([367]).
We conclude this short overview of the methods using regularization of approximate

solutions by several literature comments. One of the most well-known post-processing
methods originates from the works of O. C. Zienkiewicz and J. Z. Zhu [382, 383] (in
the literature it is often called ZZ error indicator). Simple and efficient error indicators
based upon gradient averaging were suggested by many authors. Here, we refer to,
e.g., M. Ainsworth, J. Z. Zhu, A.W. Craig and O. C. Zienkiewicz [10], I. Babuška
and R. Rodriguez [33], B. Boroomand and O. C. Zienkiewicz [64], I. Babuška and
R. Rodriguez [33], R. Duran, M.A. Muschietti and R. Rodriguez [118], R. Rodrigues
[326], O. C. Zienkiewicz and J. Z. Zhu [384, 378], O. C. Zienkiewicz, B. Boroomand
and J. Z. Zhu [380].
Mathematical justifications of the condition ˛ � 1 (which was used in (2.6.21)) are

based on the so-called superconvergence phenomenon, which states that certain com-
ponents of approximate solutions (Galerkin approximations) converge to the exact val-
ues with rates higher than the rate of the energy norm of the error. Probably, the earli-
est results on superconvergence were established in the papers by L.A. Oganesjan and
L.A. Ruchovets [256] and M. Zlámal [385, 386]. Error indicators and adaptive meth-
ods based upon superconvergence phenomenon are discussed in, e.g., to J. Brandts
[74], S.-S. Chow, G. F. Carey and R.D. Lazarov [106], R. E. Ewing, R. D. Lazarov
and J. Wang [130], I. Hlavác̆ek and M. Kr̆iz̆ek [176], M. Křı́žek and P. Neittaanmäki
[202, 242], R. Lazarov [217], R. Verfürth [356], J. Wang [367], J. Wang and X. Ye
[368], N.-E. Wiberg, F. Abdulwahab and S. Ziukas [371], Z. Zhang and A. Naga [377],
and in many other publications. In L. Wahlbin [366] readers can find a detailed expo-
sition of the subject and other references. Surveys on superconvergence are presented,
e.g., in M. Křı́žek and P. Neittaanmäki [201], J. R. Whiteman and G. Goodsell [370],
and in the book [200].

Equilibration. Another group of methods exploits differential relations (usually they
follow from conservation laws), which for exact solutions must be exactly satisfied.
Consider again the problem (2.6.1)–(2.6.2) and set U D Qf . If Geq is an equilibra-
tion operator that transforms ruh into qh D Geqruh 2 Qf , then we can apply the
estimate (2.2.4) and find that

kr.u � uh/k � kruh � qhk:
If the equilibration is sharp (i.e., div qhCf D 0 ), then this method provides a guaran-
teed upper bound of the error. This property is lost if qh is equilibrated approximately
but usually ruh � qh serves as a good error indicator provided that qh is sufficiently
close to the set of equilibrated fields.
Various approaches based on equilibration type post-processing of approximate so-

lutions are presented in, e.g, M. Ainsworth and J. T. Oden [8], D.W. Kelly [194],
P. Ladevéze and D. Leguillon [207] (the authors show that if the equilibrium equation
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is exactly satisfied, then the estimate is reduced to the error in constitutive relations;
extensions of the method to some other other problems can be found in P. Ladevéze,
J.-P. Pelle and Ph. Rougeot [208], P. Ladevéze and Ph. Rougeot [209], L. Gallimard,
P. Ladevéze and J.-P. Pelle [148], P. Coorevits, J.-P. Dumeau and J.-P. Pelle [111]),
E. Stein and S. Ohnimus [338], E. Stein, F. J. Bartold, S. Ohnimus, and M. Schmidt
[337]).
Post-processing procedures based upon an equilibration of recovered stresses were

considered in B. Boroomand and O. C. Zienkiewicz [63]. They result in stress fields
that satisfy an equilibrium condition in a weak form. A method of equilibration is
presented in P. Destuynder and B. Métivet [114]. This paper also contain numerical
tests, in which a posteriori error estimates obtained by equilibration are compared with
other estimates.
Recently a new equilibration method was suggested in publications of D. Braess

and J. Schöberl [67, 69]. In it fluxes are projected to a subspace formed by Raviart–
Thomas elements. After that a certain iteration procedure is performed on patches in
which normal components of local fluxes are changed in order to satisfy the respective
integral (balance) relation on each element.

2.6.4 A posteriori methods using adjoint problems

In the recent decades, it was developed a new approach to a posteriori error estimation
based on the attraction of adjoint boundary value problems. Probably, first results in
the error analysis for PDE’s obtained with the help of adjoint problems are related to
the works of J.-P. Aubin [16] and J. A. Nitsche [249] where it was suggested a way of
deriving a priori rate convergence estimates in weaker norms. The idea to use adjoint
problems in order to establish upper bounds for linear functionals of approximation
errors is briefly discussed in the book by S. Mikhlin [232] (with a reference to a paper
by M. Slobodyanskii [335]). Among early publications close to this approach, we also
mention the work of T. Kato [192].
Nowadays, error estimates using adjoint problems are widely used in computer sim-

ulation. Concerning this subject, we first refer to the so-called dual-weighted residual
method. One of the advantages of this method is that the attraction of the adjoint prob-
lem allows one to avoid difficulties with the evaluation of the interpolation constants.
Readers will find a detailed exposition of the method and applications to various

problems in R. Rannacher [270] and in the book by W. Bangerth and R. Rannacher
[40]. Also, we recommend the papers by R. Becker and R. Rannacher [48], C. Johnson
and A. Szepessy [190], P. Houston, R. Rannacher, E. Süli [182], and R. Rannacher and
F. T. Suttmeier [272, 273].
Adjoint problems are used in the so-called goal-oriented a posteriori error estimates

that measure errors in terms of special “goal-oriented” quantities instead of global
energy norms (e.g., see W. Bangerth and R. Rannacher [40], J. T. Oden and S. Prud-
homme [253], J. Peraire and A. T. Patera [260], E. Stein, M. Rüter, and S. Ohnimus
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[340], and the literature cited in these publications). The idea of this approach can be
explained with the paradigm of the problem

Z

�

.Aru � rw � f w/ dx D 0 8w 2 V0 WD VH 1.�/; (2.6.31)

where A is a positive definite real matrix and and f 2 L2.�/ is a given function.
Let uh 2 V0 be an approximate solution computed on the mesh Th. Assume that
it is required to estimate the quantity h`; u � uhi, where ` 2 V �

0 is a given linear
functional. Typically, ` is an integral type functional localized in a certain part of �.
Define u` by the relation

Z

�

A?ru` � rw dx D h`; wi 8w 2 V0; (2.6.32)

in which A? is the matrix adjoint to A. From (2.6.31) and (2.6.32), it follows that

h`; u � uhi D
Z

�

A?ru` � r.u � uh/ dx

D
Z

�

.f � u` � Aruh � ru`/ dx D E.u`; uh/: (2.6.33)

Hence, h`; .u � v/i can be easily estimated provided that u` is known. In practice, u`
is replaced by an approximation u`� computed on an adjoint mesh T� (which may not
coincide with Th). If u`� is a sharp approximation of u`, then the quantity E.u`� ; uh/
could be a good indicator of h`; u � uhi. To obtain another indicator, we rewrite
(2.6.33) in the form

h`; u � uhi D E1.uh; u`� /CE2.u; uh; u`; u`� /; (2.6.34)

where

E1.uh; u`� / WD
Z

�

.f u`� � Aruh � ru`� / dx

is a directly computable functional and

E2.u; uh; u`; u`� / WD
Z

�

A.ru � ruh/ � .ru` � ru`� / dx:

If T� and Th coincide, thenE1.uh; u`� / D 0 (because uh is a Galerkin approximation).
In this case,

jh`; u � uhij � E2.u; uh; u`; u`� /; (2.6.35)

Estimate (2.6.34) serves as a source of various indicators. One of them is based
on the idea to replace unknown functions ru and ru` by averaged gradients Ghruh
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and G�ru`� , where Gh and G� are the respective averaging operators. It is proved
that under the standard assumptions that guarantee superconvergence of the primal
and adjoint approximations such a replacement leads to a higher order error (see [199,
244]). Then, the quantity

eE2.u; uh; u`; u`� / WD
Z

�

A.Ghruh � ruh/ � .G�ru`� � ru`� / dx

can be used instead of E2.
Finally, we note that the quantity h`; u � vi cannot completely characterize the er-

ror because it vanishes if u � v is orthogonal to `. Therefore, it is desirable to obtain
estimates for various functionals `s , which amounts to solving several adjoint prob-
lems (e.g., see [244]). Recently, new forms of the above-discussed error indicators has
been derived and tested (see P. Neittaanmäki, S. Repin, and P. Turchin [246]). They
do not exploit superconvergence of the adjoint solution and, therefore, can be used if
adjoint meshes are not very regular.



3 Poisson’s equation

In this chapter, we begin studying estimates of the type (1.3.4). To present the main
ideas in the most transparent form we, throughout the chapter consider only one elliptic
problem:

�uC f D 0 in �; (3.0.1)

u D 0 on �: (3.0.2)

For this problem, we derive two-sided a posteriori estimates with the help of two dif-
ferent methods. The first method uses variational arguments, the second one is based
on transformations of the corresponding integral identity. We discuss properties of
the estimates, their practical implementation, and relationships between them and a
posteriori estimates of other types.

3.1 The variational method

The variational method is based upon the variational statement of the problem (3.0.1):
Find u 2 V0 such that

J.u/ D inf
v2V0

J.v/; J.v/ D
Z

�

�

1

2
jrvj2 � f v

�

dx:

Henceforth, we call it Problem P .
Note that

J.v/ D sup
y2Y

L.rv; y/; L.rv; y/ D
Z

�

�

rv � y� 1
2
jyj2�f v

�

dx;

where Y D L2.�;Rd /. Indeed, the value of the above supremum cannot exceed the
quantity that we obtain if, for almost all x 2 �, the value of y.x/ is defined as the
maximizer of the problem

sup
�2Rd

	

rv.x/ � 
 � 1
2
j
j2

�

:

It is easy to observe, that (at any x 2 �) the solution of this problem is 
 D rv.x/.
Since rv.x/ 2 Y , we conclude that

sup
y2Y

L.rv; y/ D L.rv;rv/ D J.v/:
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Then, the original (or primal) problem takes the minimax form:

.P / inf
v2V0

sup
y2Y

L.rv; y/: (3.1.1)

If the order of inf and sup is changed, then we arrive at the so-called dual problem
�

P
�� sup

y2Y
inf
v2V0

L.rv; y/: (3.1.2)

Note that

inf
v2V0

Z

�

�

rv � y� 1
2
jyj2�f v

�

dx D �1
2
kyk2C inf

v2V0

Z

�

.rv � y�f v/ dx

D
	 �1

2
kyk2 if y 2 Qf ;

�1 if y 62 Qf ;
where the set Qf is defined in Section 2.2. Hence, the dual problem has the form:
Find p 2 Qf such that

I�.p/ D sup
y2Qf

I�.y/; (3.1.3)

where

I�.q/ D �1
2
kqk2:

How are the problems .P / and .P �/ related to each other? To answer this question,
we first establish a relation that holds regardless of the structure of L.x; y/.

Lemma 3.1. Let L.x; y/ be a functional defined on the elements of two nonempty sets
X and Y . Then

sup
y2Y

inf
x2X L.x; y/ � inf

x2X supy2Y
L.x; y/: (3.1.4)

Proof. It is easy to see that

L.x; y/ � inf
�2X

L.
; y/; 8x 2 X; y 2 Y:

Pass to the supremum over y 2 Y . We obtain
sup
y2Y

L.x; y/ � sup
y2Y

inf
�2X

L.
; y/; 8x 2 X:

The left-hand side depends on x, whereas the right-hand side is a number. Thus, we
take the infimum over x 2 X and conclude that

inf
x2X supy2Y

L.x; y/ � sup
y2Y

inf
�2X

L.
; y/:
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Therefore, we always have sup P
� � inf P . However, in our case we have a

stronger relation, namely, sup P
� D inf P . To prove this fact, we note that

Z

�

ru � rv dx D
Z

�

f v dx; 8v 2 V0:

Therefore ru 2 Qf and

I�.p/ � I�.ru/ D �1
2
kruk2 D

Z

�

�

1

2
jruj2 � jruj2

�

dx

D
Z

�

�

1

2
jruj2 � f u

�

dx D J.u/:

Thus, we conclude that I�.p/ D J.u/ and, consequently, u and p D ru are the
solutions of the primal and dual problems, respectively.
Recall the estimate by Mikhlin (2.3.1)

1

2
kr.u � v/k2 D J.v/ � I�.p/ � J.v/ � I�.q/; 8q 2 Qf ;

from which we obtain (see Section 2.3)

kr.v � u/k � krv � qk; 8q 2 Qf :
Take arbitrary y 2 L2.�/. Then,

kr.v � u/k � krv � yk C inf
q2Qf

ky � qk: (3.1.5)

Lemma 3.2. For any y 2 L2.�/,
inf
q2Qf

ky � qk � jjjjjj divy C f jjjjjj (3.1.6)

and for any y 2 H.�; div/,
inf
q2Qf

ky � qk � C�kdivy C f k: (3.1.7)

Proof. Consider an auxiliary problem

�wf C f C divy D 0 in �

wf D 0 on �;

where y 2 L2.�/ and, therefore, f C divy 2 H�1. The corresponding solution wf
exists, unique, and satisfies the relation

Z

�

rwf � rw dx D
Z

�

.f w � y � rw/ dx: (3.1.8)
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From (3.1.8), we find that

krwf k � jjjjjj divy C f jjjjjj WD sup
w2V0
w 6D0

R

� .y � rw � f w/ dx
krwk : (3.1.9)

Also, (3.1.8) has the form
Z

�

.rwf C y/ � rw dx D
Z

�

f w dx; 8w 2 V0;

which means that Nq WD rwf C y 2 Qf . Therefore,
inf
q2Qf

ky � qk � ky � Nqk D krwf k � jjjjjj divy C f jjjjjj :

If y has a square summable divergence, then

jjjjjj divy C f jjjjjj D sup
w2V0
w 6D0

R

� .divy C f /w dx
krwk

� sup
w2V0
w 6D0

kdivy C f kkwk
krwk � CF�kdivy C f k; (3.1.10)

where CF� is the constant in the Friedrichs inequality for the domain�.

From (3.1.5) and (3.1.6) it follows that

kr.v � u/k � krv� yk C jjjjjj divyC f jjjjjj ; 8y 2 L2.�/: (3.1.11)

However, the right-hand side of this estimate includes the norm jjjjjj � jjjjjj , which is defined
as the supremum over a functional space and, therefore, is not explicitly computable.
A computable estimate follows from (3.1.10) and (3.1.11).

Theorem 3.3 ([276, 277, 282]). For any v 2 u0 C V0, the upper bound of the error is
given by the estimate

kr.v � u/k � krv � yk C CF�kdivy C f k; (3.1.12)

where y is an arbitrary function inH.�; div/.

Remark 3.4. From (3.1.12) it follows that the quantity

krv � yk C Ckdivy C f k
provides a guaranteed upper bound of the error for any constant C 2 ŒCF�;C1/. If
we set C D C1, then we obtain the hypercircle estimate (2.2.4).
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Henceforth, we denote the right-hand side of (3.1.12) by M�.v; y/ and call it the
majorant of the deviation from exact solution or the error majorant. The majorant
M�.v; y/ also depends on the external data D (represented by � and f ) but for the
sake of simplicity we do not write them as explicit arguments.
Estimate (3.1.12) is the simplest one among the class of functional a posteriori esti-

mates. However, it possesses all principal features typical of all of them (see Section
3.3). A consequent exposition of the variational approach to a posteriori error estima-
tion is presented in the author’s papers [276, 277, 278, 279, 282, 286] and in the book
by P. Neittaanmäki and S. Repin [244].

Remark 3.5. Let v be a Galerkin approximation uh computed on a finite element
partition Th. Set y D ruh. Then (3.1.11) implies the estimate

kr.u � uh/k � jjjjjj�uh C f jjjjjj :

If the right-hand side is estimated from above using the Galerkin orthogonality prop-
erty and the H 1 ! L2 projection estimates on the patches, then we arrive at the
explicit residual estimate considered in Section 2.6.1.

A lower bound of the error is given in the theorem below.

Theorem 3.6. For any v 2 V0,

kr.u � v/k2 �M 2
�
.v; w/; (3.1.13)

where

M 2
�
.v; w/ WD 2Fv.w/ � krwk2; (3.1.14)

w is an arbitrary function in V0, and Fv.w/ is the residual functional (cf. 2.6.2).

Proof. From the relation

2.J.v/ � J.u// D kr.u � v/k2 ;

it follows that

kr.u � v/k2 � 2.J.v/ � J.v C w//;

where w is an arbitrary function in V0. Therefore,

kr.u � v/k2 �
Z

�

��jrwj2 � 2rv � rw� dx C 2
Z

�

f � w dx;

and we arrive at (3.1.13).
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3.2 The method of integral identities

The modern theory of partial differential equations considers integral relations as one
of the major mathematical objects. Integral identities define generalized solutions of
differential equations and provide the basis for the analysis of their properties (e.g., see
[151, 217, 214, 222]). In this section, we show that two-sided guaranteed bounds of the
error can be derived by transformations of an integral identity. Originally, this modus
operandi was suggested in [287, 283]. It should come as no surprise that the corre-
sponding estimates coincide with those derived by the variational method. As before,
we explain the method with the paradigm of the problem (3.0.1) whose generalized
solution is defined by the integral identity

Z

�

ru � rw dx D
Z

�

f w dx; 8w 2 V0: (3.2.1)

Upper bound of the error. Let v 2 V0 be a function viewed as an approximate
solution. Insert it in (3.2.1). We have

Z

�

r.u � v/ � rw dx D
Z

�

.f w � rv � rw/ dx: (3.2.2)

Note that for a vector-valued function y 2 H.�; div/ we have (cf. (1.4.14))
Z

�

.w divy Crw � y/ dx D 0:

In view of this relation,
Z

�

r.u�v/ � rw dxD
Z

�

�

.y�rv/ � rwC.divyCf /w
�

dx: (3.2.3)

Set w D u � v, then we obtain
kr.u � v/k2 � krv � yk kr.u � v/k C kf C divyk ku � vk:

Hence,

kr.u � v/k � krv � yk C CF�kf C divyk
and the estimate (3.1.12) is derived by another method.

Remark 3.7. If �v 2 L2.�/, then from (3.2.2) we deduce the estimate
kr.u � v/k � CF�k�v C f k: (3.2.4)

Formally, it can be used for sufficiently regular approximations. However, it violates
the consistency condition (1.3.3). If a sequence fvkg of approximate solutions con-
verges to u in VH 1.�/, then the left-hand side of (3.2.4) tends to zero but this may be
not true for the right-hand one.
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Sometimes, it is required to find approximate solutions of problems, the right-hand
sides of which are defined by linear functionals of a more general type (associated with
generalized derivatives of L2-functions). Let u be defined by the integral identity

Z

�

ru � rw dx D h`; wi; 8w 2 V0; (3.2.5)

where

h`; wi D
Z

�

.f w C � � rw/ dx

and � 2 L2.�;Rd / is a given vector-valued function. In this case,
Z

�

r.u � v/ � rw dx D
Z

�

..f C divy/w C .y � rv/ � rw C � � rw/ dx:

This relation implies the estimate

kr.u � v/k � ky C � � rvk C CF�kf C divyk: (3.2.6)

By (3.2.5) we know that Ny D ru � � 2 Qf . It is easy to see that for y D Ny the
right-hand side of (3.2.6) is equal to the error.
Let � be represented as the sum of a divergence-free function and gradient of a

scalar-valued function, i.e., � D �0 Cr# , where �0 belongs to the space

S.�/ WD
n

� 2 L2.�;Rd / j div � D 0; a:e: in �
o

;

and # 2 V0. Then, the estimate (3.2.6) takes the form

kr.u � v/k � kr.v � #/ � yk C CF�kdivy C f k: (3.2.7)

Remark 3.8. From the computational point of view, it is convenient to square both
parts of (3.1.12) and rewrite the upper bound in the form of a quadratic functional,
namely,

kr.u � v/k2 �M 2
ˇ;�
.v; y/

WD .1C ˇ/krv � yk2 C
�

1C 1

ˇ

�

C 2F�kdivy C f k2: (3.2.8)

Here, ˇ is a positive constant that comes from Young’s inequality (1.4.3).
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Lower bound of the error. Lower bounds of the error can also be derived by non-
variational arguments. First, we note that

kr.u � v/k D sup
w2V0

R

� .f w � rv � rw/ dx
krwk

from which we conclude that a lower bound of the error is given by the quantity

M�;.V0h/.v/ WD sup
wh2V0h

R

� .f wh � rv � rwh/ dx
krwhk ; (3.2.9)

where V0h is a finite-dimensional subspace of V0. Finding M�;.V0h/.v/ requires solv-
ing a finite-dimensional maximization problem (so that it is indeed computable). The
more trial functions are contained in V0h the sharper estimate will be computed. How-
ever, (3.2.9) exploits a quotient type functional, which may lead to certain difficulties
in maximization procedures.
Another lower bound is obtained with the help of a quadratic functional. We have

sup
w2V0

Z

�

.r.u � v/ � rw/ dx � 1
2
krwk2 � sup

�2L2

	

Z

�

.r.u � v/ � � � 1
2
j� j2/ dx

�

D 1

2
kr.u � v/k2:

On the other hand

sup
w2V0

Z

�

.r.u � v/ � rw � 1
2
jrwj2/ dx � 1

2
kr.u � v/k2:

Thus, we conclude that

kr.u � v/k2 D sup
w2V0

Z

�

.2r.u � v/ � rw � jrwj2/ dx

� sup
w2V0

	

�krwk2 � 2
Z

�

.rv � rw � f w/ dx
�

D sup
w2V0

M 2
�
.v; w/

and we arrive at (3.1.13).

3.3 Properties of a posteriori estimates

Structure of the majorant First, we note that both terms on the right-hand side of
(3.1.11) and (3.1.12) have a clear meaning: they represent measures of the errors in
the basic relations

p D ru; (3.3.1)

divp C f D 0; (3.3.2)
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Figure 3.3.1 Geometrical interpretation ofM�.

which jointly form the equation. In (3.1.11), the equation divpCf D 0 is understood
in a weak sense, whereas in (3.1.12) the respective penalty is given in terms of the
L2-norm.
A geometrical interpretation of the majorant is shown in Fig. 3.3.1. HereQ 0 denotes

the set of vector-valued functions representable as gradients of VH 1-functions. It is
clear that ru 2 Q 0 \Qf . Moreover, for any � 2 Qf ,

Z

�

.� � ru/ � rv dx D 0; 8v 2 Q 0;

so that the intersection is orthogonal. We observe that the error (associated with the
interval OA) is estimated from above by the length of two-chained curve ABC. The
length of AB is given by the first term of M�, and the length of BC is estimated by
the second one. This estimate is valid for any y, but the closer y lies to the exact flux
p D ru the sharper is the estimate. Indeed, it is easy to see that the length of the
two-chained curve associated with y2 provides a better approximation of jOAj than
jABj C jBC j. For the curve associated with y3, the approximation is better than for
y2. Also, it is clear that the length of the curve cannot be smaller than jOAj, so that
the estimate always yields a guaranteed upper bound of the error.
It should be outlined that in (3.1.11), the terms krv � yk and kf C divyk have

sharp multipliers. If the multiplier of the first term is less than 1 and/or the multiplier
of the second one is less than CF�, then such a sum cannot be a guaranteed upper
bound of the error. Indeed, apply M�.v; y/ to the case where v D 0 and y D 0.
Then, we arrive at the energy estimate for the generalized solution

kruk � CF�kf k:
Therefore, no constant less than CF� can be used as a multiplier of the second term.
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Next, set y D ru. Then (3.1.12) holds as the equality, so that any constant less than 1
cannot be a multiplier of the first term.

Asymptotic properties of two-sided bounds. Now, our goal is to show that M�

and M� allow one to compute guaranteed two-sided bounds of the error with any
desired accuracy.

Definition 3.9. A sequence fXkg1kD1 of finite-dimensional subspaces of a Banach
space X is called limit dense in X if for any � > 0 and any 
 2 X , one can find
a natural number k	 such that

inf
�m2Xm

k
m � 
kX � �; 8m > k	: (3.3.3)

Proposition 3.10. Let the spaces fYkg1kD1 be limit dense inH.�; div/. Then

lim
m!1 inf

ym2Ym
M�.v; ym/ D kr.v � u/k ; (3.3.4)

lim
m!1 inf

ym2Ym
ˇ2RC

M 2
ˇ;�
.v; ym/ D kr.v � u/k2 : (3.3.5)

Proof. The proof of (3.3.4) is straightforward. Take an arbitrary small � > 0 and find
a respective k	 > 0 such that kp � pmkdiv � � for some pm 2 Ym if m > k	 . Then,

M�.u; ym/ �M�.u; pm/ � kr.u � v/k C kp � pmk C CF�kdiv .p � pm/k
� kr.u � v/k Cmax f1; CF�g �:

Analogously, for (3.2.8) we have

inf
ym2Ym
ˇ2RC

M 2
ˇ;�
.v; ym/ �M 2

�;�
.v; pm/

D .1C �/krv � pmk2 C
�

1C 1

�

�

C 2F�kf C divpmk2: (3.3.6)

Since

krv � pmk � kpm � p k C kr.v � u/k � � C kr.v � u/k
we obtain

krv � pmk2 � kr.v � u/k2 C �1�; �1 D � C 2kr.v � u/k:
Also,

kf C divpmk � kdiv .pm � p/k � kpm � pkdiv < �:
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Therefore,

M 2
�;�
.v; pm/ � .1C �/ kr.v � u/k2 C .�1 C C 2F�/.� C �2/

D kr.v � u/k2 C o.�/: (3.3.7)

Now, (3.3.6) and (3.3.7) imply (3.3.5).

For any ˇ > 0, the functional M 2
ˇ;�
.v; y/ is a quadratic functional with respect to

y. Therefore, the quantities (approximate upper bounds of the error)

M 2
˚k D inf

yk2Yk
ˇ2RC

M 2
ˇ;�
.v; yk/ (3.3.8)

can be found by well-known methods. In view of Proposition 3.10, they form a se-
quence of computable upper bounds such that

M 2
˚k ! kr.v � u/k2 as k !1: (3.3.9)

Lower bounds given by (3.1.13) possess similar properties.

Proposition 3.11. If the spaces fVkg1kD1 are limit dense in V0, then

lim
m!1M 2�m D kr.v � u/k2 ; (3.3.10)

where

M 2�m WD sup
wm2Vm

M 2
�
.v; wm/:

Proof. Take an arbitrary small � > 0 and find k	 such that kr.u � v � wm/k � � for
m > k	. Then,

M 2
�
.v; wm/ D �krwmk2 � 2

Z

�

.rv � rwm � f wm/ dx

D �krwmk2 C 2
Z

�

r.u � v/ � rwm dx

D kr.u � v/k2 � kr.wm � .u � v//k2:

Hence,
kr.u � v/k2 �M 2�m � kr.u � v/k2 � "2: (3.3.11)

This estimate shows that

M 2�m ! kr.u � v/k2 as m!1: (3.3.12)
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Thus,

M 2�m � kr.v � u/k2 �M 2
˚k; (3.3.13)

i.e., the error is bounded from below and above by two sequences of computable num-
bers. The relation (3.3.13) means that conforming approximations of the problem
(3.0.1) are fully controllable (i.e., in principle one can estimate the quality of any con-
forming approximation with any desirable accuracy).

Definition 3.12. Assume thatM˚k andM�m have been computed. Then we have the
quantity

I
.mk/
eff WD M˚k

M�m
� 1; (3.3.14)

which provides an idea of the quality of the error estimation. We call I .mk/eff the com-
putable efficiency index.

We note that unlike the efficiency indexes comparing error estimates with the norm
of the true error (which is known only in specially selected test problems), the quantity
I
.mk/
eff is indeed computable. From (3.3.10) and (3.3.12) it follows that

I
.mk/
eff ! 1 as m; k !C1: (3.3.15)

The estimate (3.3.15) shows that the error boundsM�m andM˚k are asymptotically
exact.

Properties of the minimizer. It is easy to prove that the exact lower bound of
M�.v; y/ (and of M ˇ;�.v; y/) with respect to y is attained on a certain element of
H.�; div/. Indeed, for any v 2 V0 (and any ˇ > 0) the majorant is convex, continu-
ous, and coercive on H.�; div/. By known results in the calculus of variations (e.g.,
see [121]), we conclude that a minimizer Ny.v/ exists. SinceM ˇ;�.v; y/ is a quadratic
functional, the corresponding minimizer Ny.v; ˇ/ is unique (in this case, it depends on
ˇ).

Lemma 3.13. Let Ny 2 H.�; div/ be such that

M�.v; Ny/ D inf
y2H.�;div/

M�.v; y/: (3.3.16)

There exists Nw 2 V0 such that Ny D r Nw.
Proof. For any y0 2 S.�/ we have

krv � Nyk C CF�kdiv Ny C f k � krv � y0 � Nyk C CF�kdiv Ny C f k:
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From the above we conclude that for any y0,
Z

�

Ny � y0 dx C 1

2
ky0k2 � 0:

This inequality holds if and only if
Z

�

Ny � y0 dx D 0; 8y0 2 S.�/: (3.3.17)

Recall that Ny 2 L2.�;Rd / admits the decomposition Ny D r Nw C �0, where Nw 2 V0
and �0 is a solenoidal field. Set y0 D �0. From (3.3.17), it follows that k�0k D 0.
Thus, Ny D r Nw.
The minimizer ofM ˇ;�.v; y/ has a similar property. We leave proving this fact for

the reader.

3.4 Two-sided bounds in combined norms

In the so-called mixed formulations, the solution of a boundary value problem is de-
fined as a pair of functions. For (3.0.1) it is the saddle point .u; p/ of the Lagrangian
L (cf. (3.1.1)–(3.1.2)). The majorantM�.v; q/ also considers v and q as independent
functions. Therefore, it is natural to measure the respective error in terms of combined
(primal-dual) norms of the product space

W WD V0 �H.�; div/;

for which we introduce the norm

k.v; y/kW WD krvk C kyk C kdivyk D krvk C kykdiv :

Two other equivalent norms are as follows:

k.v; y/k.1/W WD krvk C kyk C CF�kdivyk;
k.v; y/k.2/W WD

�krvk2 C kyk2 C kdivyk2�1=2 :

It is easy to see that

	1k.v; y/kW � k.v; y/k.1/W � 	2k.v; y/kW ; (3.4.1)

1p
3
k.v; y/kW � k.v; y/k.2/W � k.v; y/kW ; (3.4.2)

where 	1 D minf1; CF�g and 	2 D maxf1; CF�g.
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Let us show that the majorantM�.v; y/ is equivalent to the error in the combined
norm k.u � v; p � y/k.1/W . Since

kp � yk D kru � yk � kr.u � v/k C krv � yk
and kdiv .p � y/k D kdivy C f k, we find that

k.u � v; p � y/k.1/W WD kr.u � v/k C kp � yk C CF�kdivy C f k
� 2kr.u � v/k C krv � yk C CF�kdivy C f k
� 3M�.v; y/:

On the other hand,

M�.v; y/ � kr.v � u/k C kp � yk C CF�kdivy C f k: (3.4.3)

Thus, we note that the following two-sided estimate holds:

M�.v; y/ � k.u � v; p � y/k.1/W � 3M�.v; y/: (3.4.4)

By (3.4.4) we conclude thatM� is an efficient and reliablemeasure of the error in the
combined norm k.u � v; p � y/k.1/W .
In view of (3.4.1) and (3.4.2), the majorant is also equivalent to two other combined

norms, namely,

1
�2

M�.v; y/ � k.u � v; p � y/kW � 3
�1

M�.v; y/; (3.4.5)

1p
3�2

M�.v; y/ � k.u � v; p � y/k.2/W � 3
�1

M�.v; y/: (3.4.6)

Also, we can define lower and upper bounds for the norm k.u� v; p � y/kW with the
help of the functionals

M
.v; y/ D 3krv � yk C .1C 2CF�/ kdivy C f k
and

M
.v; y/ WD krv � yk C kdivy C f k;
which consist of the same terms as those inM� but with different weights. We have

k.u � v; p � y/kW WD kr.u � v/k C kp � yk C kdivy C f k
� 2kr.u � v/k C krv � yk C kdivy C f k
� 3krv � yk C .1C 2CF�/kdivy C f k DWM
.v; y/:

Hence, we find that

M
.v; y/ � k.u � v; p � y/kW �M
.v; y/: (3.4.7)
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Similarly,

	1M
.v; y/ � k.u � v; p � y/k.1/W � 	2M
.v; y/; (3.4.8)

1p
3

M
.v; y/ � k.u � v; p � y/k.2/W � M
.v; y/: (3.4.9)

Finally, we note that

M�.v; p/ D kr.u � v/k; (3.4.10)

M �.u; y/ D ky � ruk C CF�kdiv .y � p/k: (3.4.11)

Therefore,

k.u � v; p � y/k.1/W WD M�.v; p/CM �.u; y/: (3.4.12)

3.5 Modifications of estimates

3.5.1 Galerkin approximations

Let V0h be a finite-dimensional subspace of V0. The Galerkin approximation uh satis-
fies the orthogonality relation (cf. (2.6.6))

Z

�

r.u � uh/ � rvh dx D 0; 8vh 2 V0h:
Therefore,

kr.u�uh/k2 D
Z

�

.ruh�y�rvh/ �r.u�uh/ dxC
Z

�

.divyCf /.u�uh/ dx
and we find that

kr.u � uh/k � ky � ruh � rvhk C CF�kf C divyk: (3.5.1)

Set vh D uh�wh, where wh is an arbitrary function in V0h. Then (3.5.1) has the form
kr.u � uh/k � ky � rwhk C CF�kf C divyk: (3.5.2)

From (3.5.2) it follows that

kr.u � uh/k � CF�kf C divyk C inf
wh2V0h

ky � rwhk: (3.5.3)

Analogously, we obtain

kr.u � uh/k � jjjjjj f C divy jjjjjj C inf
wh2V0h

ky � rwhk: (3.5.4)

Note that the projection error estimate (Céa lemma) follows from (3.5.3) (and (3.5.4))
if we set y D ru. In this case, the first term vanishes and we arrive at the well-known
projection estimate

kr.u � uh/k � inf
wh2V0h

kr.u � wh/k:



60 Chapter 3 Poisson’s equation

3.5.2 Advanced forms of error bounds

In view of (3.2.3), we have

kr.u � v/k2 D
Z

�

.y � rv/ � r.u � v/ dx C
Z

�

r.y/.u � v/ dx; (3.5.5)

where
r.y/ WD f C divy:

If y is properly selected (e.g., with the help of a post-processing procedure that gen-
erates a function similar to p), then y � rv 	 r.u � v/ and, therefore, the quantity
ky�rvkkr.u�v/k does not essentially overestimate the first term on the right-hand
side of (3.5.5). However, the quantity kr.y/kku � vk may essentially exceed the inte-
gral

R

� r.y/.u � v/ dx. Thus, the second term of (3.1.12) may be larger than the first
one.
One can try to improve the estimate as follows. Take a function # such that

# 2 V C
0 WD

˚

# 2 V0 j �# 2 L2.�/
�

:

Since u � v vanishes at the boundary we observe that
Z

�

.v � u/�# dx D
Z

�

r# � r.u � v/ dx D
Z

�

.f # � rv � r#/ dx D Fv.#/:

Note that Fv.#/ is easily computable and Fu.#/ D 0 for any # D 0. Now, we arrive
at the identity

kr.u � v/k2 D
Z

�

..r.y/C�#/.u � v/ dx C .y � rv/ � r.u � v// dx C Fv.#/;

which implies the estimate

kr.u � v/k2 �M.v; #; y/kr.u � v/k C Fv.#/; (3.5.6)

whereM.v; #; y/ WD CF�kr.y/C�#k C ky � rvk. Hence,

2kr.u � v/k �M.v; #; y/C
q

M 2.v; #; y/C 4Fv.#/: (3.5.7)

By (1.4.3) and (3.5.6), we can obtain another upper bound

kr.u � v/k2 � 	

2
M 2.v; #; y/C 1

2	
kr.u � v/k2 C Fv.#/; (3.5.8)

which yields (for 	 > 1=2) the estimate

kr.u � v/k2 � 	2

2	 � 1M
2.v; #; y/C 2	

2	 � 1Fv.#/: (3.5.9)

Since min�>1=2
�2

2��1 D 1, we observe that (3.5.9) converts to (3.1.12) if # D 0.
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We note that (3.5.9) has an advantage with respect to (3.1.12) only if kr.y/k is
sufficiently large and �# compensates a considerable part of it. For this purpose, we
need to find a proper function # . A straightforward way is to take a collection of
linearly independent functions #i 2 V C

0 , i D 1; 2; : : : ; k, and find ˛i such that

kr.y/ �
k
X

iD1
˛i�#ik ! min :

Then, we set # DPk
iD1 ˛i#i . If kr.y/C�#k is essentially smaller than kr.y/k, then

(3.5.7) with # D #k supplies a sharper error bound than the basic estimate (3.1.12).
Certainly, the efficiency of this method depends on the system of functions f#ig.
Theoretically, the best choice of # is the function #y that satisfies the equation

�#y C r.y/ D 0 with homogeneous boundary conditions. In this case, we obtain the
estimate

kr.u � v/k2 � 	2

2	 � 1ky � rvk
2 C 2	

2	 � 1Fv.#y/: (3.5.10)

In practice, instead of the unknown function #y (which is the exact solution of a bound-
ary value problem) a certain approximation of it can be used (see 3.6.4).
Another form of the error majorant follows from the relation

kr.u�v/k2 D Fv.#/C
Z

�

.r.y/.u�v/C .y� rv� r#/�r.u�v// dx; (3.5.11)

where # is a function from the space V0 (which is wider than V
C
0 and admits simpler

approximations). Then, we arrive at (3.5.7) withM.v; #; y/ replaced by

OM.v; #; y/ WD CF�kr.y/k C ky � r# � rvk:

If y 2 Qf , then we have the estimate

2kr.u � v/k � ky � r# � rvk C
q

ky � r# � rvk2 C 4Fv.#/; (3.5.12)

which does not contain CF�. From (3.5.11) it also follows that

2kr.u � v/k � OM.'; �0; y/ C
q

OM 2.'; �0; y/C 4Fv.'/ � 4Fv.v/; (3.5.13)

where

OM.'; �0; y/ WD CF�kr.y/k C ky � r' � �0k

and � and �0 are arbitrary functions in V0 and S.�/, respectively.
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By (3.5.11) and (1.4.3), we also obtain

kr.u � v/k2 � Fv.#/ � OM.v; #; y/kr.u � v/k

� Fv.#/ � 	
2
OM 2.v; #; y/ � 1

2	
kr.u � v/k2:

Hence,

2	 C 1
2	

kr.u�v/k2 � Fv.#/� 	
2
OM 2.v; #; y/: (3.5.14)

Note that if # D u � v and y D ru then OM.v; #; y/ D 0 and

Fv.#/ D
Z

�

.f .u � v/ � rv � r.u � v// dx D kr.u � v/k2:

It is easy to see that in this case the right-hand side of (3.5.14) coincides with the
left-hand one if 	 !C1.
Remark 3.14. In (3.5.12) and (3.5.14), the function # should be selected such that
ky � r# � rvk is minimal. For example, one can take # D #h0 , where

Z

�

r#h0 � rwh0 dx D
Z

�

.y � rv/ � rwh0 dx; 8wh0 2 V0h0 ;

where V0h0 is a certain finite dimensional subspace of V0. The function � in (3.5.13)
can be taken as #h0 C v.

3.5.3 Decomposition of the domain

Assume that � is decomposed into a set T of subdomains �i (in particular, �i may
coincide with finite elements) with Lipschitz continuous boundaries, i.e.,

� D
[

iD1;:::;N
�i ; and �i \�j D ; if i 6D j:

It is not difficult to see that

jjjjjj r.y/ jjjjjj WD sup
w2V0

R

� .y � rw � f w/ dx
krwk D sup

w2V0

PN
iD1

R

�i
.y � rw � f w/ dx
krwk

D sup
w2V0

PN
iD1

R

�i
r.y/w dx

krwk � sup
w2V0

PN
iD1

R

�i
.r.y/ � fr.y/g�i /w dx

krwk

C sup
w2V0

PN
iD1 fr.y/g�i

R

�i
w dx

krwk : (3.5.15)
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For the first term on the right-hand side we have (cf. (1.4.23))

N
X

iD1

Z

�i

er.y/�iw dx �
N
X

iD1
ker.y/�ik�iCP�ikrwk�i

� krwk
v

u

u

t

N
X

iD1
ker.y/�ik2�iC 2P�i (3.5.16)

and for the second one

N
X

iD1
fr.y/g�i

Z

�i

w dx �
N
X

iD1
fr.y/g�i j�i j1=2kwk�i �

v

u

u

t

N
X

iD1
fr.y/g2�i j�i j kwk�

� CF�krwk
v

u

u

t

N
X

iD1
fr.y/g2�i j�i j: (3.5.17)

From (3.5.15)–(3.5.17) we deduce the estimate

jjjjjj r.y/ jjjjjj �
v

u

u

t

N
X

iD1
ker.y/�ik2�iC 2iP C CF�

v

u

u

t

N
X

iD1
fr.y/g2�i j�i j: (3.5.18)

Let y 2 zQ.T /, where
zQ.T / WD fy 2 H.�; div/ j fdivy C f g�i D 0 8�i 2 T g:

Then the second term of (3.5.18) vanishes and we obtain

jjjjjj r.y/ jjjjjj �
v

u

u

t

N
X

iD1
kr.y/k2�iC 2P�i : (3.5.19)

This relation infers the estimate

kr.u � v/k � krv � yk C
v

u

u

t

N
X

iD1
kr.y/k2�iC 2P�i ; (3.5.20)

which, instead of CF�, involves constants in the Poincaré inequalities associated with
the subdomains �i .
Consider a special but important case, where T is a regular simplicial decomposi-

tion Th consisting of simplexes Ti and

�1h � diamTi � �2h; 8i D 1; 2; : : : ; N:
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Let CmaxP D maxifCP�i g: For regular triangulations the constant CmaxP is of the
same order as all other constants CP�i , so that without big overestimation we can
replace all these constants by CmaxP . Then, we arrive at the upper bound

kr.u � v/k � krv � yk C CmaxP kdivy C f k; (3.5.21)

where y 2 zQ.T /.
Remark 3.15.We note that CmaxP can be expressed throughout the constant bCmaxP
for a similar simplex the diameter of which is equal to one and the mesh parameter h.

3.5.4 Estimates with partially equilibrated fluxes

Assume that we have a vector-valued function y Nf such that

divy Nf C Nf D 0;

where Nf is close to f in L2-norm.
Set y D y Nf C �0, where �0 2 S.�/. Then divy C Nf D 0. We use (3.1.12) and

arrive at the estimate

kr.u � v/k � krv � �0 � y Nf k C CF�kf � Nf k: (3.5.22)

In particular, we can set �0 D curl �, where � is an arbitrary vector-valued function
in H.�; curl/. If the value of kf � Nf k is significantly smaller than the tolerance
level accepted for approximations, then finding a sharp upper bound is reduced to the
problem

min
�2H.�;curl/

k� � curl �k;

where � D rv � y Nf is the given vector-valued function. Using a suitable finite-
dimensional subspace for � (which is constructed with the help of conforming finite
element approximations ofH.�; curl/), we find an upper bound by solving a quadratic
minimization problem.
Partially equilibrated flux Ny can be used in (3.5.13). We have

2kr.u � v/k � OM.'; y Nf /C
q

OM 2.'; y Nf /C 4Fv.'/ � 4Fv.v/; (3.5.23)

where

OM.'; y Nf / WD CF�kf � Nf k C ky Nf � r'k:

Here � is any function in V0. This freedom can be used to minimize right-hand side of
(3.5.23).



Section 3.6 Practical applications 65

3.6 How can one use functional a posteriori estimates in
practical computations?

3.6.1 Post-processing of fluxes

Let V0h � V0 be a finite-dimensional space. For example, V0h may contain piecewise
affine finite element approximations generated by the triangulation Th. Assume that
vh 2 V0h is an approximate solution computed. In particular, vh may coincide with the
Galerkin approximation uh defined by the relation (2.6.5). Also, it may be any other
approximation, which differs from uh owing to the presence of a roundoff, integration,
or other errors. Using vh, we find a rough approximation of the flux

ph WD rvh 2 L2.�;Rd /: (3.6.1)

Generally, ph does not belong toH.�; div/ and we cannot directly substitute y D ph
in (3.1.12). For this reason, it is necessary to regularize ph by a post-processing op-
erator Gh W L2.�;Rd / ! H.�; div/. After that, we obtain a vector-valued function
Ghph, which yields an easily computable estimate

kr.u � uh/k � kruh � Ghphk C CF� kdivGhph C f k : (3.6.2)

The quality of the upper bound given by (3.6.2) depends on properties of the post-
processing operator used. In Chapter 2, we have discussed thr main classes of post-
processing (gradient averaging) operators. Any of them can be used in (3.6.2).
Raviart–Thomas elements of the lowest order (which are described and studied in,

e.g., F. Brezzi and M. Fortin [79] and J. E. Roberts and J.-M. Thomas [325]) suggest
one more post-processing operator, which we denote GRT. Consider a patch formed by
two elements having a common edge Eln (see Fig. 3.6.1). If uh is constructed by P 1-
approximations, then .ruh/jTi and .ruh/jTj are constant vectors. Define the normal
flux on Eln as follows:

.y � nln/ jElnD �ln.ruh/jTi C .1 � �ln/.ruh/jTj ;
where �ln 2 .0; 1/. In the simplest case, we set �ln D 1=2. Another option (which
takes into account sizes of elements) is

�ln D jTi j
jTi j C jTj j :

For the boundary faces, we use the only one existing flux. Thus, we define three normal
fluxes on three sides of each element. The field inside is obtained by the standard
RT 0-extension of normal fluxes. As a result, we have a function GRTph 2 H.�; div/.
We note that ERT WD ruh�GRTph is an error indicator generated by the procedure.

If the value of the term kdivGRTph C f k is too large (in comparison with the term
kruh � GRT phk), then we can apply (3.5.7) or (3.5.9) in order to reduce it with the
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Figure 3.6.1 Patch related to Eln.

help of # . However, in general, substituting a post-processed gradient does not give a
very accurate upper bound. Numerical experiments have shown that if G is constructed
with the help of simple patch-averaging on the same mesh, then the upper bound given
by the right-hand side of (3.6.2) is rather coarse. More sophisticated post-processing
procedures usually lead to better estimates.

3.6.2 Runge type estimate

Let uh1 ; uh2 ; : : : ; uhk ; : : : be a sequence of approximations on meshes Thk . Compute
phk WD ruhk and average it by an averaging operator Ghk acting on Thk . Then the
accuracy of the approximation uhk�1 can be measured by the estimate

kr.u � uhk�1/k � kruhk�1� Ghkphkk C CF�




divGhkphk C f




 : (3.6.3)

This estimate involves approximate solutions computed on two consequent meshes
Thk�1 and Thk . Thus, it follows the same strategy as the Runge indicator. However,
the estimate (3.6.3) is mathematically justified and provides a guaranteed upper bound
for any pair of consequent meshes.

3.6.3 Minimization of the majorant

Minimization of the majorant with respect to y . Another strategy is to find y by
minimizing the majorant on a certain subspace Y� � H.�; div/. In general, Y� may
be constructed using a mesh T� that differs from Th. Then

kr.u � uh/k � inf
y�2Y�

fkruh � y�k C CF� kdivy� C f kg :

The wider is Y� , the sharper upper bound is obtained. A detailed discussion of the
minimization methods and numerical results can be found in [134, 137, 244, 278, 303,
307] and some other publications cited therein.
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If we intend to define y� by minimization of the majorant, then it is preferable to
represent the problem in the quadratic form:

min
ˇ>0

min
y�2Y�

M 2
ˇ;�
.v; y/;

where

M 2
ˇ;�
.v; y/ D .1C ˇ/krv � yk2 C

�

1C 1

ˇ

�

C 2F�kdivy C f k2:

Practical computations can be performed by the following minimization algorithm:

Step 1. Set k D 0, y�;0 D G� .ruh/, where G� is a post-processing operator defined
for T� . In particular, if Th D T� , then any standard gradient averaging operator (see
Section 2.6.3) on Th can be used.

Step 2. Find ˇk such that

M 2
ˇk;�

.v; y�;k/ D min
ˇ>0

M 2
ˇ;�
.v; y�;k/:

Here, we have a simple minimization problem, which is solved analytically.
Step 3. Stop if the quantityM k D M 2

ˇk;�
.v; y�;k/ is less than the desired accuracy

level (in this case, we guarantee that a sufficiently accurate approximate solution
has already been constructed).
Otherwise go to Step 4.

Step 4. Define y�;kC1 by the relation

M 2
ˇk;�

.v; y�;kC1/ D min
y�2Y�

M 2
ˇk;�

.v; y� /:

Step 5. Set k D k C 1 and go to Step 2.
This algorithm generates a sequence M 0;M 1; : : : ;M k of monotonically decreasing
upper bounds of the error. We terminate it if either the desired accuracy is confirmed
or if the difference M kC1 �M k is considered insignificant (or if we have exceeded
the time limit). In any case, the value M k obtained at the very last step provides a
guaranteed upper bound of the error.

Remark 3.16. From Lemma 3.13, it follows that

kr.u � v/k D inf
y2Yk

M�.v; y/;

where

Yk WD
	

y 2 H.�; div/ j
Z

�

y �y0i dx D 0; fory01; y02; : : : ; y0k; y0i 2 S.�/
�

:

If ˆ.y/ � 0 is a penalty functional vanishing onYk , then

inf
y2H.�;div/

M�.v; y/ D inf
y2H.�;div/

n

M�.v; y/Cˆ.y/
o

:
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Analogously, the termˆ can be used with the squared majorant (3.2.8), which gives
the estimate

kr.u � v/k2 � .1 C ˇ/krv � yk2 C
�

1C 1

ˇ

�

C 2F�kdivy C f k2 C ˆ.y/:

If the majorant is numerically minimized with respect to y, then such penalized forms
may have certain advantages because they include a “stabilization term” ˆ that penal-
izes deviations from the subspace, in which the exact minimizer lies.

On the construction of T� . One way to construct a finite element subspace of
H.�; div/ is to use standard piecewise affine approximations of vector-valued func-
tions. It is well motivated if T� coincides with the mesh Th and v is a finite element
approximation computed on this mesh.
Another natural class of conforming approximations of the spaceH.�; div/ is rep-

resented by RT elements. In Section 3.6.1 we discussed the corresponding operator
GRT constructed by averaging of fluxes on the edges. If T� and Th coincide, then an-
other regularization operator (which is used on the second step of the above-described
minimization algorithm) can be constructed as follows. First, we define y D GRTruh.
Now, we describe a simple minimization procedure that can be used to obtain an

almost equilibrated flux without big computational expenditures. It operates with the
quantities 	ln D y � �ln, which completely define a piecewise affine vector-valued
function y. By (1.4.12), we have

Z

Ti

divy dx D 	lkjElkj C 	lnjElnj C 	knjEknj:

In view of this relation,

�i C 	lndi D .divy/Ti ; �i D 	kl jEkl j C 	knjEknj
jTi j ; di D jElnjjTi j :

Using analogous relation for Tj , we obtain

�j � 	lndj D .divy/Tj ; �j D 	lmjElmj C 	mnjEmnj
jTj j ; dj D jElnjjTj j :

Our goal is to select 	ln in such a way that
Z

Ti

�

.divy/Ti C f
�2
dx C

Z

Tj

�

.divy/Tj C f
�2
dx ! min :

Since .divy/Ti and .divy/Tj are constant on Ti and Tj , respectively, we find the
corresponding value of 	ln by the relation

	ln D
�j jTi j � �i jTj j C jTi jjTj j.ff gTj � ff gTi /

jElnj.jTi j C jTj j/ :
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Using the same idea, we recompute normal fluxes for all edges. At each step of this
procedure the value of kdivyCf k� decreases and after several cycles of minimization
we obtain a vector-valued field, which is equilibrated much better than the original one.

Minimization of the majorant with respect to the two variables v and y . Esti-
mate (3.1.12) implies a new variational statement of the problem (3.0.1):

M�.u; p/ D inf
v2V0;

y2H.�;div/
M�.v; y/; (3.6.4)

which is generated by the error majorantM�.
Another variational statement follows from (3.2.4). Indeed, for any ˇ > 0 we have

M 2
ˇ;�
.u; p/ D inf

v2V0;
y2H.�;div/

M 2
ˇ;�
.v; y/: (3.6.5)

It is easy to note that M�.v; y/ (and M ˇ;�.v; y/) equals zero if and only if the
arguments coincide with the exact solution u and the exact flux, respectively. This
means that we have a new variational statements of the problem (3.0.1).
It is worth noting that there is a significant difference between the primal variational

problem P and problems (3.6.4) and (3.6.5). The value of infP is unknown an de-
pends on f and �. The functional J.v/ may be positive, as well as negative, and the
quantity J.v/ does not indicate the accuracy of v. In opposite, the exact lower bound
in (3.6.4) (and (3.6.5)) is known: it is equal to zero regardless of the problem data (f
and �). Moreover, the functional M�.v; y/ gives a guaranteed upper bound of the
error. It vanishes if and only if v D u and y D p. Thus, the value of M�.v; y/

supplies a measure of the quality for the approximations v and y.
In principle, one can use the above-discussed properties and solve the problem by

directly minimizing M�.v; y/ with respect to both variables v and y using two se-
quence of subspaces

fVhkg 2 V0 and fYhkg 2 H.�; div/:
For this purpose one can use the methods developed in the theory of least squaremixed
methods (e.g., see, J. H. Bramble, R. D. Lazarov, and J. E. Pasciak [72], G. F. Carey and
A. I. Pehlivanov [85], and the references therein). Assume that the finite dimensional
problem

inf
v2Vhk ;ˇ>0;
y2Yhk ;

M˚.v; y; ˇ; CF�; f / DM˚.vk; yk; ˇk; CF�; f / WD �k

is solved. The quantity �k shows the accuracy achieved at the step k. If the subspaces
are limit dense in the respective functional spaces, then it is easy to prove that approx-
imate solutions .vk; yk/ tend to .u; p/ and the sequence of numbers �k tends to zero.
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Sometimes, this method may be rather expensive and it may be more efficient to find
first vhk (using Problem P ) and after that yhk . However, if vhk and yhk are defined
with the help of a mixed method, then the respective �k is directly computable by the
majorant.

3.6.4 Error indicators generated by error majorants

The theory considered in this chapter, was focused on getting guaranteed bounds of
approximation errors. In practice, it is also important to have easily computable func-
tions that furnish information on the overall error and adequately reproduce the error
function

je.x/j WD jr.u � v/j:
Such functions are called error indicators. In Chapter 2, we discussed some of them
in the context of finite element approximations. Below, we introduce several error
indicators, which are generated by error majorants.

1. Let y� be a vector-valued function found by minimization of M�.v; y/ with re-
spect to y on a certain finite-dimensional space Y� . Then a simple indicator of the
squared error je.x/j2 is as follows:

E1.v; y� / D j�.x/j2; where �.x/ WD y� � rv: (3.6.6)

Since

ke � �k D kr.u � v/ � y� Crvk D kp � y�k; (3.6.7)

we see that the indicator E1.v; y� / is sharp (i.e., the computable function � is close to
jej), if y� is close to p.
Let v D uh, where uh is a finite element approximation computed on Th. Assume

that fy�kg is a sequence of fluxes computed by minimization ofM�.v; y/ on expand-
ing spaces fY�kg, which are limit dense in H.�; div/. By Proposition 3.10 we know
that

M�.v; y�k /! kr.u � v/k: (3.6.8)

Hence, the sequence fy�kg is bounded in H.�; div/ and a weak limit ey of this se-
quence (or its subsequence) exists. Since M�.uh; y/ is convex and continuous with
respect to y, we know that

kr.u � uh/k D lim
k!C1

M�.uh; y�k / �M�.uh;ey/

D kruh �eyk C CF�kdivey C f k � kr.u � uh/k: (3.6.9)
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Thus, we conclude that

kruh�eyk C CF�kdivey Cf k D kr.u�uh/k
and, therefore,ey minimizes the functionalM�.uh; y/.
If ruh 62 H.�; div/ (which is typical of FEM approximations), then one can prove

that ey D ru. Indeed, by Lemma 3.13, we know that ey D r Nu 2 H.�; div/, where
Nu 2 V0. Then,

kr.uh � Nu/k C CF�k� NuC f k D kek; (3.6.10)

where e D r.u � uh/. On the other hand,
kr.u � Nu/k � kr Nu � yk C CF�kdivy C f k

and, therefore,

CF�k� NuC f k � kr.u � Nu/k: (3.6.11)

From (3.6.10) and (3.6.11) we conclude that

kek � kr.u � Nu/k C kr.uh � Nu/k: (3.6.12)

By the triangle inequality,

kek � kr.u � Nu/k C kr.uh � Nu/k; (3.6.13)

and, consequently, (3.6.12) and (3.6.13) result in the relation

kek D kr.u � Nu/k C kr.uh � Nu/k; (3.6.14)

which implies
Z

�

r.u � Nu/ � r. Nu � uh/ dx D kr.u � Nu/kkr. Nu � uh/k: (3.6.15)

Such a relation is true if (a) r.u � Nu/ D 0, (b) r.uh � Nu/ D 0, or (c)
r. Nu � uh/ D �r.u � Nu/ for some � 2 R .� 6D 0/: (3.6.16)

In view of the boundary conditions, the case (a) means that u D Nu holds. Since
ruh 62 H.�; div/, the case (b) is impossible. From (3.6.16), it follows that

ruh D .1C �/r Nu � �ru 2 H.�; div/;
so that if ruh 62 H.�; div/, then this relation does not hold and (c) cannot be true. It
remains to conclude thatey D ru.
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Then,

kr.u � uh/k D lim
k!C1

M�.uh; y�k / � lim
k!C1

kruh � y�kk

� kruh �eyk D kr.u � uh/k;
so that

kruh � y�kk ! kr.uh � u/k as k !C1:
From here, it follows that ky�kk ! kruk and, consequently, y�k tends to ru in
L2.�/. Hence, kp � y�kk ! 0. By (3.6.7) we then conclude that the indicator
�k WD y�k � ruh tends to e as k !C1.
The indicator E1 was verified in numerous tests not only for the Poisson’s equation

but also for diffusion, linear elasticity, Stokes, andMaxwell’s problems (where analogs
of this indicator were used). Experiments confirmed its efficiency and stability with
respect to approximations of different types. Two other indicators discussed below
are less studied numerically, but we believe that they will be also useful in practical
computations.

2. Another error indicator follows from (3.5.10) if #y is replaced by a sufficiently
accurate approximation. For example, we can define #y� as a function in a finite-
dimensional space V� that satisfies the relation

Z

�

r#y� � rw� dx D
Z

�

.divy C f /w� dx; 8w� 2 V� : (3.6.17)

Represent Fv.#y� / in the form

Fv.#y/ D
Z

�

.f #y� � rv � r#y� / dx C
Z

�

.rv � r.#y� � #y/C f .#y � #y� // dx

D Fv.#y� /C
Z

�

r.v � u/ � r.#y� � #y/ dx:

Assume that v is the Galerkin solution uh computed on Vh. Let Gh and G� be averag-
ing operators on Vh and V� , respectively. Then the quantity

E2.uh; #y� / WD min
�>1=2

n

�2

2��1 ky � ruhk2 C 2�
2��1

�

Fuh.#y� /

C
Z

�

.ruh � Ghruh/ � .r#y� � G�r#y� /
�

dx
o

(3.6.18)

is an indicator of the energy norm of the error. If T� coincides with Th and yh is
computed by a certain post-processing of ruh on Vh (e.g., by quasi-equilibration),
then the function #yh can be found with the help of the same solver that was used for
finding uh. In this case, the expenditures of the error indication are approximately the
same as those required for getting uh.
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A somewhat different estimate follows from the relation
Z

�

r.u � v/ � rw dx D
Z

�

.y Cr#y � rv/ � rw dx:

Then,

kr.u � v/k � ky Cr#y � rvk: (3.6.19)

Let v D uh. From (3.6.19) we obtain a simple error indicator
kr.u � uh/k Š eE2.uh; y/ D ky � r#y� � ruhk; (3.6.20)

where #y� is an approximation of #y . Another version of the indicator arises if r#y�
is replaced by a post-processed (e.g., averaged) vector-valued function

kr.u � uh/k Š ky � G�r#y� � ruhk: (3.6.21)

Certainly the quality of indicators using approximations of #y depends on y. In prac-
tice, a suitable y can be found as follows. First, we post-process ruh by a cheap
procedure and obtain y D Ghruh 2 H.�; div/. If the values of divy C f are
large in some parts of the domain, then y should be modified to diminish them (exact
equilibration is not required). After that, we solve (3.6.17) and find �y� .

3. From (3.2.2) it follows that

kr.u�v/k2 � ky�rvkkr.u � v/kC jy.u � v/; (3.6.22)

where

jy.u � v/ WD
Z

�

.divyCf /.u � v/ dx:
By (3.6.22) we observe that

kr.u � v/k � 1

2
ky�rvk C

r

jy.u � v/C 1

4
ky � rvk2: (3.6.23)

Since

jy.u � v/ D
Z

�

.ru � y/ � r.u � v/ dx

D kr.u � v/k2 �
Z

�

.y � rv/ � r.u � v/ dx � �1
4
ky � rvk2;

the determinant of (3.6.23) is nonnegative regardless of the sign of jy . If v D uh
and an advanced approximationQ�uh is computed by one of the post-processing pro-
cedures that we discussed in Chapter 2 (cf. (2.6.30)), then (3.6.23) shows that the
quantity

E3.uh; y/ WD 1

2
ky�ruhk C

r

jy.Q�uh � uh/C 1

4
ky � ruhk2 (3.6.24)
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may also serve as an error indicator. Its quality depends on the choice of y and the
efficiency of post-processing provided by Q� .
In particular, if y D Ghruh, then we arrive at the indicator

E3.uh;Ghruh/ WD kGhruh�ruhk C Eh;� ; (3.6.25)

where

2Eh;� D
�

Z

�

�

4.divGhruh C f /.Q�uh � uh/ dx C jGhruh � ruhj2
�

dx
�1=2

� kGhruh�ruhk:
The first term of E3.uh;Ghruh/ is the standard gradient averaging indicator. The
second term is obtained as a computable approximation of the term jy.u � uh/.
It is easy to see that the error arising if the exact upper bound (3.6.22) is replaced

by the indicator (3.6.24) depends on the value of
Z

�

.divy C f /.Q�uh � u/ dx:

If Q�uh provides a good approximation (in L2-sense) of u and divy C f is small (in
a weak integral sense), then (3.6.24) will give a correct representation of the error.
Finally, we note that (3.6.22) formally generates a simple indicator for the squared

error norm kr.u�uh/k2:

kGhruh � ruhk2 C 2
Z

�

.divGhruh C f /.Q�uh � uh/ dx:

However, it is clear that the efficiency of such an indicator strongly depends on the
efficiency of the averaging operators and deteriorates if Ghruh does not properly re-
produce ru and the residual divGhruh C f is not small enough.



4 Linear elliptic problems

4.1 Two-sided estimates for stationary diffusion problem

4.1.1 Estimates for problems with mixed boundary conditions

Stationary diffusion problem. First, we consider the problem

divAruC f D 0 in �; (4.1.1)

u D u0 on �1; (4.1.2)

n � Aru D F on �2; (4.1.3)

where � � R
d is a bounded connected domain with Lipschitz continuous boundary

that consists of two measurable nonintersecting parts �1 and �2. We assume that
measd�1f�1g > 0, u0 2 H 1.�/, and the matrix A D faij g is symmetric and satisfies
the relation

c21 j
j2 � A
 � 
 � c22 j
j2; 8
 2 R
d : (4.1.4)

Also, we assume that f 2 L2.�/ and F 2 L2.�2/. Let
u0 C V0 WD fw D u0 C w0 j w0 2 V0.�/g;

where
V0 WD fw 2 H 1.�/ j w D 0 on �1g:

A generalized solution u of (4.1.1)–(4.1.3) is a function in u0 C V0 that meets the
integral identity

Z

�

Aru � rw dx D
Z

�

f w dx C
Z

�2

Fw ds; 8w 2 V0.�/: (4.1.5)

It is well known that a generalized solution defined by (4.1.5) exists and unique.

Upper estimates of the error norm. Now, we use (4.1.5) in order to obtain an es-
timate of the difference between u and an approximation v 2 u0 C V0 in the energy
norm jkr.u � v/jk, where

jkyjk2 WD
Z

�

Ay � y dx:

Also, we use another norm

jkyjk2� WD
Z

�

A�1y � y dx:
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In view of (4.1.4), these norms are equivalent to the natural norm of the space
Y WD L2.�;Rd /.
Let y be a vector-valued function from the set

H�2.�; div/ WD
˚

y 2 H.�; div/ j y � n 2 L2.�2/
�

:

Then,
Z

�

..divy/w Crw � y/ dx D
Z

�2

.y � n/w ds; 8w 2 V0: (4.1.6)

By (4.1.5) and (4.1.6), we find that
Z

�

Ar.u � v/ � rw dx D
Z

�

.f C divy/w dx C
Z

�

.y � Arv/ � rw dx

C
Z

�2

.F � y � n/w ds: (4.1.7)

By recalling the Friedrichs type inequality

kwk � CF �1krwk; 8w 2 V0; (4.1.8)

and the trace inequality

kwk�2 � CT�2krwk; 8w 2 V0; (4.1.9)

we conclude that there exists a positive constant 
1.�; �2/ such that


21.�; �2/ D inf
w2V0

jkrwjk2
kwk2 C kwk2�2

: (4.1.10)

Since
Z

�

.Arv � y/ � rw dx � jkArv � yjk�jkrwjk

and

ˇ

ˇ

ˇ

ˇ

Z

�

.f C divy/w dx C
Z

�2

.F � y � n/w ds
ˇ

ˇ

ˇ

ˇ

� �kf C divyk2 C kF � y � nk2�2
�1=2

Cjkrwjk;
we arrive at the estimate

jkr.u � v/jk � jkArv � yjk� C C
q

kf C divyk2 C kF � y � nk2�2 : (4.1.11)
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In (4.1.11), C is any constant greater than 
�1
1 .�; �2/. The right-hand side of (4.1.11)

represents a computable error majorant M DF.v; y/ for the diffusion problem (4.1.1)–
(4.1.3).
A somewhat different form of the error bound follows from the estimate
ˇ

ˇ

ˇ

ˇ

Z

�

.f C divy/w dx C
Z

�2

.F � y � n/w ds
ˇ

ˇ

ˇ

ˇ

� CF �1kf C divykkrwk C CT�2kF � y � nk�2krwk:
Applying it to (4.1.7), we obtain

jkr.u � v/jk � jkArv � yjk� C
1

c1

�

CF �1kf C divyk

C CT�2kF � y � nk�2
�

: (4.1.12)

Lower estimates of the error norm. A lower bound of jkr.u � v/jk can be derived
as follows. Note that

1

2
jkr.u � v/jk2 D sup

y2L2.�;Rd /

Z

�

�

Ar.u � v/ � y � 1
2
Ay � y

�

dx

� sup
w2V0

Z

�

�

Ar.u � v/ � rw � 1
2
Arw � rw

�

dx

�
Z

�

�

Ar.u � v/ � r.u � v/ � 1
2
Ar.u � v/ � r.u � v/

�

dx

D 1

2
jkr.u � v/jk2

and we conclude that

1

2
jkr.u � v/jk2 D sup

w2V0

Z

�

�

Ar.u � v/ � rw � 1
2
Arw � rw

�

dx

D sup
w2V0

	

Fv.w/ �
Z

�

1

2
Arw � rw dx

�

;

where

Fv.w/ D
Z

�

.f w � Arv � rw/ dx C
Z

�2

Fw ds:

It is easy to see that the lower bound given by the left-hand side of the above estimate
is sharp (set w D u � v). Thus, the minorant is defined by the relation

M 2
DF.v; w/ WD 2Fv.w/ �

Z

�

Arw � rw dx: (4.1.13)
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4.1.2 Modifications of estimates

Quadratic form of the error majorant. Square both parts of (4.1.11) and apply
Young’s inequality. We obtain

jkr.u � v/jk2 � M 2
DF.v; y; ˇ/

WD .1C ˇ/jkArv � yjk2�
C 1C ˇ

ˇ
C2
�kf C divyk2 C kF � y � nk2�2

�

; (4.1.14)

where ˇ is an arbitrary positive number. For any ˇ > 0, the right-hand side of
(4.1.14) is a quadratic functional with respect to y the minimization of which on a
finite-dimensional subspace is equivalent to solving a system of linear simultaneous
equations. This estimate is exact in the sense that, by choosing proper ˇ and y, one
can make the right-hand side as arbitrarily close to the left-hand side.

Galerkin approximations. Let v D uh 2 u0 C V0h, where
Z

�

Aruh � rwh dx D
Z

�

f wh dx C
Z

�2

Fwh ds; 8wh 2 V0h � V0:

In this case,
Z

�

Ar.uh � u/ � rwh dx D
Z

�

r.uh � u/ � Arwh dx D 0: (4.1.15)

With the help of (4.1.15) we rewrite (4.1.7) in the form
Z

�

Ar.u � uh/ � r.u � uh/ dx D
Z

�

.f C divy/.u � uh/ dx

C
Z

�

.y � Aruh � Arwh/ � r.u � uh/ dx

C
Z

�2

.F � y � n/.u � uh/ ds: (4.1.16)

From (4.1.16), we deduce the estimate

jkr.u � uh/jk � jky � Aruh � Arwhjk�
C C �kf Cdivyk2CkF �y � nk2�2

�1=2
: (4.1.17)

Here, wh is an arbitrary function in V0h, which can be used to reduce the value of the
first term of the error majorant.
For y D Aru, the estimate (4.1.17) reads

jkr.u � uh/jk � jkAr.u � uh � wh/jk� D jkr.u � uh � wh/jk: (4.1.18)
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Since wh is an arbitrary function in V0h, we can take it as wh D euh C wh, where
ewh 2 V0h. Then (4.1.18) implies the projection error estimate

kr.u � uh/k � c2

c1
inf

ewh2V0h
kr.u � ewh/k: (4.1.19)

An advanced form of the error majorant. In view of (4.1.7),

jkr.u � v/jk2 D
Z

�

.y � Arv/ � r.u � v/ dx C
Z

�

r�.y/.u � v/ dx

C
Z

�2

r�2.y/.u � v/ ds; (4.1.20)

where
r�.y/ WD f C divy and r�2.y/ D F � y � n:

Let # 2 V0.�/ be a function such that
Ar# 2 H�2.�; div/:

Since u � v vanishes on �1, we note that
Z

�

divAr#.u � v/ dx D �
Z

�

Ar# � r.u � v/ dx C
Z

�2

.Ar# � n/.u � v/ ds

D
Z

�2

.Ar# � n/.u � v/ ds � Fv.#/; (4.1.21)

where the functional Fv is defined above.
By (4.1.21) we rewrite (4.1.20) in the form

jkr.u � v/jk2 D
Z

�

.y � Arv/ � r.u � v/ dx C
Z

�

.r�.y/C divAr#/.u�v/ dx

C
Z

�2

.r�2.y/ � Ar# � n/.u�v/ ds C Fv.#/: (4.1.22)

Hence,

jkr.u � v/jk2 � M 2
DF
.v; y; #; 	/; (4.1.23)

where 	 is a positive constant and

M 2
DF
.v; y; #; 	/ WD 2	

2	 � 1Fv.#/C 	2

2	 � 1
�

jkArv � yjk�

C C�kr�.y/C divAr#k2 C kr�2.y/ � Ar# � nk2�2
�1=2

�2

represents an advanced form of the error majorant for the linear diffusion problem with
mixed boundary conditions.
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Decomposition of �. Assume that N� D SN
iD1 N�i , where �i are nonintersecting

domains with Lipschitz continuous boundaries.
Assume that

fr�.y/C divAr#g�i D 0; i D 1; 2; : : : ; N;
r�2.y/ � Ar# � n D 0; on �2:

In this case, the equation (4.1.22) yields an upper bound that contains constants CP�i ,
i D 1; 2; : : : ; N , instead of C (we recall that CP�i is the constant in the Poincaré
inequality for �i ).
Indeed, we have

jkr.u � v/jk2 D
Z

�

.y � Arv/ � r.u � v/ dx

C
N
X

iD1
CP�ikr�.y/C divAr#k�ikr.u � v/k�i C Fv.#/

� jkArv � yjk�jkr.u � v/jk C Fv.#/

C
v

u

u

t

N
X

iD1
C 2P�i

kr�.y/C divAr#k2�ikr.u � v/k:

Let ˛ and ˇ be positive numbers such that ˛ C ˇ < 2. Then, we arrive at the estimate
.2 � ˛ � ˇ/jkr.u � v/jk2

� 1

˛
jkArv � yjk2� C

1

c21ˇ

N
X

iD1
C 2P�ikr�.y/C divAr#k2�i C Fv.#/: (4.1.24)

4.1.3 Estimates for problems with Neumann boundary condition

Let �1 D ; and �2 D � . In this case, the energy space is

zV WD
	

w 2 H 1.�/
ˇ

ˇ

ˇ

Z

�

w dx D 0
�

and the equilibrium condition
Z

�

f dx C
Z

�

F ds D 0 (4.1.25)

must be satisfied. The solution is defined by the integral identity
Z

�

Aru � rw dx C
Z

�

f w dx C
Z

�

Fw ds D 0; 8w 2 zV : (4.1.26)
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Let v 2 zV be an approximate solution and y 2 H.�; div/. A transformation of
(4.1.26) yields

Z

�

Ar.u � v/ � r.u � v/ dx D
Z

�

.f C divy/.u � v/ dx

C
Z

�

.y � Arv/ � r.u � v/ dx C
Z

�

.F � y � n/.u � v/ ds:

Since u � v 2 zV , we find that
Z

�

.f C divy/.u � v/ dx D
Z

�

.f C divy � ff C divyg�/.u � v/ dx

D
Z

�

E.f C divy/.u � v/ dx

� kDf C divy�kCP�kr.u � v/k:
Another term on the right-hand side is estimated by the trace inequality. We have

jkr.u � v/jk2 � jky � Arvjk�jkr.u � v/jk C .CP�kDf C divyk
C CT�kF � y � nk�/kr.u � v/k

� c�1
1 .CP�kDf C divyk C CT�kF � y � nk�/jkr.u � v/jk (4.1.27)

and arrive at the estimate

jkr.u � v/jk
� jkArv � yjk� C c�1

1 .CP�kDf C divyk C CT�kF � y � nk�/: (4.1.28)

4.2 The stationary reaction-diffusion problem

Diffusion problem with mixed Dirichlet–Neumann boundary conditions. The
reaction-diffusion problem is represented by the system

�divp C %2u D f in �; (4.2.1)

p D Aru in �; (4.2.2)

u D u0 on �: (4.2.3)

We assume that % is a nonnegative function of x and the matrix A satisfies (4.1.4).
Now V0 D VH 1.�/ and the generalized solution u 2 u0 C V0 of (4.2.1)–(4.2.3) is

defined by the integral identity
Z

�

.Aru � rw C %2uw/ dx D
Z

�

f w dx; w 2 V0: (4.2.4)
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It minimizes the functional

I.w/ D
Z

�

�

1

2
Arw � rw C %2

2
jwj2 � f w

�

dx (4.2.5)

on the set u0 C V0.
Let v 2 u0 C V0. Then (4.2.4) implies the relation
Z

�

.r.u � v/ � rw C %2.u � v/w/ dx D
Z

�

.f w � %2vw � rv � rw/ dx; (4.2.6)

which holds for any w 2 V0. Since w vanishes on the boundary, we rewrite (4.2.6) in
the form

Z

�

.Ar.u � v/ � rw C %2.u � v/w/ dx

D
Z

�

..f � %2v C divy/w C .y � Arv/ � rw/ dx; (4.2.7)

where y is a vector-valued function in the space H.�; div/. The second term on the
right-hand side is estimated as in Section 4.1, but the first one has two different upper
bounds:

Z

�

.f � %2v C divy/ � w dx � k1
%
.f � %2v C divy/kk%wk; (4.2.8)

Z

�

.f � %2v C divy/ � w dx � Ckf � %2v C divykjkrwjk; (4.2.9)

where C is a constant in the inequality

kwk � Cjkrwjk; 8w 2 V0: (4.2.10)

Note that C � c�1
1 CF�. By (4.2.7) and (4.2.8), we deduce the estimate

jŒu � v�j �
�

jkArv � yjk2� C k
1

%
r�.v; y/k2

�1=2

; (4.2.11)

where
jŒw�j2 WD jkrwjk2 C k%wk2

is the energy norm related to the problem and

r�.v; y/ WD f � %2v C divy:
From (4.2.7) and (4.2.9), we obtain another estimate

jkr.u � v/jk � jkArv � yjk� C Ckr�.v; y/k: (4.2.12)
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Let us denote the majorants in (4.2.11) and (4.2.12) by M RD1.v; y/ and M RD0.v; y/,
respectively (the motivation of this will be given below). Note that the majorant
M RD1.v; y/ was earlier derived by the variational method (see [282]). It is easy to
show that

inf
y2H.�;div/

M RD1.v; y/ D jŒu � v�j:

This fact follows from the relation

M 2
RD1.v; p/ D jkAr.v � u/jk2� C k1% r�.v; p/k2

D jkr.v � u/jk2 C
Z

�

%.u � v/2 dx D jŒu � v�j2:

However, M RD1.v; y/ has an essential drawback: if % is small, then the second term
has a large multiplier that makes the whole estimate sensitive to the residual r�.v; y/:
In the problems where % is small (or zero) in one part of � and large in the other one,
the majorant M RD1.v; y/ may lead to a considerable overestimation of the error. On
the contrary, M RD0.v; y/ is robust with respect to small % but it may have an inherent
gap between the left-hand and right-hand sides of (4.2.12).

An advanced form of the error majorant. In order to overcome the above difficul-
ties and to obtain an estimate that possesses positive features of the above estimates we
apply another modus operandi for the deviation of an upper bound of u� v suggested
in [305].
Represent the first term on the right-hand side of (4.2.7) in the form

Z

�

r�.v; y/w dx D
Z

�

˛r�.v; y/%w dx C
Z

�

.1 � ˛/r�.v; y/w dx;

where
˛ 2 L1

Œ0;1�.�/ WD f˛ 2 L1.�/ j 0 � ˛.x/ � 1g:
Then, we have

ˇ

ˇ

ˇ

ˇ

Z

�

r�.v; y/w dx

ˇ

ˇ

ˇ

ˇ

�












˛

%
r�.v; y/













k%wk C C k.1 � ˛/r�.v; y/k jkrwjk:

Setting w D u � v, we arrive at the estimate

jŒu � vj�2 � .Ck.1 � ˛/r�.v; y/k C jkArv � yjk�/2 C












˛

%
r�.v; y/













2

DWM 2
DF˛.v; y/: (4.2.13)

It is easy to see that (4.2.11) and (4.2.12) are special cases of (4.2.13).
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Also, we can represent (4.2.13) in the form

jŒu � v�j2 � C2.1C ˇ/k.1 � ˛/r�.v; y/k2

C 1C ˇ
ˇ
jkArv � yjk2� C k

˛

%
r�.v; y/k2; (4.2.14)

where ˇ is an arbitrary positive number.
The minimization of the right-hand side of (4.2.14) with respect to ˛ is reduced to

the following auxiliary variational problem: Find b̨ 2 L1
Œ0;1�

.�/ such that

g.b̨/ D inf
˛2L1

Œ0;1�
.�/

g.˛/; g.˛/ WD
Z

�

�

˛2S.x/C .1 � ˛/2T .x/� dx; (4.2.15)

where S and T are nonnegative integrable functions that do not vanish simultaneously.
It is easy to find that for almost all x,

b̨.x/ D T

S C T 2 Œ0; 1�; g.b̨/ D ST

S C T :

In our case, S D ��2r2
�
.v; y/ and T D C2.1C ˇ/r2

�
.v; y/. Therefore, we obtain

jŒu � v�j2 �
Z

�

C2.1C ˇ/
C2%2.1C ˇ/C 1 r

2
�
.v; y/ dx C 1C ˇ

ˇ
jkArv � yjk2�

DWM 2
RD.v; y; ˇ/: (4.2.16)

Since

M 2
RD.v; p; ˇ/ D

Z

�

�

C2.1C ˇ/
C2%2.1C ˇ/C 1%

4.v � u/2
�

dx C 1C ˇ
ˇ
jkr.v � u/jk2;

we find that

inf
y2H.�;div/; ˇ>0

M 2
RD.v; y; ˇ/ � inf

ˇ>0
M 2

RD.v; p; ˇ/ D jŒu � v�j2:

Therefore, (4.2.16) has no “gap”. At the same time the structure of the first term of
(4.2.16) is such that it is not sensitive to small values of %. Moreover, if % D 0, then
(4.2.16) implies the estimate

jkr.u � v/jk2 � C2.1Cˇ/kf C divyk2 C 1Cˇ
ˇ
jkArv � yjk2� (4.2.17)

for the diffusion problem without convection.
If % D const then the value of ˇ that minimizes the right-hand side of (4.2.16) can

be found analytically. At the end of Section 6.4, this question is discussed with the
paradigm of the generalized Stokes problem where a similar functional arises.
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Diffusion problem with mixed Dirichlet–Robin boundary conditions. Diffusion
problems are often considered with the Robin boundary condition

n � AruC �.x/u D 0 on �2; (4.2.18)

where �.x/ � 0 and �.x/ 6
 0. For this case, error estimates can be derived from the
integral identity
Z

�

.Aru � rw C %2uw/ dx C
Z

�2

kuw ds D
Z

�

f w dx; 8w 2 V0; (4.2.19)

by the method discussed in the previous section.
Let v 2 u0 C V0. Then (4.1.6) and (4.2.19) imply the relation
Z

�

.Ar.u � v/ � rw C %2.u � v/w/ dx C
Z

�2

k.u � v/w ds

D
Z

�

.f w � %2vw � Arv � rw/ dx �
Z

�2

kv ds

D
Z

�

r�.v; y/w dx C
Z

�

.y � Arv/ � rw dx �
Z

�2

.y � nC kv/w ds: (4.2.20)

Set w D u � v; by (4.2.20) we have the estimate

jŒu � v�j �
 

jkArv � yjk2� C












r�.v; y/

%













2

C












y � nC kv
�1=2













�2

!1=2

; (4.2.21)

where

jŒw�j2 WD jkrwjk2 C k%wk2 C k�1=2wk2�2 :
Estimate (4.2.21) is the simplest error majorant for the problem with Robin boundary
conditions. In Chapter 7, we deduce it by a different method, using general results of
the variational approach.
In view of the estimates

Z

�

r�.v; y/w dx � Ckr�.v; y/kjkrwjk;
Z

�2

.y � nC kv/w ds � c�1
1 CT�2ky � nC kvkjkrwjk;

we obtain another upper bound:

jŒu�v�j � jkArv�yjk�C C kr�.v; y/kC CT�2
c1
ky � nCkvk�2 ; (4.2.22)

which is not sensitive to small values of % and �.
By combining the methods used for the derivation of (4.2.21) and (4.2.22), one

can deduce a more general estimate (an analog of (4.2.13)) for the reaction-diffusion
problem with the Robin boundary condition.
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Remark 4.1. For the problem �u C 
u D 0 in � � R
2 with boundary condition

ru �nCku D 0 in which k does not depend on x, it is known that among all domains
with given area, the circle yields the lowest principle eigenvalue (e.g., see [65]) This
fact can be used for getting sharp estimates of the constant in the error majorant if
� D �2.

A problem generated by the Sturm–Liouville operator. Consider the boundary
value problem

�.a.x/u0/0 C b.x/u D f .x/ x 2 � WD .
1; 
2/; (4.2.23)

u.
1/ D u1; u.
2/ D u2; 
2 > 
1; (4.2.24)

generated by the Sturm–Liouville operator with bounded coefficients a and b. Also,
we assume that

a.x/ � a0 > 0; b.x/ � 0; and f 2 L2.�/:

It can be viewed as the 1D form of (4.2.1)–(4.2.3). In this case,

jku � vjk2 D
Z �2

�1

a.x/.u � v/2 dx � a0ku � vk2;

jku � vjk2� D
Z �2

�1

a�1.x/.u � v/2 dx:

If we set C D �2��1
a0


, % D pb, and r�.v; y/ D y0 � byC f , then (4.2.14) provides an
upper bound of the error.
If the boundary conditions (4.2.24) are represented in a more general form, namely

u0 C ciu D ui at 
i ; i D 1; 2; (4.2.25)

then the corresponding estimate is obtained by the same arguments we used for the
diffusion problem with Robin type boundary condition. We recommend the reader to
derive it as an exercise.

Decomposition of �. Assume that N� D SN
iD1 N�i , where �i are nonintersecting

domains with Lipschitz continuous boundaries and y 2 H.�; div/ is balanced in the
subdomains, i.e.,

fr�.v; y/g�i D 0; i D 1; 2; : : : ; N; (4.2.26)

y � nC kv D 0; on �2: (4.2.27)
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Then instead of (4.2.22), we can use the estimate (which follows from (4.2.20))

jŒu�v�j � jkArv�yjk�C
1

c1

v

u

u

t

N
X

iD1
C 2P�i

kr�.v; y/k2�i ; (4.2.28)

where CP�i are constants in the Poincaré inequalities associated with�i .
If (4.2.26) does not hold, then we can apply the same method as in Section 3.5.3.

We have
Z

�

r�.v; y/w dx D
N
X

iD1

Z

�i

w.Br�.v; y//�i dx C
N
X

iD1
fr�.v; y/g�i

Z

�i

w dx

�
N
X

iD1

Z

�i

w.Br�.v; y//�i dx C
N
X

iD1

1

%i
fr�.v; y/g�ij�i j1=2k%wk�i ;

where %i D minx2�i %.x/. Note that
N
X

iD1

Z

�i

w.Br�.v; y//�i dx � R1jkrwjk;

N
X

iD1

1

%i
fr�.v; y/g�i j�i j1=2k%wk�i � R2k%wk;

where

R1 D 1

c1

v

u

u

t

N
X

iD1
C 2P�i

k.Br�.v; y//�ik2�i and R2 D
v

u

u

t

N
X

iD1

j�i j
%2i

fr�.v; y/g
2
�i
:

We set w D u � v and use (4.2.20), which implies the estimate
jŒu � v�j2 � .jkArv � yjk� CR1/jkr.u � v/jk CR2k%.u � v/k:

Hence, we conclude that

jŒu � v�j2 � .jkArv � yjk� CR1/2 CR22: (4.2.29)

We outline that this estimate contains only Poincaré constants, so that if � can be
decomposed into a set of “simple” subdomains (for which CP�i are known) then the
respective upper bound of the error is easily computable.

4.3 Diffusion problems with convective term

In this section, we analyze diffusion problems with convective term. First, we consider
the simplest convection-diffusion problem with homogeneous Dirichlet boundary con-
ditions. This problem is used to discuss transparently modifications of the method,
which are due to the presence of the convective term. Subsequently, a more general
class of problems is analyzed.
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4.3.1 The stationary convection-diffusion problem

Consider the simplest model involving the convective term.

�divAruC a � ru D f in �; (4.3.1)

u D 0 on �: (4.3.2)

Here a is a given vector-valued function satisfying the conditions

a 2 L1.�;Rd /; div a 2 L1.�/; div a � 0: (4.3.3)

The generalized solution u 2 V0 meets the integral identity
Z

�

.Aru � rw C .a � ru/w/ dx D
Z

�

f w dx; 8w 2 V0: (4.3.4)

Again, an upper bound of the error is derived by transformations of the integral identity
that defines the solution. As before, we take v 2 V0 and insert it into (4.3.4), which
yields the relation

Z

�

.Ar.u � v/ � rw C .a � r.u � v//w/ dx

D
Z

�

.f w � Arv � rw � .a � rv/w/ dx: (4.3.5)

Since (cf. (1.4.10))

div ..u � v/ a/ D .u � v/ div aC a � r.u � v/ (4.3.6)

and w vanishes at the boundary, we have
Z

�

wa � r.u � v/ dx D
Z

�

�

div ..u � v/ a/ � .div a/.u � v/
�

w dx

D �
Z

�

�

.u � v/a � rw C .div a/.u � v/w
�

dx:

From here, we obtain

1

2

Z

�

.div a/.u � v/2 dx D �
Z

�

.u � v/a � r.u � v/ dx: (4.3.7)

Set w D u � v and rearrange (4.3.5), using (4.3.7). We arrive at the relation

jkr.u � v/jk2 � 1
2

Z

�

.div a/.u � v/2 dx

D
Z

�

�

r�.v; y/ .u � v/C .y � Arv/ � r.u � v/
�

dx; (4.3.8)
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where y.x/ is an arbitrary function inH.�; div/ and

r�.v; y/ D f � a � rv C divy:

Introduce the norm

jŒu � v�j2 WD jkr.u � v/jk2 C kı.u � v/k2;

where

ı2 D �1
2
div a � 0:

If ı.x/ > 0 for almost all x 2 �, then, by the estimate






1
ı
r�.v; y/





 kı.u � v/k C jky � Arvjk�jkr.u � v/jk

�
�

jk1
ı
r�.v; y/jk2 C jky � Arvjk2�

�1=2 jŒu � v�j;

we deduce the first error majorant:

jŒu � v�j2 � 

1
ı
r�.v; y/







2 C jky � Arvjk2� DWM 2
CD1.v; y/: (4.3.9)

For small values of ı and large values of a this estimate may be coarse.
Another estimate that clearly follows from (4.3.8) is

jŒu � v�j � jky � Arvjk� C Ckr�.v; y/k DWM CD2.v; y/: (4.3.10)

If � is decomposed into a collection of subdomains �i and fr�.v; y/g�i D 0, then
(4.3.8) implies the estimate similar to (4.2.26), namely

jŒu � v�j � jky � Arvjk� C
v

u

u

t

N
X

i

C 2P�i

c21
kr�.v; y/k2�i : (4.3.11)

If fr�.v; y/g�i 6D 0, then repeating the arguments of the previous section we derive an
upper bound analogous to (4.2.29).
Consider a special but important case of the problem where the convection term is

dominant:

���uC a � ru D f in �; (4.3.12)

u D u0 on �: (4.3.13)

Here � is a small positive number and (for the sake of simplicity) it is assumed that
� D �D . Also, we assume that ı is a positive constant and kak is of the order 1. In
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this case,

C D CF�p
�
; A D �I; A�1 D 1

�
I;

jkyjk2 D
Z

�

�jyj2 dx D �kyk2; jkyjk2� D
Z

�

1

�
jyj2 dx D 1

�
kyk2;

jky � Arvjk2� D
Z

�

�

�jrvj2 C ��1jyj2 � 2y � rv� dx D









p
�rv � 1p

�
y









2
:

We use the estimate (4.3.9) that does not include negative powers of � and obtain the
following upper bound of the error:

jŒu � v�j2 WD �kr.u � v/k2 C ı2ku � vk2 �M 2
CD1.v; y/

D









1

ı
.f � a � rv C divy/










2 C









1p
�
.y � �rv/










2
: (4.3.14)

Set y D �ru. Then,

f C divy D f C ��u D a � ru;

and we find that

E
2
1 .v/ �

1

ı2
ka � r.u � v/k2 C �kr.u � v/k2; (4.3.15)

where

E1.v/ WD inf
q2H.�;div/

M CD1.v; q/:

By (4.3.14) and (4.3.15), we conclude that

0 � E
2
1 .v/ � jŒu � v�j2 �

1

ı2
ka � r.u � v/k2 � ı2ku � vk2:

Hence,

jŒu � v�j2 � E
2
1 .v/ � jŒu � v�j2 C

kak2
ı2
kr.u � v/k2:

Since kr.u � v/k2 � ��1jŒu � v�j2, we deduce the estimate

jŒu � v�j � E1.v/ �
s

1C kak
2

ı2�
jŒu � v�j: (4.3.16)
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If ı D 0, then we use (4.3.10), which shows that

E2.v/ WD inf
q2H.�;div/

M CD2.v; q/ � Cka � r.u � v/k C jŒu � v�j;

where jŒu � v�j D p�kr.u � v/k. Therefore,

0 � E2.v/ � jŒu � v�j � Cka � r.u � v/k � Ckakp
�
jŒu � v�j;

and we find that

jŒu � v�j � E2.v/ �
�

1C kakCp
�

�

jŒu � v�j: (4.3.17)

It is not surprising that the quality of the upper bounds in (4.3.16) and (4.3.17) is
negatively affected by �. Moreover, properties of the exact solution u, as well as the
quality of approximations, usually deteriorates if � goes to zero. Such difficulties are
predictable and typical for all problems with small parameter.
Assume that v D uh where uh is computed on the finite-dimensional space Vh and

the error majorant is computed on a finite-dimensional subspace Q� that satisfies the
condition

9p� 2 Q� ; kp � p�k C kdiv .p � p� /k � �� ; (4.3.18)

where �� is a small positive number. Then, we have

jŒu � uh�j2 � E
2
1� .uh/ WD inf

qh2Q�
M 2

CD1.uh; qh/ �M 2
CD1.uh; p� /

� 2
�













1p
ı
.f � a � ruh C divp/













2

C












1p
ı
div.p � p� /













2

C












1p
�
.p � �ruh/













2

C 1

�
kp � p�k2

�

� 2
�

1C kak
2

ı�

�

jŒu � uh�j2 C 2�2�
�

1

�
C 1

ı

�

: (4.3.19)

If the subspaces Vh and Q� are constructed such that the p� approximates p with the
same accuracy as uh approximates u in the energy norm (i.e., if (4.3.18) holds with
�� , which is of the same order as jŒu � uh�j), then we conclude that the computable
quantity E1� .uh/ is equivalent to the error and has the same rate with respect to � as
the quantity E1.uh/ in (4.3.16).
A lower bound of the approximation error in terms of a different quantity can be

obtained by the method we used for the derivation of (4.1.13). Assume that div a D 0.
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Then,

sup
w2V0

	

Z

�

.�r.u � v/ � rw C a � r.u � v/w/ dx � �
2
krwk2

�

D sup
w2V0

	

Z

�

.�r.u � v/ � .u � v/a/ � rw dx � �
2
krwk2

�

� sup
�2L2

Z

�

.�r.u � v/ � .u � v/a/ � � � �
2
j� j2/ dx

D 1

2�
k�r.u�v/ � .u�v/ak2

D �

2
kr.u � v/k2 C 1

2�
ka.u � v/k2 �

Z

�

r.u � v/ � a.u � v/ dx:

The last integral on the right-hand side is equal to zero. Since
Z

�

.�ru � rw C wa � ru/ dx D
Z

�

f w dx;

we conclude that

�

2
kr.u � v/k2 C 1

2�
ka.u � v/k2

� sup
w2V0

	

��
2
krwk2 �

Z

�

.�rv � rw C wa � rv � f w/ dx
�

D sup
w2V0

M 2
CD.v; w/: (4.3.20)

Note that

sup
w2V0

M 2
CD.v; w/ �M 2

CD.v; u � v/ D
�

2
kr.u � v/k2;

so that for small � the quality of the lower bound deteriorates no faster than kak��1.

4.3.2 The reaction-convection-diffusion problem

Now, we consider the most general statement of a linear elliptic problem related to
diffusion type models. It is the reaction-convection-diffusion problem

�divAruC a � ruC %2u D f in �; (4.3.21)

u D u0 on �1; (4.3.22)

Aru � n D F on �2; (4.3.23)
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where the data satisfy the same assumptions as in the problem (4.1.1)–(4.1.3) and

% 2 L1.�/; % � %˚; (4.3.24)

�1
2
div aC %2 WD ı2 � ı20 : (4.3.25)

One more assumption is that the function �.x/ WD 1
2
.a � n/.x/ is defined at almost all

points of � and that the inflow part of the boundary is a subset of �1, i.e.,

�� WD fx 2 � j �.x/ < 0g � �1: (4.3.26)

Now
V0 WD fw 2 H 1.�/ j w D 0 on �1g

and u is defined as a function in u0 C V0 that meets the integral identity
Z

�

.Aru � rw C .a � ru/w C %2w/ dx

D
Z

�

f w dx C
Z

�2

Fw ds; 8w 2 V0.�/: (4.3.27)

The existence of a generalized solution u follows from the known results in the theory
of partial differential equations (e.g., see [151, 217]).
The assertion below suggests a general form of a computable upper bound of the

error measured in terms of a natural energy type norm.

Theorem 4.2. Let the above made assumptions on the problem data be fulfilled. Then,
for any ˛; ˇ 2 L1

Œ0;1�
, v 2 u0 C V0, and y 2 H�2.�; div/ the following estimate

holds:

jŒu � v�j �M RCD.˛; ˇ; v; y/ WD

�
�







˛
ı
r�.v; y/







2

�C
C jky � Arvjk2� C










ˇp
�
.F � y � n/










�
C
2

�1=2

C 1

c1

�

CF�k.1 � ˛/r�.v; y/k C CT�2k.1 � ˇ/.F � y � n/k
�

; (4.3.28)

where

r�.v; y/ WD f � a � rv � %2v C divy;

jŒu � v�j2 WD jkr.u � v/jk2 C
Z

�

ı2.u � v/2 dx C
Z

�2

�.u � v/2 ds;

�C WD fx 2 � j ı.x/ 6D 0g ; �C
2 WD fx 2 �2 j �.x/ 6D 0g ;

˛ D 0 on � n�C, ˇ D 0 on �2 n �C
2 , and CF �1 and CT�2 are constants in (4.1.8)

and (4.1.9), respectively.
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Proof. Rewrite (4.3.27) in the form

Z

�

�

Ar.u � v/ � r.u � v/C .a � r.u � v//.u � v/C %2.u � v/2� dx

D
Z

�

.f � .a � rv/ � %2v/.u � v/ dx �
Z

�

Arv � r.u � v/ dx

C
Z

�2

F.u � v/ ds: (4.3.29)

Note that

1

2

Z

�

.div a/.u � v/2 dx D �1
2

Z

�

a � r.u � v/2 dx C 1

2

Z

�2

a � n.u � v/2 ds

D �
Z

�

.u � v/a � r.u � v/ dx C
Z

�2

�.u � v/2 ds: (4.3.30)

Thus, the left-hand side of (4.3.29) is converted into the norm jŒu � v�j2, which is a
natural measure of the difference between u and v.
Now, we have

jŒu � v�j2 D <.v; y/ WD
Z

�

r�.v; y/.u � v/ dx C
Z

�2

.F � y � n/.u � v/ ds

C
Z

�

.y � Arv/ � r.u � v/ dx; (4.3.31)

where y.x/ is an arbitrary function inH�2.�; div/.
Set ˛.x/ D 0 on � n �C and represent the first term on the right-hand side of

(4.3.31) in the form

Z

�

r�.v; y/.u � v/ dx D
Z

�

˛r�.v; y/.u � v/ dx C
Z

�

.1 � ˛/r�.v; y/.u � v/ dx

�









˛

ı
r�.v; y/










�C
kı.u � v/k�C

C CF�c�1
1 k.1 � ˛/r�.v; y/kjkr.u � v/jk:

Similarly,

ˇ

ˇ

ˇ

ˇ

Z

�2

.F � y � n/.u � v/ ds
ˇ

ˇ

ˇ

ˇ

� k ˇp
�
.F � y � n/k

�
C
2

kp�.u � v/k
�

C
2

C CT�2c�1
1 k.1 � ˇ/.F � y � n/k�2 jkr.u � v/jk;
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where ˇ 2 L1
Œ0;1�

and ˇ.x/ D 0 on �2 n �C
2 . From the above relations, we obtain

<.v; y/ �









˛

ı
r�.v; y/










�C
kı.u � v/k C jky � Arvjk� kr.u � v/k

C









ˇp
�
.F � y � n/










�
C
2

kp�.u � v/k�2 C
1

c1

�

CF�k.1 � ˛/r�.v; y/k

C CT�2k.1 � ˇ/.F � y � n/k�2
�

jkr.u � v/jk

�
�










˛

ı
r�.v; y/










2

�C
C jky � Arvjk2�

C









ˇp
�
.F � y � n/










2

�
C
2

�1=2jŒu � v�j C 1

c1

�

Ck.1 � ˛/r�.v; y/k

C CT�2k.1 � ˇ/.F � y � n/k�2
�

jkr.u � v/jk: (4.3.32)

Estimate (4.3.28) follows from (4.3.31) and (4.3.32).

Remark 4.3. Estimate (4.3.28) shows that the upper bound is given by the norms of
residuals of three relations

y D Arv in �; (4.3.33)

divy � a � rv � %2v C f D 0 in �; (4.3.34)

y � n D F on �2; (4.3.35)

which jointly define the reaction-convection-diffusion problem. Therefore, the majo-
rantM RCD.˛; ˇ; v; y/ vanishes if and only if u D v and y D p.

4.3.3 Special cases and modifications

If ˛ D ˇ D 0, then we arrive at the estimate

jŒu � v�j � jky � Arvjk� C
CF�

c1
kr�.v; y/k C CT�2

c1
kF �y � nk�2 : (4.3.36)

It includes two global constants CF� and CT�2 and does not contain ı and � in nega-
tive powers. Therefore, it is stable with respect to small values of parameters.
For ˛ D 1 and ˇ D 0 we obtain another estimate

jŒu � v�j � CT�2
c1
kF � y � nk�2 C

�










1

ı
r�.v; y/










2 C jky � Arvjk2�
�1=2

; (4.3.37)

which involves only the trace constant.
Set ˛ D ˇ D 1. Then we obtain such a form of the upper bound that contains

neither CF� nor CT�2 :

jŒu � v�j2 �









r�.v; y/

ı










2 C









F � y � np
�










2

�2
C jky � Arvjk2�: (4.3.38)



96 Chapter 4 Linear elliptic problems

Remark 4.4. If F is a simple (e.g., affine) function, then it is not difficult to satisfy the
condition �2 exactly. For

y 2 H 0
�2
WD fy 2 H�2.�; div/ j y � n � F D 0 on�2g;

the estimate (4.3.28) has a simplified form

jŒu � v�j �
�







˛
ı
r�.v; y/







2

�C C jky � Arvjk2�
�1=2

C CF�

c1
k.1 � ˛/r�.v; y/k: (4.3.39)

Remark 4.5. In (4.3.28), we can set

˛ D minfı; 1g; ˇ D minf�; 1g: (4.3.40)

This choice may be efficient if ı and � are small in some parts of � and �2, respec-
tively. However, the best upper bound is attained if (4.3.28) is minimized with respect
to ˛, ˇ, and y.

Set in (4.3.28) y D av C � , where � 2 H.�; div/. Then, it has the form
jŒu � v�j �M RCD.˛; ˇ; v; �/

WD
�







˛
ı
br�.v; �/







2

�C C jk� C av � Arvjk2�

C









ˇp
�
.F � � � n � .a � n/v/










�
C
2

�1=2 C 1

c1

�

CF�k.1 � ˛/br�.v; �/k

C CT�2k.1 � ˇ/.F � � � n � .a � n/v/k
�

; (4.3.41)

where br�.v; �/ WD f � O% 2v C div � , O% 2 D %2 � div a. This majorant is related to the
representation

Op D Aru � au in �; (4.3.42)

div Op � O%2v C f D 0 in �; (4.3.43)

Op � n D F � .a � n/ u on �2: (4.3.44)

In particular, for ˛ D ˇ D 0 we obtain
jŒu � v�j � jkav C � � Arvjk� C CF�c�1

1 kf �b% 2v C div �k
C CT�2c�1

1 kF � .� C av/ � nk�2 : (4.3.45)

It is easy to see that the majorants defined by (4.3.41) and (4.3.45) possess the same
properties as (4.3.28) and (4.3.36); namely, they vanish at the exact solution and tend
to zero if v and y tend to u and p (or Op).
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We can obtain a better estimate, using the method based on introducing a function
# 2 V0 (cf. (4.1.21)–(4.1.23)) such that Ar# 2 H�2.�; div/: Since u � v vanishes
on �1, we note that

Z

�

div
�

Ar# C #a
�

.u � v/ dx

D �
Z

�

�

Ar# C #a
�

� r.u � v/ dx C
Z

�2

�

Ar# C #a
�

� n.u � v/ ds

D
Z

�

�

.Ar# C #a/ � rv � %2# � f #
�

dx �
Z

�2

F# ds

C
Z

�2

�

Ar# C #a
�

� n.u � v/ ds (4.3.46)

where we have used the relation
Z

�

.Aru � r# C .a � ru/# C %2#/ dx D
Z

�

f # dx C
Z

�2

F# ds:

By (4.3.46) we rearrange (4.3.31) as follows:

jŒu � v�j2 D
Z

�

r�.v; y; #/.u � v/ dx C
Z

�2

r�2.y; #/.u � v/ ds

C
Z

�

.y � Arv/ � r.u � v/ dx C Fv.#/; (4.3.47)

where

r�.v; y; #/ WD r�.v; y/ � div .Ar# C #a/;
r�2.y; #/ WD F � .y � Ar# � #a/ � n;

and Fv.#/ D
R

�

�

f # � .Ar# C #a/ � rv � %2#� dx C R�2 F# ds:
As before, let ˛ and ˇ be functions with values in Œ0; 1� such that ˛.x/ D 0 on

� n�C and ˇ.x/ D 0 on �2 n �C
2 . Then,

Z

�

r�.v; y; #/.u � v/ dx �









˛

ı
r�.v; y; #/










�C
kı.u � v/k�C

C CF�c�1
1 k.1 � ˛/r�.v; y; #/kjkr.u � v/jk

and
ˇ

ˇ

ˇ

ˇ

Z

�2

r�2.y; #/.u � v/ ds
ˇ

ˇ

ˇ

ˇ

�









ˇp
�
r�2.y; #/










�
C
2

kp�.u � v/k
�

C
2

C CT�2c�1
1 k.1 � ˇ/r�2.y; #/k�2 jkr.u � v/jk:
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From the above relations, we obtain

jŒu � v�j2 � 1

4�1










˛

ı
r�.v; y; #/










2

�C
C �1kı.u � v/k2�C

C 1

4�2

C 2F�

c21
k.1 � ˛/r�.v; y; #/k2 C �2jkr.u � v/jk2

C 1

4�3













ˇp
�
r�2.y; #/













2

�
C
2

C �3k
p
�.u � v/k2

�
C
2

C 1

4�4

C 2T�2

c21
k.1 � ˇ/r�2.y; #/k2�2 C �4jkr.u � v/jk2

C 1

4�5
jky � Arvjk2� C �5jkr.u � v/jk2 C Fv.#/: (4.3.48)

Here, �1; �3 2 Œ0; 1/ and �2, �4, and �5 are positive numbers such that

�2 C �4 C �5 � 1:

Now, we obtain an upper bound of the error evaluated in terms of a weighted norm:

.1��2��4��5/jkr.u�v/jk2 C .1��1/kı.u�v/k2� C .1��3/k
p
�.u�v/k2�2

� 1
4�1










˛

ı
r�.v; y; #/










2

�C
C C2F�

4�2c
2
1

k.1 � ˛/r�.v; y; #/k2

C 1
4�3
k ˇp

�
r�2.y; #/k2�C

2

C C2T�2
4�4c

2
1

k.1 � ˇ/r�2.y; #/k2�2
C 1

4�5
jky � Arvjk2� C Fv.#/: (4.3.49)

If ı and � are positive, then we can set ˛ D ˇ D 1, �2 D �4 D 0, and �1 D �3 D 1
2
.

In this case, the estimate (4.3.49) has a simplified form:

jŒu � v�j2 �M 2
RCD.v; y; #/ WD










1

ı
r�.v; y; #/










2

�C
C









1p
�
r�2.y; #/










2

�
C
2

C jky � Arvjk2�C Fv.#/: (4.3.50)

Set y D Aru and define # as a solution of the problem

div
�

Ar# C #a� D a � r.u � v/C %2.u � v/; (4.3.51)

# D 0 on �1; (4.3.52)

.Ar# C #a/ � n D 0 on �2: (4.3.53)
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Then,

r�.v; y/ � div
�

Ar# � #a� D 0;
jky � Arvjk2� D jkr.u � v/jk2;

r�2.y; #/ D F � .Aru � Ar# � #a/ � n D 0:

Since
Z

�

�

Ar# C #a� � r.u � v/ dx D
Z

�

�

a � r.u � v/.u � v/C %2.u � v/2� dx;

we have

Fv.#/ D
Z

�

.Ar# C #a/ � r.u � v/ dx

D
Z

�

.u � v/a � r.u � v/ dx C
Z

�

%2.u � v/2 dx

D
Z

�

ı2.u � v/2 dx C
Z

�2

�.u � v/2 ds:

Hence, the right-hand side of (4.3.50) coincides with the left-hand side.

Remark 4.6. Other modifications of the estimates (which are similar to those con-
sidered in Sections 3.5 and 4.2) can be also derived using the same arguments. In
particular, if � is decomposed into �i , then the estimates analogous to (4.2.28) and
(4.2.29) take place under the same assumptions on r�.v; y/. We leave this task for the
reader as a good exercise.

Remark 4.7. In Section 8.5 we discuss another (rather general) way to obtain two-
sided estimates that have no gap between upper (lower) bounds and error measures.
For reaction-convection-diffusion problems it yields other modifications of error esti-
mates.

4.3.4 Estimates for fluxes

Theorem 4.2 allows us to derive computable bounds of errors measured in terms of the
dual variable (flux). Let y 2 H�2.�/ be an approximation of the exact flux p. For
any v 2 u0 C V0, we have

jkp � yjk� � jkAr.u � v/jk� C jkArv � yjk� (4.3.54)

D jkr.u � v/jk C jkArv � yjk�
�M RCD.˛; ˇ; v; y/C jkArv � yjk�:
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By (4.3.28) and (4.3.54), we obtain an upper bound for a combined primal-dual norm

jŒu � v�j C jkp � yjk� � 2M RCD.˛; ˇ; v; y/C jkArv � yjk�: (4.3.55)

We can use (4.3.50) instead of (4.3.28). Then, in (4.3.55) M RCD.˛; ˇ; v; y/ must be
replaced byM RCD.v; y; #/.
The norm

jŒy�j� WD jkyjk� C kdivyk C ky � nk�2
is another quantity, which is natural to use for fluxes. For this norm, we have

jŒp � y�j� � jkAr.u � v/jk� C jkArv � yjk� C k.p � y/ � nk�2 C kdiv .p � y/k
D jkr.u � v/jk C jkArv � yjk� C ky � n � F k�2

C kdiv .p � y/k: (4.3.56)

By (4.3.28) and (4.3.56), we find that

jŒp � y�j� �M RCD.˛; ˇ; v; y/C jkArv � yjk� C ky � n � F k�2
C kdivy � a � ru � %2uC f k:

Assume that ı0 > 0. Then,

kdivy � a � ru � %2uC f k

� kr�.v; y/k C kakkr.u � v/k C









%2

ı










kı.u � v/k

� kr�.v; y/k C
s

�kak2
c21
C









%2

ı










� �

jkr.u � v/jk2 C kı.u � v/k2
�

and we obtain

jŒp � y�j� �M RCD.˛; ˇ; v; y/C jkArv � yjk� C kr�.v; y/k

C ky � n � F k�2 C
s

kak2
c21
C









%2

ı










jŒu � v�j;

which yields the estimate

jŒp � y�j� � �M RCD.˛; ˇ; v; y/C kr�.v; y/k C jkArv � yjk�
C ky � n � F k�2 ; (4.3.57)

where � D 1C
r

kak2
c21
C









%2

ı










.
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If y 2 H 0
�2
.�/, then we have a simpler estimate

jŒp � y�j� � �M RCD.˛; ˇ; v; y/C kr�.v; y/k C jkArv � yjk�: (4.3.58)

Hence, for the pair .v; y/ 2 .u0 C V0/ �H 0
�2
an upper bound in the full primal-dual

norm has the form

jŒu � v�j C jŒp � y�j� � .1C �/M RCD.˛; ˇ; v; y/C kr�.v; y/k
C jkArv � yjk�: (4.3.59)

In particular, for ˛ D ˇ D 0 we have

jŒu � v�j C jŒp � y�j�
�
�

1C .1C �/CF�
c1

�

kr�.v; y/k C .2C �/jkArv � yjk�: (4.3.60)

Equivalence to the error. By Theorem 4.2, we observe that the quantity

E.v/ WD inf
y2H�2 .�/

M RCD.˛; ˇ; v; y/

yields an upper bound of the error. The proposition below shows that �E.v/ also
furnishes a lower bound, where � does not depend on v and is explicitly estimated by
the problem data.

Proposition 4.8. For any ˛; ˇ 2 L1
Œ0;1�

and any v 2 u0 C V0,

E.v/ � c˚.	/jŒu � v�j; (4.3.61)

where 	 is an arbitrary positive number, and c˚ is defined by (4.3.62).

Proof. We have

inf
y2H�2 .�/

M RCD.˛; ˇ; v; y/ �M RCD.˛; ˇ; v; p/:

Note that

kr�.˛; ˇ; v; p/k D kf � a � rv � %2v C divpk
� ka � r.u � v/k C k%2.u � v/k

�
s

2
kak2
c21
jkr.u � v/jk2 C 2%

2˚
ı20

Z

�

ı2.u � v/2 dx:
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Since jkp � Arvjk� D jkr.u � v/jk and p � n D F we find that
1

.1C 	/M
2
RCD.˛; ˇ; v; p/

�
 

1

ı20
C C 2F�

	c21

!

kr�.v; y/k2 C jkr.u � v/jk2

� 2
 

1

ı20
C C 2F�

	c21

! 

kak2
c21
jkr.u � v/jk2 C %2˚

ı20

Z

�

ı2.u � v/2 dx
!

C jkr.u � v/jk2

D
 

1C
 

1

ı20
C C 2F�

	c21

!

2kak2
c21

!

jkr.u � v/jk2

C
 

1

ı20
C C 2F�

	c21

!

2%2˚
ı20

Z

�

ı2.u � v/2 dx:

Define

c2˚.	/ WD .1C	/max
( 

1C
 

1

ı20
C 2C

2
F�

	c21

!

2kak2
c21

!

;

 

1

ı20
CC

2
F�

	c21

!

2%2˚
ı20

)

:

(4.3.62)

Then,M RCD.˛; ˇ; v; p/ � c˚.	/jŒu � v�j; and we obtain (4.3.61).
It is worth noting that, in the above consideration, we have overestimated the value

of M RCD.˛; ˇ; v; p/ at several places, so that the constant c˚.	/ defined by the rela-
tion (4.3.62) is rather coarse. Anyway it gives an idea how c˚ depends on kak.
Also, we can establish the equivalence of M and the error computed in the full

primal-dual norm.

Proposition 4.9. For any v 2 u0 C V0 and y 2 H 0
�2
.�/, the following two-sided

estimate holds:

C�M RCD.b̨; ˇ; v; y/ � jŒu � v�j C jŒp � y�j� � C˚M RCD.b̨; ˇ; v; y/; (4.3.63)

where b̨D minf1; ıg, C� D 1
�
,

� D max
	

1; NCF�;
p
2

�

1C NCF� kak
c1

�

;
p
2 NCF�%

2
˚
ı0

�

; NCF� WD 1C CF�

c1
;

and C˚ D 3C
r

kak2
c21
C %2˚

ı0
:
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Proof. The right-hand side inequality follows from the structure of jŒu � v�j and
(4.3.59).
To prove the left-hand side, we note that b̨=ı � 1. Therefore,

M RCD.b̨; ˇ; v; y/ �
�

kr�.v; y/k2 C jky � Arvjk2�
�1=2 C CF�

c1
kr�.v; y/k

� NCF�kr�.v; y/k C jky � Arvjk�:
We have

kr�.v; y/k � kdiv .p � y/k C ka � r.u � v/k C k%2.u � v/k
� kdiv .p � y/k C kak

c1
jkr.u � v/jk C %2˚

ı0
kı.u � v/k;

jky � Arvjk� � jkr.u � v/jk C jkp � yjk�:
Thus,

M RCD.b̨; ˇ; v; y/ �
�

1C NCF� kak
c1

�

jkr.u � v/jk C NCF�%
2

˚
ı0
kı.u � v/k

C jkp � yjk� C NCF�kdiv .p � y/k

� p2max
	

1C NCF� kak
c1
; NCF�%

2
˚
ı0

�

jŒu � v�j

Cmaxf1; NCF�gjŒp � y�j�: (4.3.64)

Now (4.3.64) implies the left-hand side of (4.3.63).

4.4 Notes for the chapter

For linear and nonlinear diffusion problems, the first a posteriori estimates of the func-
tional type were obtained in the context of the general variational method, basic princi-
ples of which are briefly discussed at the beginning of this chapter (see [276]–[282] and
[244] for a consequent exposition). The nonvariational approach to the derivation of
a posteriori estimates for stationary diffusion problems (and other linear elliptic prob-
lems having the divergent form) was suggested in the author’s paper [286]. Section 4.1
is based on these results. Later, a posteriori estimates for the convection-diffusion and
reaction-convection-diffusion problems were derived (see [293, 300]). A posteriori
estimates for the reaction-diffusion problem discussed in Section 4.2 were obtained in
the paper by S. Repin and S. Sauter [305]. Functional type a posteriori estimates for
the stationary reaction-convection-diffusion problem were analyzed in S. Nicaise and
S. Repin [248]. In [287], the nonvariational method was applied to the evolutionary
diffusion equation. The latter results are discussed in Chapter 9.



5 Elasticity

5.1 The linear elasticity problem

Consider an elastic body that occupies a domain � 2 R
d the boundary � of which

consists of two disjoint parts �1 and �2 (j�1j > 0). The classical statement of the
linear elasticity problem is as follows: Find a tensor-valued function � (stress) and a
vector-valued function u (displacement) that satisfy the system of equations

� D L".u/ in �; (5.1.1)

Div � C f D 0 in �; (5.1.2)

u D u0 on �1; (5.1.3)

�n D F on �2: (5.1.4)

Here f and F are given forces and L D fLijkmg is the tensor of elasticity constants,
which is subject to the conditions

c21 j"j2 � L " W " � c22 j"j2; 8" 2M
d�d
s : (5.1.5)

Henceforth, we assume that the coefficients of the elasticity tensor are bounded and
possess natural symmetry, i.e.,

Lijkm D Lj ikm D Lkmij ; i; j; k;m D 1; : : : ; d; (5.1.6)

Lijkm 2 L1.�/: (5.1.7)

Moreover, we assume that

f 2 L2.�;Rd /; F 2 L2.�2;Rd /; u0 2 H 1.�;Rd /: (5.1.8)

A function u 2 u0 C V0 is a generalized solution of (5.1.1)–(5.1.5) if it satisfies the
integral relation

Z

�

L ".u/ W ".w/ dx D h`; wi (5.1.9)

for all w 2 V0. In (5.1.9), the right-hand side is determined by the volume and surface
loads

h`; wi D
Z

�

f � w dx C
Z

�2

F � w ds;

and
V0 WD fw 2 H 1.�;Rd / j w D 0 on �1g:
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The linear elasticity problem has a variational statement: Find u 2 u0 C V0 such that

J.u/ D inf
w2u0CV0

J.v/; J.v/ WD 1

2

Z

�

L".w/ W ".w/ dx � h`; wi: (5.1.10)

The existence and uniqueness of u are easy to prove if the coercivity of

jk".w/jk WD
�

Z

�

L".w/ W ".w/ dx
�1=2

on the space V0 is established. This fact follows from Korn’s inequality (1.4.32), which
shows that kwk21;2;� is equivalent to

Œjwj�21;2;� WD
Z

�

.j".w/j2 C jwj2/ dx:

Proposition 5.1. Let � be a Lipschitz domain in R
d , and let �1 satisfy the following

property:

9 x0 2 �1 and � > 0 such that � \ B.x0; "/ � �1: (5.1.11)

Then

kwk1;2;� � ���1k".w/k; 8w 2 V0; (5.1.12)

where ���1 is a positive constant independent of w.

Proof. Assume that the assertion is wrong. Then, for anym 2 N there exists v.m/2V0
such that

kv.m/k1;2;� > m
�

Z

�

j".v.m//j2 dx
�1=2

: (5.1.13)

Consider the sequence of normalized functions Nvm WD v.m/

kv.m/k1;2;� : Obviously,k Nvmk1;2;� D 1 and, by (5.1.13),
1

m
�
�

Z

�

j". Nvm/j2 dx
�1=2

: (5.1.14)

Hence, we can extract a subsequence of f Nvmg that converges to a vector-valued func-
tion Nv 2 V0 weakly in H 1.�;Rd / and strongly in L2.�;Rd /. Therefore, ". Nvm/
weakly converges (in L2) to ". Nv/. By (5.1.13), we know that

k". Nvm/k ! 0: (5.1.15)

Thus,

0 D lim inf
m!C1 k". Nv

m/k � k". Nv/k;
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and, therefore, ". Nv/ D 0. Then Nv 2 R.�/ \ V0 (cf. 1.4.3). In view of (5.1.11), the
intersection of these sets contains only the zero function, so that Nv D 0. However, in
such a case we arrive at a contradiction. Indeed, on the one hand, by Korn’s inequality
we conclude that

k Nv.m/k1;2;� � CK�
�

Z

�

.k". Nvm/k2 C kNvmk2/ dx
�1=2

�!
m!1 0:

On the other hand, k Nvmk1;2;� D 1 for anym and such a sequence cannot tend to zero.
It remains to conclude that (5.1.13) is wrong and the constant ���1 exists.

Corollary 5.2. There exists a constant C such that
Z

�

jwj2 dx C
Z

�2

jwj2 ds � C2jk".w/jk2; 8w 2 V0: (5.1.16)

Proof. The proof follows from Proposition 5.1 and trace inequalities. Indeed, by a
Friedrichs type inequality for the functions in V0 and the trace inequality, we conclude
that

Z

�

jwj2 dx C
Z

�2

jwj2 ds � C 2�kwk21;2;�; 8w 2 V0: (5.1.17)

Now (5.1.16) follows from (5.1.5), (5.1.12), and (5.1.17).

Note that on V0 the norms krwk and kwk1;2;� are equivalent. Therefore, instead
(5.1.17) we can use the inequality

Z

�

jwj2 dx C
Z

�2

jwj2 ds � bC 2�krwk2; 8w 2 V0; (5.1.18)

where bC� is a somewhat different constant (which also depends only on � and �2).
Also, (5.1.12) means that

krwk � c��1k".w/k; 8w 2 V0; (5.1.19)

with a constant c��1 � ���1 .
Remark 5.3. In practice, the value of C can be estimated by minimizing the quotient

jk".w/jk2
R

� jwj2 dx C
R

�2
jwj2 ds

over a sufficiently representative finite-dimensional space V0h � V0.
The estimation of constants arising in various versions of Korn’s inequality is a

more complicated task. This question was investigated by a number of authors (e.g.,
see C. Horgan [179]).
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5.2 Estimates for displacements

Let v 2 u0 C V0. Represent (5.1.9) in the form
Z

�

L ".u � v/ W ".w/ dx D
Z

�

.f � w � L ".v/ W ".w// dx C
Z

�2

F � w ds; (5.2.1)

where w 2 V0. Let †.�/ WD L2.�;Md�d / and

� 2 H�2.�;Div/ WD
˚

� 2 †.�/ jDiv � 2 L2.�;Rd /; � n 2 L2.�2;Rd /
�

:

Since

Div .�w/ D w � Div � C �T W rw; (5.2.2)

we have (for � 2 †s.�/)
Z

�2

� n � w ds D
Z

�

.w � Div � C � W ".w// dx: (5.2.3)

By (5.2.1) and (5.2.3), we obtain
Z

�

L ".u � v/ W ".w/ dx D
Z

�

.f C Div �/ � w dx C
Z

�

.� � L ".v// W ".w/ dx

C
Z

�2

.F � � n/ � w ds: (5.2.4)

Set w D u � v and use (5.1.16). We arrive at the estimate

jk".u � v/jk �M EL.v; �/

WD jk� � L".v/jk� C C
�kDiv �Cf k2CkF �� nk2�2

�1=2
; (5.2.5)

which is quite analogous to the estimate (4.1.11). Squaring both parts of (5.2.5), we
obtain an analog of (4.1.15):

jk".u � v/jk2 �M 2
EL.v; �; ˇ/ WD .1Cˇ/

Z

�

�

".v/�L
�1�/ W.L ".v/��� dx

C 1Cˇ
ˇ

C2
˚kDiv � C f k2CkF �� nk2�2

�

: (5.2.6)

In (5.2.6), � is a symmetric tensor-valued function and ˇ is an arbitrary positive con-
stant. It is easy to note that the first term is nonnegative and vanishes if and only
if

� D L".v/:
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It penalizes violations of the Hooke’s law. The meaning of the second and third terms
is obvious: they represent other two relations and penalize errors in the equilibrium
equation (5.1.2) and boundary condition (5.1.4). Thus, the majorant not only provides
a bound of the overall value of the error, but also shows its physically sensible parts.
Latter information suggests a correct way for finding a better approximation.
In (5.2.5) and (5.2.6), the error is measured in terms of the norm generated by the

tensor ". For this reason, the Korn’s constant does not explicitly occur in the estimates.
However, a tensor-valued function � in M EL.v; �/ must be symmetric. This require-
ment is easy to fulfill if � is approximated with the help of finite element approxi-
mations having degrees of freedom at nodes (if the nodal tensors are symmetric then
an extension of them is also symmetric). For other approximations (e.g., for mixed
approximations degrees of freedom of which are associated with faces) the symmetry
condition may be rather burdensome. Below we discuss a way of avoiding it.
Take an arbitrary tensor-valued function b� 2 H�2.�;Div/ and rearrange (5.2.1)

with the help of (5.2.2) as follows:
Z

�

L ".u � v/ W ".w/ dx D
Z

�

�

.Divb� C f / � w C .b�T � L".v// W rw� dx

C
Z

�2

.F �b� Tn/ � w ds; 8w 2 V0; (5.2.7)

Decomposeb� into symmetric and skew-symmetric partsb� sm andb� sk. Then,

b�
T W rw Db� sm W ".w/ �b� sk W rw:

Note that L".v/ is a symmetric tensor. Therefore, (5.2.7) implies the estimate
Z

�

L ".u � v/ W ".w/ dx � kDivb� � f kkwk C kb�TnC F k�2kwk�2
C jkb� sm � L".v/jk�jk".w/jk C kb� skkkrwk: (5.2.8)

By (5.1.16), we find that

kDivb� � f kkwk C kb�TnC F k�2kwk�2
� C

n

kDivb� � f k2 C kb�TnC F k2�2
o1=2jk".w/jk:

Set w D u � v and use (5.1.19). We arrive at the estimate

jk".u � v/jk � C
n

kDivb� � f k2 C kb�TnC F k2�2
o1=2

C jkb� sm � L".v/jk� C
c��1
c1
kb� skk: (5.2.9)

This estimate includes an additional term which is positive if the tensor-valued func-
tion b� is nonsymmetric. If b� is a symmetric tensor (i.e., b� sk D 0), then (5.2.9) is
equivalent to (5.2.5).
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Remark 5.4.We note that the right-hand sides of (5.2.5) and (5.2.9) are equal to
jk".u � v/jk if � andb� coincide with � .
By the same arguments as for the diffusion equation, one can prove that

Z

�

L".v�u/ W ".v�u/dx �M 2
EL.v; w/ WD 2Fv.w/ � jk".w/jk2; (5.2.10)

where w 2 V0 and

Fv.w/ WD
Z

�

f � w dx C
Z

�2

F � w ds �
Z

�

L".v/ W ".w/ dx:

Also, we can show that

jk".v � u/jk2 D sup
w2V0

M 2
EL.v; w/:

By the maximization of the functionalM EL.v; w/ on a sequence of finite-dimensional
spaces V0k � V0; we obtain a sequence of computable lower bounds

M k� D sup
w2V0k

M EL.v; wk/:

If the spaces V0k satisfy the limit density condition stated, then the sequence fM k�g
tends to jk".v � u/jk2.

5.3 Estimates for stresses

Assume that � 2 H�2.�;Div/ is a symmetric tensor-valued function that approxi-
mates � . By (5.1.1), for any v 2 u0 C V0 we have
jk� � � jk� D jkL".u/ � � jk� � jkL".u � v/jk� C jkL".v/ � � jk�

D jk".u � v/jk C jkL".v/ � � jk� �M EL.v; �/C jkL".v/ � � jk�: (5.3.1)
By (5.2.5) and (5.3.1), we obtain an upper bound for a combined primal-dual norm

jk".u � v/jk C jk� � � jk� � 2M EL.v; �/C jkL".v/ � � jk�: (5.3.2)

For another norm

jŒ� �j� WD jk� jk� C kDiv �k C k� � nk�2 ;
we have

jŒ� � ��j� �M EL.v; �/C jkL".v/ � � jk� C k� � n � F k�2 C kDiv .� � �/k
DM EL.v; �/C jkL".v/ � � jk� C k� � n � F k�2 C kDiv � C f k: (5.3.3)
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Hence,

jk".u � v/jk C jŒ� � ��j�
� 2M EL.v; �/C jkL".v/ � � jk� C k� � n � F k�2 C kDiv � C f k
� NcM EL.v; �/; (5.3.4)

where Nc D 3Cp2=C. On the other hand,
M EL.v; �/ � jkL".v � u/jk� C jk� � � jk� C C

�kDiv .� � �/k2 C k.� � �/nk2�2
�1=2

� jk".u � v/jk C jk� � � jk� C C
�kDiv .� � �/k C k.� � �/nk�2

�

� c.jk".u � v/jk C jŒ� � ��j�/; (5.3.5)

where c D maxf1;Cg. Thus, we note that M EL.v; �/ is equivalent to the error evalu-
ated in the combined stress-strain norm.

5.4 Isotropic linear elasticity

In the important case of isotropic elastic media, the components of L and L
�1 depend

on two material constants only. Below we present respective forms of a posteriori
estimates derived in the previous section.

5.4.1 3D problems

For d D 3, we can represent the elasticity tensor in the form
L " D K0 tr " IC 2�"D; (5.4.1)

L
�1 � D 1

9K0
tr �IC 1

2�
�D: (5.4.2)

In (5.4.1)–(5.4.2), K0 and � are positive (elasticity) constants that depend on proper-
ties of media to resist compression and shear forces, respectively.
In this case, the norms are defined by the relations

jk".w/jk2 WD
Z

�

�

K0 tr ".w/
2 C 2� ˇˇ"D.w/ˇˇ2

�

dx; (5.4.3)

jk� jk2� WD
Z

�

�

1

9K0
tr.�/2 C 1

2�

ˇ

ˇ.�/D
ˇ

ˇ

2
�

dx: (5.4.4)

Since

".v/ � L
�1� D

�

1

3
tr.".v// � 1

9K0
tr.�/

�

IC
�

"D.v/ � 1

2�
tr �

�

; (5.4.5)

L ".v/ � � D
�

K0 tr.".v// � 1
3
tr.�/

�

IC �2�."/D.v/ � �D� ; (5.4.6)
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we find that

�

".v/ � L
�1�

� W .L ".v/ � �/

D K0
�

div v � 1

3K0
tr �

�2

C 2�
ˇ

ˇ

ˇ

ˇ

"D.v/ � 1

2�
tr �

ˇ

ˇ

ˇ

ˇ

2

: (5.4.7)

Hence, for isotropic media the estimate (5.1.6) reads as follows:
Z

�

�

K0jdiv .u � v/j2 C 2�
ˇ

ˇ"D.u � v/ˇˇ2
�

dx

� .1C ˇ/
Z

�

 

K0

�

div v � 1

3K0
tr �

�2

C 2�
ˇ

ˇ

ˇ

ˇ

"D.v/ � 1

2�
tr �

ˇ

ˇ

ˇ

ˇ

2
!

dx

C 1C ˇ
ˇ

C2
˚kDiv � C f k2 C kF � � nk2�2

�

: (5.4.8)

Instead of K0 and �, one cane use another pair of constants and represent (5.4.1) and
(5.4.2) in the form

L " D 
 tr."/ I C 2�"; (5.4.9)

L
�1 � D 1

2�

�

� � 


3
C 2� tr.�/ I
�

: (5.4.10)

Here 
 D K0 � 2�
3
. In this case,

jk".v/jk2 WD
Z

�

�


jdiv vj2 C 2� j".v/j2
�

dx; (5.4.11)

jk� jk2� WD
Z

�

1

2�

�

j� j2 � 


3
C 2� tr.�/
2

�

dx; (5.4.12)

and

�

".v/ � L
�1�

� W .L ".v/ � �/

D 
jdiv vj2 C 2� j".v/j2 C 1

2�

�

j� j2 � 


3
C 2� tr.�/
2

�

� 2".v/ W �:

5.4.2 The plane stress problem

The plane stress problem arises if a thin elastic plate is subject to an action of forces
lying in its plane. Let

� WD b� �
�

�h
2
;
h

2

�

;



112 Chapter 5 Elasticity

where b� 2 R
2 is the so-called “middle surface” �0. It is assumed that this surface

contains x1 and x2 axes of a Cartesian coordinate system and x3 is perpendicular to
�0. Throughout this chapter the symbolb is used to mark “plane” components of
vectors and tensors. In particular, we write bx D .x1; x2/ for the plane coordinate
vector,bv D .v1; v2/ is a plane vector, andb� WD f�stg, s; t D 1; 2, is a plane tensor.
Assume that h is small with respect to the character size of b�. In general, it may

be difficult to exactly define this notion, but for sufficiently regular domains we can
compare h with the diameter diamb�. Let f D fbf 1.bx/;bf 2.bx/; 0g and assume that the
surfaces

�˙ WD
	

x D .bw; x3/ j bx 2 b�; x3 D ˙h
2

�

are free from loads. Also, we assume that the boundary conditions on

�i WD 	i �
�

�h
2
;
h

2

�

are defined by the functions u0 D fbu0.bx/; 0g and F D fbF .bx/; 0g. Here the 	i denote
two parts of 	 , which is the boundary of b�.
In the plane stress model, it is suggested to consider the stress tensor as a plane

tensor. In other words, we set

�i3 D 0; i D 1; 2; 3: (5.4.13)

In addition, in the plane stress model it is assumed that � insignificantly depends on
x3, so that

b� D b�.bx/: (5.4.14)

Strictly speaking these assumptions are not true and violate the 3D relations of linear
elasticity problem. However, they lead to a 2D problem which is much simpler. The
error arising owing to this dimension reduction procedure is the modeling error. In the
next section, we derive an upper bound for this error. Now, our goal is to present the
error majorant for the plane stress problem.
In view of (5.4.13), "13.u/ D "23.u/ D 0. For the component "33.u/ we have the

relation (which comes from the Hooke’s law)

0 D �33 D K0."11.u/C "22.u/C "33.u//C 2�2"33.u/ � "11.u/ � "22.u/
3

;

which implies

tr " D 6�

3K0 C 4�
btrb":
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Therefore, 2D form of the Hooke’s law is

b� D bLb" D cK0btrb"bI C 2� .b"/
D
; (5.4.15)

b" D bL
�1
b� D 1

4cK0
btrb�bI C 1

2�

c

�D; (5.4.16)

wherecK0 D 9K0�
3K0C4� andbtrb" WDb"11Cb"22. The other relations that define the solution

are as follows:

bDivb� C bf D 0 in b�; (5.4.17)

bu Dbu0 on 	1; (5.4.18)

b�bn D bF on 	2: (5.4.19)

We repeat the arguments adduced for deriving the error majorant in the 3D elasticity
model and arrive at an estimate similar to (5.4.8):
Z

�

�

bK0jbtrb".u � v/j2 C 2�
ˇ

ˇ

b"
D
.u � v/ˇˇ2

�

dx

� .1C ˇ/
Z

b�

 

bK0

�

div v � 1

2bK0
btrb�

�2

C 2�
ˇ

ˇ

ˇ

ˇ

b"
D
.v/ � 1

2�
btrb�

ˇ

ˇ

ˇ

ˇ

2
!

dbx

C 1C ˇ
ˇ

bC2
n

kbDivb� C bf k2
b�
C kbF �b�bnk2�2

o

: (5.4.20)

5.4.3 The plane strain problem

The deformation is called plane if at any point the displacement vector is collinear to
a certain plane. Assume that this plane is Ox1x2 and

u1 D u1.bx/; u2 Dbu2.bx/; u3 D 0:
In this case, only the plane part of the deformation tensorb".u/ has nonzero compo-
nents. By the Hooke’s law, we conclude that �13 D �23 D 0 and �33 is excluded by
the relation

�33 D 


2.
C �/btr.b�/;

which also follows from the Hooke’s law. In view of the above relations, the plane
parts of stresses and strains are connected by the relations

b� D 
 btr.b".bu//bI C 2�b".bu/; (5.4.21)

b".bu/ D 1

2�

�

b� � 


2.
C �/btr.b�/
bI

�

: (5.4.22)
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In view of (5.4.22), the term of the majorant related to the constitutive relations of the
plane strain problem has the form

Z

b�

�


jbdivbvj2 C 2� jb".bv/j2 C 1

2�
jb� j2 � 


4�.
C �/btr.b�/
2 � 2b".bv/ W b�

�

dbx:

5.4.4 Error of the plane stress model

Estimate (5.4.8) allows one to measure the error that arises if the 3D elasticity problem
is replaced by a simplified 2D one. Let bu and b� be the displacement vector and the
stress tensor satisfying (5.4.17)–(5.4.19) and the relations

b�11 D cK0.bu1;1 Cbu2;2/C �.bu1;1 �bu2;2/; (5.4.23)

b�22 D cK0.bu1;1 Cbu2;2/C �.bu2;2 �bu1;1/; (5.4.24)

b�12 D �.bu1;2 Cbu2;1/: (5.4.25)

With the help ofbu andb� we construct .eu;e�/, which yields an approximate solution of
the original (3D) problem. For this purpose, we set

eu D .bu1;bu2; �/;
e�˛ˇ D b�˛ˇ ; e�3˛ D 0;

where � 2 ˆ.�/ WD f� 2 H 1.�/ j � D 0 on �1g:
Sincebu D bu0.bx/ on 	1, the functioneu belongs to u0 C V0. Therefore, we can use

(5.4.8) with v Deu and � D e� . Note that
e�n D 0 on �˙ and e�n D fb�bnI 0g D F on �2; (5.4.26)

Dive� D fbDivb� I 0g D f�bf I 0g D �f: (5.4.27)

Therefore, the last term of (5.4.8) vanishes and the whole error is contained in the first
one. To evaluate it, we use the relations

tr.".eu// Dbu1;1 Cbu2;2 C �;3; (5.4.28)

tr.e�/ Dbtr.b�/ D b�11 Cb�22 D 2cK0.bu1;1 Cbu2;2/ (5.4.29)

and find that

tr.".eu// � 1
3K0

tr.e�/ D � .bu1;1 Cbu2;2/C �;3;
where

� D 1 � 2
cK0

3K0
D 3K0 � 2�
3K0 C 4� D

1

2

 

cK0

�
� 1

!

:

Let us estimate the quantity
ˇ

ˇ

1
2�
e� � ."/D.eu/ˇˇ2.
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In view of (5.4.23)–(5.4.25), we have

2b�11 �b�22
3

D
cK0

3
.bu1;1 Cbu2;2/C �.bu1;1 �bu2;2/;

2b�22 �b�11
3

D
cK0

3
.bu1;1 Cbu2;2/C �.bu2;2 �bu1;1/;

�b�11 Cb�22
3

D 2cK0

3
.bu1;1 Cbu2;2/ :

Therefore,

1

2�
e�D D

2

6

6

6

4

cK0

6�
.bu1;1 Cbu2;2/C bu1;1 �bu2;2

2

bu1;2Cbu2;1
2

bu1;2Cbu2;1
2

bK0
6�
.bu1;1 Cbu2;2/Cbu2;2�bu1;1

2

0 0

0

0

� bK0
3�
.bu1;1 Cbu2;2/

3

7

5

:

Next,

"D.eu/ D

2

6

4

bu1;1Cbu2;2
6

Cbu1;1�bu2;2
2

� �;3
3

bu1;2Cbu2;1
2

bu1;2Cbu2;1
2

bu1;1Cbu2;2
6

Cbu2;2�bu1;1
2

� �;3
3

�;1
2

�;2
2

�;1
2
�;2
2

2�;3
3
�bu1;1Cbu2;2

3

3

7

5

and we obtain

1

2�
e� � "D.eu/ D

2

6

6

6

6

6

6

4

� .bu1;1Cbu2;2/C�;3
3

0 ��;1
2

0
� .bu1;1Cbu2;2/C�;3

3
��;2
2

��;1
2

��;2
2

�2.� .bu1;1Cbu2;2/C�;3/
3

3

7

7

7

7

7

7

5

:

Hence,

ˇ

ˇ

ˇ

ˇ

1

2�
e� � ."/D.eu/

ˇ

ˇ

ˇ

ˇ

2

D 2

3
.�.bu1;1 Cbu2;2/C �;3/2 C 1

2
.�2;1 C �2;2/ ;
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and we find that
Z

�

�

K0jdiv .u �eu/j2 C 2�
ˇ

ˇ"D.u �eu/ˇˇ2
�

dx

�
Z

�

 

K0

�

diveu � 1

3K0
tre�

�2

C 2�
ˇ

ˇ

ˇ

ˇ

"D.eu/ � 1

2�
tre�

ˇ

ˇ

ˇ

ˇ

2
!

dx

�
�

K0 C 4�

3

�

Z

�

�

� .bu1;1 Cbu2;2/C �;3
�2
dx C �

Z

�

�

�2;1 C �2;2
�

dx: (5.4.30)

It is easy to see that the right-hand side of the above estimate is positive. Indeed, if
the second integral is equal to zero then � D �.x3/. Then the first integral is positive
(becausebu1 andbu2 depend only onbx). The only one exception is the case � D 0 or
(bdivbu D 0/ Since � D �

1�� we observe that � can be equal to zero only if the Poisson
coefficient � is equal to zero. In all other cases, the modelling error related to the plane
stress model is positive.

5.5 Notes for the chapter

The reader can find a more detailed discussion of a posteriori estimates for linear
elasticity problems author’s papers [280, 282, 284] and in the book P. Neittaanmäki and
S. Repin [244]. Numerical tests and extensions of the above theory to thermoelastic
problems are presented in A. Muzalevskii and S. Repin [240, 241].
In the last section of this chapter, we have touched an important problem: estimation

of modeling errors. This problem deserves a special consideration, which is beyond
the framework of the book. In the context of functional error majorants, a posteriori
error estimates for modeling errors arising in dimension reduction models of diffusion
type problems were derived in the papers by S. Repin, S. Sauter, and A. Smolianski
[310, 310, 312] and for elasticity problems in [284, 285].



6 Incompressible viscous fluids

6.1 The Stokes problem

Statement of the problem. The Stokes model is one of the simplest models in the
theory of viscous incompressible fluids. It is represented by the relations

ut � ��u D f � rp in �; (6.1.1)

divu D 0; (6.1.2)

u.x; 0/ Dbu.x/; (6.1.3)

u D u0 on �; (6.1.4)

where u.x; t/ is the velocity field, p.x; t/ is the pressure function, � > 0 is the viscos-
ity parameter (or a positive function), and bu.x/ and u0 are solenoidal functions that
define the initial and boundary conditions, respectively.
In the stationary case, u does not depend on t . Then, the problem is to find u.x/

and p.x/ such that

���u D f � rp in �; (6.1.5)

divu D 0; (6.1.6)

u D u0 on �: (6.1.7)

In the case of mixed boundary conditions, (6.1.7) holds only on a part �1 � � , and on
another part �2, the Neumann boundary condition

�n D F on �2; (6.1.8)

(where � D �ru � p) is considered. We assume that

f 2 L2.�;Rn/ and u0 2 VS1.�/; (6.1.9)

where VS1.�/ denotes the closure of smooth solenoidal functions with compact sup-
ports in�with respect to the norm ofH 1.�;Rd /. Henceforth, we denoteH 1.�;Rd /

by V and define V0 as the subspace of V containing the functions with zero traces on
� (for problems with mixed boundary conditions V0 contains functions vanishing on
the Dirichlet part of the boundary). We recall that the (Friedrichs) inequality

kwk � CF�krwk (6.1.10)

holds forw 2 V0. The set u0C VS1.�/ consists of functions u0Cw, wherew 2 VS1.�/.
The space of square summable functions with zero mean is denoted by zL2.�/.
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A generalized solution of the stationary Stokes problem (6.1.5)–(6.1.7) is defined
by the integral identity

Z

�

�ru W rw dx D
Z

�

f � w dx; 8w 2 VS1.�/: (6.1.11)

Remark 6.1. Stokes problem can be stated using the tensor of small strains

".u/ D f"ij .u/g; "ij .u/ WD 1

2

�

ui;j C uj;i
�

;

instead of ru. In view of the relation Div ".v/ D 1
2
.�v C rdiv v/, for solenoidal

fields we can write (6.1.11) in terms of the operator " (instead of r). Such a statement
is equivalent to (6.1.11) if � is multiplied by 2.

A generalized solution can also be defined as a function u 2 u0C VS1.�/ satisfying
the relation

Z

�

�ru W rw dx D
Z

�

.f � w C p divw/ dx; w 2 V0; (6.1.12)

on a wider set V0. In this case, the respective p is to be defined with the help of (6.1.6).

Inf-Sup condition. First, we recall an important result in the theory of functions
related to the operator div .

Lemma 6.2. Let � be a bounded domain with Lipschitz continuous boundary. Then,
for any function f 2 zL2.�/ one can find a function wf 2 V0 such that divwf D f

and

krwf k � c�kf k; (6.1.13)

where c� is a positive constant dependent only on�.

The reader can find a proof in I. BabuLska and A.K. Aziz [22] (for d D 2) and
O. Ladyzhenskaya and V. Solonnikov [213]. Also, Lemma 6.2 can be viewed as a
special case of the closed range lemma (e.g., see F. Brezzi and M. Fortin [79] and
K. Yosida [374]). Lemma 6.2 implies several important results.
First, it leads to the key condition in the mathematical theory of incompressible

materials known in the literature as the Inf-Sup (or Ladyzhenskaya–I. BabuLska–Brezzi
(LBB)) condition. The latter reads: there exists a positive constant CLBB such that

inf
q2 zL2.�/

q¤0

sup
w2V0
w¤0

R

� q divw dx

kqk krwk � CLBB: (6.1.14)
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In fact, by Lemma 6.2 we know that for any q 2 zL2.�/ one can find a function vq 2 V0
satisfying the conditions

div vq D q; krvqk � c�kqk: (6.1.15)

In this case,

sup
v2V0.�/
w 6D0

R

� qdiv v dx

krvk kqk �
R

� qdiv vqdx

krvqk kqk D
kqk
krvqk �

1

c�

and, consequently, (6.1.14) holds with CLBB D .c�/�1.
The condition (6.1.14) and its discrete analogs are used for proving the stability and

convergence of numerical methods in various problems related to the theory of viscous
incompressible fluids. In I. BabuLska [21] and F. Brezzi [77], this condition was proved
and used to justify the convergence of mixed methods, in which a boundary value
problem is reduced to a saddle-point problem for a certain Lagrangian. It is worth
noting, that conditions similar to (6.1.14) arise in many other problems if they are
stated as saddle point problems.
Also, (6.1.14) follows from the Nečas inequality

kqk � c� krqk�1;� WD sup
w2V0
w¤0

R

� q divw dx

krwk ; 8 q 2 zL2.�/: (6.1.16)

A simple proof of the Inf-Sup condition for domains with Lipschitz boundaries can
be found in J. Bramble [71]. Estimates of the value of CLBB for various domains are
discussed in, e.g., E. Chizhonkov and M. Olshanskii [105], M. Dobrowolski [116], and
L. Halpern [165].

Saddle-point statement, the existence of a solution, and energy estimates. With
the help of Lemma 6.2, it is not difficult to prove the existence of u, p, and � that
deliver a solution to the problem (6.1.5)–(6.1.7). For this purpose, we use general
theorems in convex analysis concerning saddle-points of Lagrangians. Consider the
Lagrangian L W .u0 C V0/ � zL2.�/! R of the form

L.v; q/ WD
Z

�

��

2
jrvj2 � q div v

�

dx �
Z

�

f � v dx

and the saddle point problem

L.u; q/ � L.u; p/ � L.v; p/; 8v 2 u0 C V0; q 2 zL2.�/: (6.1.17)

It is not difficult to verify that a saddle point is formed by the velocity field u and the
pressure function p satisfying (6.1.5)–(6.1.7).
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Indeed, the left-hand side of (6.1.16) reads
Z

�

.q � p/divudx D 0; 8 q 2 zL2.�/: (6.1.18)

Hence, divu is orthogonal to any function with zero mean. However,
Z

�

divudx D �
Z

�

u � n ds D �
Z

�

u0 � n ds D
Z

�

divu0 dx D 0;

so that fdivug� D 0. By (6.1.18), we now conclude that divu D 0.
Set v D u˙ ˛w, where ˛ > 0 and w 2 V0. Then, the right-hand side of (6.1.17)

means that

˙
Z

�

.�ru W rw �pdivw�f � w/ dx � ˛�

2

Z

�

jrwj2 dx:

Since ˛ can be taken arbitrarily small the above inequalities imply
Z

�

.�ru W rw �pdivw/ dx D
Z

�

f � w dx; 8w 2 V0: (6.1.19)

If w 2 VS1.�/, then (6.1.11) follows from (6.1.19).
The saddle point problem (6.1.17) is equivalent to two variational problems

.Pu/ inf
v2u0CV0

sup
q2 zL2.�/

L.v; q/ and .Pp/ sup
q2 zL2.�/

inf
v2u0CV0

L.v; q/:

Since fdiv vg� D 0 for any v 2 u0 C V0 and

sup
q2 zL2.�/

Z

�

q div v dx D sup
q2L2.�/

Z

�

q div v dx D
	

0 if div v D 0;
C1 if div v 6D 0;

we note that

inf
v2u0CV0

sup
q2 zL2.�/

L.v; q/ D inf
v2u0CVS1.�/

I.v/ D I.u/;

where

I.w/ D
Z

�

�

1

2
jrwj2 � f � w

�

dx: (6.1.20)

The Problem Pp determines the pressure field, however the functional of this prob-
lem cannot be represented in explicit form.
The existence of u and p follow from Lemma 6.2 and known theorems in the theory

of saddle-points. Obviously, L is convex and continuous with respect to the first vari-
able. Moreover, it is linear and continuous with respect to the second one. Therefore
(e.g., see I. Ekeland and R. Temam [121], Chapter 4, �2), it suffices to show that

9q� 2 zL2.�/ such that lim
kvk!C1

L.v; q�/ D C1 (6.1.21)
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and

lim
kqk!C1

inf
v2u0CV0

L.v; q/ D �1: (6.1.22)

Set q� D 0, then (6.1.21) is satisfied.
To prove (6.1.22), we use Lemma 6.2 and select wq 2 V0 such that

divwq D q and krwqk � c�kqk: (6.1.23)

Then

inf
v2u0CV0

L.v; q/ � L.u0 C 
wq; q/

D
Z

�

��

2

2jrwqj2 � 
jqj2

�

dx C
Z

�


�rwq W ru0 dx

� 

Z

�

f � wqdx C C.u0/;

where

C.u0/ D
Z

�

��

2
jr.u0/j2 � f � u0

�

dx:

By (6.1.23), we conclude that
ˇ

ˇ

ˇ

ˇ

Z

�

f � wqdx

ˇ

ˇ

ˇ

ˇ

� CF� c�kqkkf k

and

Z

�

�

2

2jrwqj2 dx �

Z

�

�c2
�

2

2jqj2 dx:

Hence, we find that

inf
v2u0CV0

L.v; q/ �
Z

�

��

2

2c2

�
� 


�

jqj2 dx

C 
c�kqk.�kru0k C CF�kf k/C C.u0/:

Set 
 D 1

�c2�
. Then, we note that

inf
w2V0

L.w; q/� �kqk
2

2�c2�
C C.u0/! �1 as kqk ! C1:

Thus, (6.1.22) holds and the saddle point problem (6.1.16) has a solution.
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Now we establish energy estimates for the velocity and pressure functions. Set
w D u � u0 in (6.1.11). We have the relation

�kruk2 D
Z

�

.�ru W ru0 C f � .u � u0// dx

� .�kru0k C CF�kf k/kruk C CF�kru0kkf k:
From here, it follows that the velocity norm is bounded by C.kru0k C kf k/, where
C depends only on the given data. If u0 D 0, then the energy estimate has the simplest
form

�kruk � CF�kf k: (6.1.24)

It is not difficult to show that a similar estimate holds for the pressure field p. Let
vp 2 V0 be the function defined as a counterpart of p in Lemma 6.2, i.e.,

div vp D p and krvpk � c�kpk:
Then, by (6.1.19), we have

Z

�

.�ru W rvp� f � vp/ dx D
Z

�

p div vpdx D kp k2: (6.1.25)

Hence,

kpk2 � .�kruk C CF�kf k/krvpk;
and we obtain

kpk � c�.CF�kf k C �kruk/: (6.1.26)

Since kruk is bounded (by the norms of given data), we note that the same is true for
kpk, so that the saddle point problem is stable with respect to both components.

Estimates of the distance to the set VS1.�/. Approximations computed by a numer-
ical procedure may not belong to the space VS1.�/. Lemma 6.2 allows us to estimate
the distance between such an approximation and the set of solenoidal fields. Subse-
quently, we will use such estimates in the derivation of a posteriori estimates valid for
nonsolenoidal approximations.
First, we note that an estimate of the distance in L2-norm follows from Lemma 3.2.

However, in the case of flow problems we need an estimate in a stronger norm given
by the lemma below.

Lemma 6.3. For any functionbv 2 V0, there exists a function v0 2 VS1.�/ such that
kr.bv � v0/k � c�kdivbvk: (6.1.27)
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Proof. Let f D divbv. By Lemma 6.2, we find a function wf 2 V0 such that
divwf D f

and

krwf k � c�kdivbvk:

Since div .bv � wf / D 0, the function v0 WDbv � wf belongs to VS1.�/. Moreover,
kr.bv � v0/k D krwf k � c�kdivbvk

and the estimate (6.1.27) follows.

In other words, the distance betweenbv 2 V0 and the set of solenoidal fields VS1.�/
is estimated from above by the quantity kdivbvkwith the multiplier c� that comes from
Lemma 6.2.

Corollary 6.4. Let u� 2 V be a vector-valued function such that

divu� D � 2 L2.�/:
From Lemma 6.3 it follows that for any functionbv 2 u� C V0 there exists a function
v� 2 u� C VS1.�/ satisfying the estimate

kr.bv � v�/k � c�kdivbv � �k: (6.1.28)

Proof. Sincebv � u� 2 V0, we can find a function v0 2 VS1.�/ such that
kr.bv � u� � v0/k � c�kdiv .bv � u�/k D c�kdivbv � �k:

Hence, the function v� D u� C v0 belongs to u� C VS1.�/ and satisfies (6.1.28).

6.2 A posteriori estimates for the stationary Stokes problem

In this section, we derive functional a posteriori estimates for the stationary Stokes
problem. For the sake of simplicity, we assume that � is constant. Estimates for
problems with variable viscosity are considered in Section 6.3.

6.2.1 Estimates for the velocity field

Let v 2 u0 C VS1.�/. Then (6.1.8) implies the relation
Z

�

�r.u � v/ W rw dx D
Z

�

.f � w � �rv W rw/ dx; 8w 2 VS1.�/: (6.2.1)
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For any tensor-valued function � 2 †.�/ D L2.�;Md�d /, the functional

F�;f .w/ WD
Z

�

.f � w � � W rw/ dx

is linear and continuous on V0, and its norm can be characterized by the quantity

jjjjjjF�;f jjjjjj WD sup
w2V0;w 6D0

ˇ

ˇ

R

�.f � w � � W rw/ dx
ˇ

ˇ

krwk :

The set

Q�;f .�/ WD
	

� 2 †.�/
ˇ

ˇ

ˇ

Z

�

� W rw dx D
Z

�

f � w dx; 8w 2 V0
�

defines the kernel of F�;f . It contains the tensor-valued functions that satisfy (in a
generalized sense) the equilibrium equation Div � C f D 0.
Represent the integral identity (6.2.1) in the form

Z

�

�r.u � v/ W rw dx D F�;f .w/C
Z

�

.� � �rv/ W rw dx:

Since jF�;f .w/j � jjjjjjF�;f jjjjjj krwk and
Z

�

.� � �rv/ W rw dx D
Z

�

.�Cq I � �rv/ W rw dx � k�Cq I��rvkkrwk;

we set w D u � v and arrive at the estimate

�kr.u � v/k � jjjjjjF�;f jjjjjj C k� C Iq � �rvk; (6.2.2)

where q is an arbitrary function in zL2.�/ and � is an arbitrary tensor-valued function
in †.�/. If � 2 H.�;Div/ \†s , then

Z

�

.f � w � � W rw/ dx D
Z

�

.f C Div �/ � w dx

and we find that

jjjjjjF�;f jjjjjj � CF�kf C Div �k;

where CF� is the constant in (6.1.10).
Now, the right-hand side (6.2.2) is presented by directly computable integrals,

namely,

�kr.u � v/k �M ST1.v; �; q/ WD k� C q I � �rvk C CF�kDiv � C f k: (6.2.3)
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If q 2 H 1.�/, then a somewhat different form of the estimate follows by changing �
to �, where

� D � � q I; (6.2.4)

which gives

�kr.u � v/k �M ST2.v; �; q/ WD k� � �rvk C CF�kDiv �C f � rqk: (6.2.5)
Estimates (6.2.3) and (6.2.5) have a clear meaning. Estimate (6.2.3) shows that the
upper bound of the error can be represented as the sum of two parts related to the
decomposition of the Stokes system as

� D �p IC �ru;
�Div � D f:

Its right-hand side vanishes if and only the above relations are exactly satisfied. Since
v is a solenoidal field satisfying the boundary condition, the right-hand side of the
majorant is zero if and only if v D u. Similarly, (6.2.5) shows that the upper bound
of the error can be represented as the sum of two parts related to the decomposition of
the Stokes system as

N� D �ru;
�Div N� D f � rp:

We can also deduce other equivalent forms of (6.2.3) and (6.2.5). Squaring both parts
of (6.2.3), we obtain an estimate the right-hand side of which is given by a quadratic
functional:

�2kr.u � v/k2 �M 2
ST1.v; y; q; ˇ/

WD .1C ˇ/k� C q I � �rvk2 C .1C ˇ/C 2F�
ˇ

kDiv � C f k2; (6.2.6)

where ˇ is an arbitrary positive number. Rearrange the first term on the right-hand
side by (1.4.2)–(1.4.2). Since div v D trrv D 0, we have

k� C q I � �rvk2 D k 1
d
.tr � C qd/ IC �D � �rvk2

D
Z

�

�

1

d
.tr � C dq/2 C j�D � �rvj2

�

dx: (6.2.7)

If � is selected in such a way that

ftr�g� D 0; (6.2.8)
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then we can set q D � 1
d
.tr�/ and obtain

�2kr.u � v/k2 D .1C ˇ/k�D � �rvk2 C .1C ˇ/C 2F�
ˇ

kDiv � C f k2: (6.2.9)

Note that the right-hand side of (6.2.9) does not contain q. It vanishes if

�D � �rv D 0;
Div � C f D 0:

Since div v D 0, we have
tr.� C q I � �.rv// D tr � C dq D 0;

and, therefore, the constitutive relation in terms of traces is also satisfied. Thus, we
conclude that this majorant also vanishes if only if v, � , and q coincide with the exact
solutions.
Now consider the case, in which an approximate solution may not exactly satisfy

the divergence-free condition. We mark such approximations by hats. Assume that
bv 2 u0 C V0 and divbv may be not equal to zero. In this case, the estimate of its
deviation from u can be obtained by the following arguments.
First, by Corollary 6.4, we know that forbv one can find a function w 2 u�C VS1.�/

such that

kr.bv � w/k � c�kdivbvk: (6.2.10)

Therefore, we have

�kr.u �bv/k � �kr.u � v/k C �kr.bv � v/k:
Use (6.2.3) to estimate the first norm on the right-hand side of this inequality. We
arrive at the estimate

�kr.u �bv/k � k� C q I � �rvk C CF�kDiv � C f k C �kr.bv � v/k
� k� C q I � �rbvk C CF�kDiv � C f k C 2�kr.bv � v/k:

In view of (6.2.10), we find that

�kr.u �bv/k � k� C q I � �rbvk C CF�kDiv � C f k C 2�c�kdivbvk; (6.2.11)
where � 2 H.�;Div/ and q 2 zL2.�/.
If ftr�g� D 0; then we can set q D � 1d .tr�/ and obtain

� kr.u�v/k D k�D � � .rv/D k C CF�kDiv � C f k C 2�c�kdivbvk: (6.2.12)

Thus, if the constants CF� and c� are known (or we know suitable upper bounds
for them), then (6.2.11) provides a way for evaluating the deviation ofbv from u. For
this purpose, we should select certain finite-dimensional subspaces †k and Qk for
the functions � (or �) and q, respectively. The minimization of the right-hand side of
(6.2.11) with respect to � and q provides an estimate of the deviation, which will be
the sharper the greater is the dimension of the subspaces used.
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6.2.2 Estimates for pressure

Estimates of kp � qk can also be derived with the help of Lemma 6.2. Since
.p � q/ 2 zL2.�/, we know that

divew D p � q and krewk � c�kp � qk
for a certain vector-valued function ew 2 V0. Hence,

kp � qk2 D
Z

�

divew.p � q/ dx:

Recall that the exact solution u satisfies (6.1.18) and, therefore,
Z

�

.p � q/divew dx D
Z

�

.�ru W rew � f � ew � q divew/ dx

D
Z

�

�r.u �bv/ W rew dx

C
Z

�

.�rbv W rew C f � ew � q divew/ dx:

We have
Z

�

�r.u �bv/ W rew dx � c��kr.u �bv/k kp � qk
and

Z

�

.�rbv W rew C f � ew � q divew/ dx

D
Z

�

.�rbv � � � q I/ W rew dx �
Z

�

.Div � C f / � ew dx

�
�

k�rbv � � � q Ik C �CF�kDiv � C f k
�

c�kp � qk:
Therefore,

kp � qk � c�
�

�kr.u �bv/k C k�rbv � � � q Ik C CF�kDiv � C f k/

� 2c�
�

k�rbv � � � q Ik C CF�kDiv � C f k C �c�kdivbvk/
�

;

and we arrive at the estimate
1

2c�
kp � qk � k�rbv � � � q Ik C CF�kDiv � C f k C �c�kdivbvk: (6.2.13)

It is easy to note that the right-hand side of (6.2.13) consists of the same terms as the
right-hand side of (6.2.3) and vanishes if and only if,

bv D u; � D �; and p D q:

However, in this case, the dependence of the penalty multipliers on the constant c� is
stronger.
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6.2.3 Estimates for stresses

Let � 2 †.�/ be an approximation of � . We have

k� � �k D k� C pI � �ruk
� k� C q I � �rbvk C �kr.bv � u/k C

p
dkp � qk: (6.2.14)

By (6.2.11) and (6.2.13) we conclude that

k� � �k � 2.1C
p
dc�/k� C q I � �rbvk C CF�.1C 2

p
dc�/kDiv � C f k

C 2�c�.1C
p
dc�/kdivbvk: (6.2.15)

Since

k� � �k2Div D k� � �k2 C kDiv � C f k2;

it is not difficult to estimate the deviation � � � in the norm of H.�;Div/. However,
the estimate has a more symmetric form if the deviation is expressed in terms of the
norm

�Œ � �ŒDiv WD k�k C CF�kDiv �k:
In this case,

Nc �Œ� � ��ŒDiv � k� C q I � �rbvk C CF�kDiv � C f k C �c�kdivbvk; (6.2.16)

where Nc D 1

2.1Cpdc�/
.

6.2.4 Estimates in combined norms

We can measure errors in terms of combined norms of the product space

W WD .u0 C VS1.�// �H.�;Div/ � zL2.�/;

for which we introduce two equivalent norms

k.v; �; q/kW WD �krvk C k�kDiv C
p
dkqk;

�Œ.v; �; q/�ŒW WD �krvk C �Œ� �ŒDivg C
p
dkqk:

It is easy to see that

	1k.v; �; q/kW � �Œ.v; �; q/�ŒW � 	2k.v; �; q/kW ; (6.2.17)

where 	1 D minf1; CF�g and 	2 D maxf1; CF�g.
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We can show that the majorant M ST1.v; �; q/ is equivalent to the error in the com-
bined norm �Œ.u � v; � � �; p � q/�ŒW .
We have

�Œ� � ��ŒDiv D �Œ�ru � � � p I�ŒDiv

� �kr.u � v/k C k�rv � � � p Ik C CF�kDiv � C f k
� �kr.u � v/k C k�rv � � � q Ik C

p
dkp � qk C CF�kDiv � C f k:

Therefore,

�Œ.u � v; � � �; p � q/�ŒW WD �kr.u � v/k C �Œ� � ��ŒDiv C
p
dkp � qk

� 2�kr.u � v/k C k�rv � � � q Ik
C 2
p
dkp � qk C CF�kDiv � C f k:

Since v 2 u0CVS1.�/, we can use (6.2.3) and (6.2.13) to estimate the terms kr.u�v/k
and kp � qk. We obtain

�Œ.u � v; � � �; p � q/�ŒW � C˚
�k�rv � � � q Ik C CF�kDiv � C f k

�

D C˚M ST1.v; �; q/; (6.2.18)

where C˚ D 3C 4
p
dc�. On the other hand,

M ST1.v; �; q/ � �kr.v � u/k C �Œ� � ��ŒDiv C
p
dkp � qk: (6.2.19)

Thus, we find that

M ST1.v; �; q/ � �Œ.u � v; � � �; p � q/�ŒW � C˚M ST1.v; �; q/: (6.2.20)

In view of (6.2.17), the majorantM ST1.v; �; q/ is also equivalent to the combined norm
k.u � v; � � �; p � q/kW .
Remark 6.5. It is easy to show that the majorantM ST2.v; �; q/ is also equivalent to the
combined error norm. Moreover, one can prove that on a wider set

W WD .u0 C V0/ �H.�;Div/ � zL2.�/;

the majorant

M
cST1
.bv; �; q/ WD k�Cq I��rbvk C CF�kDiv �Cf k C 2�c�kdivbvk

is also equivalent to the combined error norm �Œ.u�v; ���; p�q/�ŒW .
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6.2.5 Lower bounds of errors

A lower bound of kr.u � v/k is derived by the same arguments that we have used in
Section 4.1. Forbv 2 u0 C V0, we have
�

2
kr.u �bv/k2 D

Z

�

�

�r.u �bv/ W r.u �bv/ � �
2
r.u �bv/ W r.u �bv/

�

dx

� sup
bw2V0

Z

�

�

�r.u �bv/ W rbw � �
2
rbw W rbw

�

dx

� sup
�2†.�/

Z

�

�

�r.u �bv/ W � � �
2
� W �

�

dx D �

2
kr.u �bv/k2:

Thus,

�kr.u �bv/k2 D sup
bw2V0

Z

�

.2�r.u �bv/ W rbw � �rbw W rbw/ dx:

By (6.1.12), we reform the right-hand side of this relation and obtain

�kr.u �bv/k2 D sup
bw2V0

f�G.bv;bw; p/g;

where G is a quadratic functional defined by the relation

G.bv;bw; p/ D
Z

�

�

2�rbv W rbw C �jrbwj2 � 2f � bw � 2p divbw� dx:

Thus, for any bw 2 V0
�kr.u �bv/k2 � �G.bv;bw; q/ � 2kp � qkkdivbwk:

We estimate the last term by (6.2.13) and arrive at the estimate

�kr.u �bv/k2 �M
bST
.bv;bw; �/

WD �G.bv;bw; q/ � 4c�
�

k�rbv � � � q Ik

C CF�kDiv � C f k C �c�kdivbvk
�

kdivbwk: (6.2.21)

If the trial functions are taken from a narrower set VS1.�/, then the last-mentioned term
in (6.2.21) vanishes, and we find that

�kr.u �bv/k2 � �G.bv;w; q/; 8w 2 VS1.�/; q 2 zL2.�/: (6.2.22)
Since

Z

�

�ru W r.u �bv/ dx D
Z

�

.f � .u �bv/C p div .u �bv// dx; (6.2.23)
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we note that

G.bv; u �bv; p/

D
Z

�

�

2�rbv W r.u �bv/C �jr.u �bv/j2 � 2f � .u �bv/ � 2pdiv .u �bv/� dx

D ��kr.bv � u/k2: (6.2.24)

Hence,

�kr.u �bv/k2 D sup
w2VS1.�/
q2 zL2.�/

˚�G.bv;w; q/�: (6.2.25)

6.2.6 Mixed boundary conditions

Now, we consider a more general statement of the Stokes problem (6.1.5) and (6.1.6)
with mixed Dirichlet–Neumann boundary conditions

u D u0 on �1; (6.2.26)

� n D Fm on �2; (6.2.27)

where �1 and �2 of � are two measurable nonintersecting parts of the boundary, u0 is
a given function such that divu0 D 0, and F 2 L2.�2;Rd /. In this section, we define
the space V0 as follows:

V0.�/ WD
n

v 2 H 1.�;Rd / j v D 0 on �1
o

:

Let S10.�/ be a subspace of V0.�/ formed by solenoidal functions. A generalized
solution is a function u 2 S10.�/ that satisfies the integral identity

Z

�

�ru W rw dx D `.w/; 8w 2 S10.�/: (6.2.28)

Here, ` W V0.�/! R is the functional

`.w/ WD
Z

�

f � w dx C
Z

�2

F � w ds:

It is easy to see that

j`.w/j � C`krwk; 8w 2 V0.�/: (6.2.29)

Note that C` depends on � and �2 and on the constants in the respective Friedrichs
and trace inequalities (for the functions vanishing on �1). For any � 2 †.�/, the
functional

F�;` .w/ WD `.w/ �
Z

�

� � W rw dx
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is linear and continuous on V0.�/. Its norm is defined by the relation

jjjjjjF�;` jjjjjj WD sup
w2V0.�/

jF�;` .w/j
krwk � C` C �k�k: (6.2.30)

The setK�;` D KerF�;` contains tensor-valued functions that satisfy (in a generalized
sense) the equilibrium equation

Div � C f D 0 in � (6.2.31)

and the boundary condition

� n D F on �2: (6.2.32)

Theorem 6.6. For any v 2 u0 C S10.�/, q 2 zL2.�/, and � 2 †.�/, the following
estimate holds:

� kr.u � v/k � k� C q I � �rvk C jjjjjj F�;` jjjjjj : (6.2.33)

If

� 2 H�2
.�;Div/ WD

n

� 2 † j Div � 2 L2.�;Rd /; � n 2 L2.�2;Rd /
o

;

then the majorant for the Stokes problem with mixed boundary conditions is given by
the relation

� kr.u � v/k �M STm.v; �; q/

WD k� C q I � �rvk C CF�kDiv � C f k
C CT�2kF � � nk�2 ; (6.2.34)

where CF� and CT�2 are the constants in the inequalities

kwk � CF�krwk; 8w 2 V0.�/; (6.2.35)

kwk�2 � CT�2krwk: (6.2.36)

Proof. From (6.2.28) we conclude that for any w 2 S10.�/
Z

�

�r.u � v/ W rw dx D `.w/ �
Z

�

�rv W rw dx:

Let � 2 †. Then,
Z

�

�r.u � v/ W rw dx D
Z

�

.� � �rv/ W rw dx C `.w/ �
Z

�

�� W rw dx

� .k� C q I � �rvk C jjjjjj F�;` jjjjjj / krwk ;
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where q is an arbitrary function in zL2.�/. By setting w D u � v we arrive at the
estimate (6.2.33).
Assume that � 2 H�2

.�;Div/. Then,

F�;` .w/ D
Z

�

.Div � C f / � w dx C
Z

�2

.F � � n/ � w ds

� kDiv � C f kkwk C kF � � nkkwk�2
� �CF�kDiv � C f k C CT�2kF � � nk�2

� krwk

and, therefore,

jjjjjjF�;` .w/ jjjjjj � CF�kDiv � C f k C CT�2kF � � nk�2 : (6.2.37)

Now (6.2.34) follows from (6.2.33) and (6.2.37).

The functional M STm.v; �; q/ is directly computable, provided that the constants
CF� and CT�2 (or their upper bounds) are known. It vanishes if and only if

� D �q IC �rv

and the relations Div � C f D 0 in � and � n D F on �2 hold almost everywhere.
Since v meets the Dirichlet boundary condition on �1 and satisfies the relation
div v D 0, we conclude that in such a case v D u and � and q coincide with the
exact stress and pressure fields, respectively.

Remark 6.7. A modification of the above a posteriori estimate is obtained if ftr�g D 0
and we set q D � 1

d
tr� . Then (6.2.34) implies the estimate

� kr.u � v/k � k�D� �rvDkCCF�kDiv � C f kCCT�2kF � � nk�2 ; (6.2.38)

which that does not contain q. Note that if the right-hand side of (6.2.38) vanishes,
then � n D F on � and

Div .�D C 1

d
tr�I/C f D 0 in �:

In addition, �D � �.rv/D D 0 and q D � 1
d
tr � , so that

� D �q IC �.rv/D:

Since v 2 u0 C S10.�/, we conclude that � D �qI C �rv satisfies the equilibrium
equation and, therefore, � coincides with � , v with u, and q D � 1

d
tr� coincides with

p (up to a constant).
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A lower bound of the error can be derived by arguments similar to those used in
Sections 3.2 and 4.1. It has the form

jkr.u � v/jk2 � 2`.w/ �
Z

�

�

�jrwj2 C 2�rv W rw� dx; 8w 2 S10.�/:

To derive estimates for approximations in u0 C V0.�/ we first prove an assertion
below, which can be viewed as a generalization of Lemma 6.3.

Lemma 6.8. Assume that

v 2 eV 0.�/ WD fv 2 V0.�/ j fdiv vg� D 0g:
Then, there exists v0 2 S10.�/ such that

kr.v � v0/k � c�kdiv vk: (6.2.39)

Proof. For any a 2 H 1=2.�;Rd / satisfying the condition
R

� a � n ds D 0 there exists
a solution wa of the Stokes problem

��wa Crp D 0;
divwa D 0 in �;

wa C a D 0 on �:

Let a be the trace of v 2 eV 0.�/ on � . Then, wa C v 2 V0. By Lemma 6.2 we know
that there exists w0 2 VS1.�/ such that

kr.wa C v/ � rw0k � c�kdiv .wa C v/k D c�kdiv vk:
This estimate means that

krv � r.w0 � wa/k � c�kdiv vk;
where the function v0 D w0 � wa is solenoidal and v0 D 0 on �1.
Theorem 6.9. For anybv 2 u0 C V0.�/ such that

fdivbvg� D 0; (6.2.40)

q 2 zL2.�/, and � 2 †.�/, the following estimate holds:
� kr.u �bv/k � k� C q I � �rbvk C jjjjjjF�;` jjjjjj C 2�c�kdivbvk: (6.2.41)

If � 2 H�2
.�;Div/ then

� kr.u �bv/k � k� C q I � �r.bv/k C CF�kDiv � C f k
C CT�2k� n � F k�2 C 2�c�kdivbvk: (6.2.42)
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Proof. Let bw WDbv � u0. This function belongs to V0.�/. In view of (6.2.40)
fdivbwg� D fdivbv � divu0g� D 0;

so that bw 2 eV 0.�/. By Lemma 6.8, there exists a function v0 2 S10.�/ such that
kr.bw � v0/k � c�kdivbvk: (6.2.43)

We have

� kr.u �bv/k D � kr.u � bw � u0/k (6.2.44)

� � kr.u � v0 � u0/k C � kr.bw � v0/k :
Since div .v0 C u0/ D 0, we estimate the first norm by (6.2.33) and find that

� kr.u �bv/k � k� C q I � �r.v0 C u0/k C jjjjjj F�;` jjjjjj C � kr.bw � v0/k
� k� C q I � �rbvk C jjjjjj F�;` jjjjjj C 2� kr.bw � v0/k :

By (6.2.43), we obtain (6.2.41). Estimate (6.2.42) follows from (6.2.37) and (6.2.41).

Estimate (6.2.42) has the same principal structure as (6.2.4). The only difference is
that a new term CT�2k� n�F k�2 arises. It serves as a penalty for a possible violation
of the Neumann boundary condition.

Remark 6.10. If ftr�g� D 0, then the pressure can be excluded, and we have the
estimate

� kr.u �bv/k � 

�D � �.rbv/D

C CF�kDiv � C f k
C CT�2k� n � F k�2 C 2�c�kdivbvk: (6.2.45)

Now, our aim is to derive an upper bound of kp � qk.
Let v� 2 V0.�/ be a vector-valued function such that div v� D 1 in�. We note that

there are many functions with such properties. Indeed, the nonhomogeneous Stokes
problem

��v CrNp D 0;
div v D 1 in �;

v D 0 on �1;

v D a on �2;
Z

�2

a � n ds D j�j

has a solution (e.g., see [348]). The latter can be taken as v�.
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Theorem 6.11. Let q 2 zL2.�/ be an approximation of the pressure field p. Then

1

2c��
kp � qk � k�rbv � � � q Ik C CF�kDiv � C f k

C CT�2k� n � F k�2 C �c�kdivbvk; (6.2.46)

where c�� D c� C j�j�1=2




rv�

, bv and � are arbitrary functions in eV 0.�/ and
H�2

.�;Div/, respectively.

Proof. Since
p � q � fp � qg� DAp � q 2 zL2.�/;

we apply Lemma 6.2 and conclude that there exists a function w0 2 V0.�/ (note that
w0 vanishes on the boundary) such that

divw0 DAp � q (6.2.47)

and

krw0k � c�kAp � qk: (6.2.48)

It is easy to see that w�0 WD w0 C fp � qg�v
� 2 V0.�/,

Z

�

divw�0.p � q/ dx D
Z

�

.divw0.p � q/C div v�fp � qg�.p � q// dx

D kAp � qk2 C j�jfp � qg2 D kp � qk2; (6.2.49)

and

krw�0k � krw0k C fp � qg�krv�k (6.2.50)

� c�kAp � qk C fp � qg�krv�k � c��kp � qk;

where c�� D c� C j�j�1=2krv�k.
Now, we use the integral identity

Z

�

�ru W rw�0 dx D `.w
�
0/C

Z

�

pdivw�0 dx (6.2.51)

and rearrange (6.2.49) as follows:

kp � qk2 D
Z

�

divw�0.p � q/ dx

D
Z

�

�

�ru W rw�0 � q divw�0

�

dx � `.w�0/

D
Z

�

�r.u �bv/ W rw�0 dx C
Z

�

�

�rbv W rw�0 � q divw�0

�

dx � `.w�0/:
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In view of (6.2.50),
Z

�

�r.u �bv/ W rw�0 dx � c��� kr.u �bv/k kp � qk

and
Z

�

�

�rbv W rw�0 � q divw�0

�

dx � `.w�0/

D
Z

�

.�rbv � � � q I/ W rw�0 dx �
Z

�

.Div � C f / � w�0 dx C
Z

�2

.� n � F / � w�0 ds

�
�

k�rbv � � � q Ik C CF�kDiv � C f k C CT�2kF � � nk�2
�

krw�0k

� c��
�

k�rbv � � � q Ik C CF�kDiv � C f k C CT�2kF � � nk�2
�

kp � qk:

Therefore,

kp � qk � c��
�

� kr.u �bv/k C k�rbv � � � q Ik

C CF�kDiv � C f k C CT�2kF � � nk�2
�

:

Now, we apply (6.2.42) and obtain the estimate

kp � qk � 2c��
�

k� C q I � �r.bv/k C CF�kDiv � C f k

C CT�2k� n � F k�2 C �c�kdivbvk
�

;

which is equivalent to (6.2.46).

Remark 6.12. The constant c�� contains the norm of a subsidiary function v
�, which

must satisfy the condition div v� D 1 and v� D 0 on �1. Usually, such a function is
not difficult to construct. For example, for polygonal domains v� can be constructed
with the help of Raviart–Thomas elements of the lowest order. It is desirable to have a
function v� such that krv�k is as small as possible.

6.2.7 Problems for almost incompressible fluids

In models of almost incompressible fluids, the incompressibility condition is replaced
by a term that contains the divergence with a large multiplier. The respective “pe-
nalized” version of the stationary Stokes problem with Dirichlet boundary conditions
reads: Find uı 2 u0 C V0 (where V0 D VH 1.�;Rd /) satisfying the integral identity
Z

�

�

�ruı W rw C 1

ı
divuı divw

�

dx D
Z

�

f � w dx; w 2 V0.�/: (6.2.52)
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From (6.2.52) we find that

�kruık � CF�kf k; (6.2.53)

kdivuık2 � ıkf kkuık � CF�ıkf kkruık � ı
C 2F�
�
kf k2: (6.2.54)

We can deduce an estimate of the difference between u and uı . For this purpose, we
use (6.2.11) withbv D uı . Other functions in the right-hand side of (6.2.11), we define
as follows:

� D �ı WD �ruı C 1

ı
divuıI and q D pı WD �1

ı
divuı :

In view of (6.2.52),
Z

�

�ı W rw dx D
Z

�

f � w dx; w 2 V0.�/; (6.2.55)

so that Div �ı C f D 0 almost everywhere in �. Moreover,

�ı C pıI � �ruı D 0:

Thus, by (6.2.11) we conclude that

1

2c�
kr.u � uı/k � kdivuık: (6.2.56)

By (6.2.13)

1

2�c2�
kp � pık � kdivuık: (6.2.57)

We note that the difference between the exact solutions of the Stokes problem and its
penalized counterpart is controlled by the L2-norm of the divergence of the problem.
Moreover, from (6.2.54), (6.2.56), and (6.2.57) it follows that

kr.u � uı/k � 2c�CF�
r

ı

�
kf k; (6.2.58)

kp � pık � 2c2�CF�
p
�ıkf k: (6.2.59)

These estimates show that u ! uı and p ! pı (this fact is known, see, e.g.,
R. Temam [348]). Moreover, we find that the sequences converge with the rate no
less than ı1=2.
A similar estimate can be obtained for approximations constructed by means of the

Uzawa algorithm.
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6.2.8 Problems with the condition divu D �

In some cases, the following version of the Stokes problem is considered

�Div � D f � rp in �; (6.2.60)

� D �ru in �; (6.2.61)

u D u0 on �; (6.2.62)

divu D � in �; (6.2.63)

where � is a given function in L2 and u0 satisfies the compatibility condition
Z

�

� dx D
Z

�

u0 � n ds: (6.2.64)

Let u� 2 u0 C V0 be a function satisfying (6.2.63). We set
u D u� C Nu; Nu 2 VS1.�/:

Then (6.2.60)–(6.2.63) is reduced to the Stokes problem with

Nf D f C ��u� 2 H�1;

instead of f . In other words, the problem is to find Nu 2 VS1.�/ such that
Z

�

�r Nu � rw dx D
Z

�

.f � w � �� W rw C p divw/ dx; 8w 2 V0; (6.2.65)

where �� D �ru� .
Let u be approximated by v D u� C Nv, where Nv 2 VS1.�/. By (6.2.65), we find that

for any w 2 VS1.�/,
Z

�

�r. Nu � Nv/ � rw dx D
Z

�

.f � w � �� W rw � �r Nv W rw C q divw/ dx

�
Z

�

.f C Div �/ � w dx C
Z

�

.� � �� � �r Nv C q I/ W rw dx: (6.2.66)

Since Nu � Nv 2 VS1.�/, we can set w D Nu � Nv. Then, (6.2.66) implies the estimate
�kr. Nu � Nv/k � k� C q I � �r Nv � ��k C CF�kDiv � C f k: (6.2.67)

Since u � v D Nu � Nv, we have
�kr.u � v/k � k� C q I � �rvk C CF�kDiv � C f k: (6.2.68)

Ifbv D u� C Nv and Nv 2 V0 (so that divbv 6D �), then (using the same arguments as
before) we deduce an estimate analogous to (6.2.11):

�kr.u �bv/k � k� C q I � �rvk C CF�kDiv � C f k C 2�c�kdivbv � �k: (6.2.69)
For � D 0 this estimate coincides with (6.2.11).
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6.3 Generalized Stokes problem

Various generalized statements of the Stokes problem are motivated by semidiscrete
formulations of evolutionary problems, in which u.x; t/ is replaced by a sequence
of approximations uk.x/ representing u.x; tk/, where tk , k D 0; 1; : : : ;M are some
selected values of the time-variable t . For example, the scheme

8

<

:

uk � uk�1
ık

� ��uk C div .uk�1 ˝ uk�1/ D f � rpk in �;

divuk D 0; ık D tk � tk�1;
(6.3.1)

leads to a stationary problem for uk . It differs from the Stokes problem by the presence
of the term �u (where � D 1

ık
). In other cases, additional terms in the basic equation

(6.1.1) arise owing to some physical phenomena.
In this section, we first consider the system

�u � ��u D f � rp in �; (6.3.2)

divu D 0 in �: (6.3.3)

As before, the function u additionally satisfies the prescribed boundary condition
u D u0 (u0 2 VS1.�/). In general, both parameters � > 0 and � � 0 may be
large or small. Henceforth, we assume that � and � are positive functions such that

� 2 Œ��; �˚� and � 2 Œ��; �˚�:

Moreover, we assume that �� D 1 (this assumption does not lead to loss in generality,
because after a proper scaling (6.3.2)–(6.3.3) can always be transformed to a system
that satisfies it).
For our purposes, it is convenient to state the generalized Stokes problem in the

so-called “three-field setting”: Find u, p, and a tensor-valued function � (stress) such
that

�Div � C �u D f in �; (6.3.4)

� D �p IC �ru in �; (6.3.5)

divu D 0 in �; (6.3.6)

u D u0 on �: (6.3.7)

The velocity field u 2 u0C VS1.�/ of (6.3.4)–(6.3.5) is defined by the integral identity
Z

�

.�ru W rw C �u � w/ dx D
Z

�

f � w dx; w 2 VS1.�/; (6.3.8)

or by the variational problem for the functional

inf
w2u0CVS1.�/

I.w/ D I.u/; (6.3.9)
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where

I.w/ D
Z

�

��

2
jrwj2 C �

2
jwj2 � f � w

�

dx (6.3.10)

is the corresponding energy functional. The existence and uniqueness of u is proved
by the same arguments as for the Stokes problem.
Our goal is to deduce two-sided bounds of the error evaluated in terms of the norm

kwk2�� WD
Z

�

.�jrwj2 C �jwj2/ dx;

which is the natural energy norm.

6.3.1 Estimates for solenoidal approximations

Let v 2 u0 C VS1.�/. Then (6.3.8) implies the relation
Z

�

.�r .u � v/ W rw C �.u � v/ � w/ dx

D
Z

�

.f � w � �v � w � �rv W rw/ dx; (6.3.11)

which holds for any w 2 VS1.�/. Let � be a tensor-valued function in H.�;Div/.
Since w vanishes on the boundary, we rewrite (6.3.11) as follows:

Z

�

.�r .u � v/ W rw C �.u � v/ � w/ dx D F.wI v; �; q/; (6.3.12)

where F.wI v; �; q/ is a linear functional with respect to w defined by the relation

F.wI v; �; q/ WD
Z

�

..f � �v C Div �/ � w C .� C q I � �rv/ W rw/ dx

and q 2 zL2.�/. Henceforth, we denote
r.v; �/ WD f � �v C Div � and d.v; �; q/ WD � C q I � �rv:

Represent the first term of F.wI v; �; q/ in the form
Z

�

r.v; �/ � w dx D
Z

�

˛p
�
r.v; �/ � p�w dx C

Z

�

.1 � ˛/r.v; �/ � w dx;

where ˛ D ˛.x/ is a real function with values in Œ0; 1�. We have
ˇ

ˇ

ˇ

ˇ

Z

�

r.v; �/ � w dx
ˇ

ˇ

ˇ

ˇ

�












˛p
�
r.v; �/



















p
�w





C C�� k.1 � ˛/r.v; �/k k
p
� rwk;
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where C�� is a constant in the Friedrichs type inequality

kwk2 � C 2��
Z

�

�.x/jrwj2 dx; 8w 2 V0.�/: (6.3.13)

Since

kwk � CF�krwk � CF�p
��
kp�rwk;

we can set C�� D CF�p
��
(if c� D 1, then C�� D CF�). Next,

ˇ

ˇ

ˇ

ˇ

Z

�

d.v; �; q/ W rw dx
ˇ

ˇ

ˇ

ˇ

�












1p
�
d.v; �; q/













kp� rwk:

Thus, we obtain

jF.wI v; �; q/j

�
�

C�� k.1 � ˛/r.v; �/k C












1p
�
d.v; �; q/













�

kp�r wk C












˛p
�
r.v; �/













kp�wk

�
 

�

C�� k.1�˛/r.v; �/k C












d.v; �; q/p
�













�2

C












˛r.v; �/p
�













2
!1=2

kwk��: (6.3.14)

Set w D u � v. Then, we arrive at the following estimate for the generalized Stokes
problem:

ku � vk2�� �M ˛GST.v; �; q/ WD












˛p
�
r.v; �/













2

C
�

C�� k.1 � ˛/r.v; �/k

C












1p
�
d.v; �; q/













�2
: (6.3.15)

This estimate is valid for any ˛ 2 Œ0; 1�, � 2 H.�;Div/, and q 2 zL2.�/. If � D 0

and � D const, then we set ˛ D 0 and arrive at (6.2.3).
Two particular forms of this estimate related to the choice ˛ D 0 and ˛ D 1 are as

follows:

ku � vk�� � C�� kr.v; �/k C












1p
�
d.v; �; q/













DWM 0GST.v; �; q/ (6.3.16)

and

ku � vk2�� �












1p
�
d.v; �; q/













2

C












1p
�
r.v; �/













2

DWM 1GST.v; �; q/: (6.3.17)
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By (6.3.4) and (6.3.5) we find that












1p
�
.� C p I � �rv/













2

D
Z

�

�jr.u � v/j2 dx

and
Z

�

1

�
jf � �v C Div � j2 dx D

Z

�

�ju � vj2 dx:

Therefore,
M 1GST.v; �; p/ D ku � vk��

and the majorantM 1GST.v; �; q/ can provide a sharp upper bound of the error if � and
q are properly chosen. However, it has an essential drawback: if � is small, then the
second term involves a large multiplier, which makes the whole estimate sensitive to
the residual r.v; �/. In practice, this may lead to a considerable overestimation of the
error.
The majorantM 0GST.v; �; q/ does not contain large parameters, but we cannot prove

that

inf
�;q

M 0GST.v; �; q/ D ku � vk�� :
In other words, there may be an inherent gap between the left- and right-hand sides of
(6.3.17).
In order to avoid the above difficulties and to obtain an estimate, which possesses

positive features of the above estimates without bad ones, we derive another upper
bound for the deviation u � v. For this purpose, we apply the same method as was
used in Chapter 4 for the reaction-diffusion problem.
Let us estimate the first term on the right-hand side of (6.3.14) and rewrite it in the

form

ku � vk2�� � C 2��.1C ˇ/ k.1 � ˛/r.v; �/k2

C












˛p
�
r.v; �/













2

C 1C ˇ
ˇ













1p
�
d.v; �; q/













2

;

where ˇ is an arbitrary positive number. The minimum of the right-hand side with
respect ˛ is attained if

˛ D H.ˇ;C��; �/ WD
C 2���.1C ˇ/

C 2���.1C ˇ/C 1
2 Œ0; 1/;

which leads to another upper bound of the error for the generalized Stokes problem:

ku � vk2�� �
Z

�

H.ˇ;C��; �/

�
r2.v; �/ dx C 1C ˇ

ˇ













1p
�
d.v; �; q/













2

DWM 2
ˇGST.v; �; q/: (6.3.18)
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Since

r.v; �/ D �.u � v/; d.v; �; p/ D � C p I � �rv D �r.u � v/;

we note that

M 2
ˇGST.v; �; p/ D

Z

�

 

C 2��.1C ˇ/
C 2���.1C ˇ/C 1

�2.v � u/2 C 1C ˇ
ˇ

�jr.v � u/j2
!

dx

and

M 2
ˇGST.v; �; p/! ku � vk2�� as ˇ !C1:

Therefore, (6.3.18) has no gap between its left- and right-hand sides. At the same time,
the structure of the first term of (6.3.18) is such that it is not sensitive to small values
of �.
If � D 0 and � D const, then (6.3.18) implies the estimate

�kr.u � v/k2 � C 2��.1C ˇ/ kf C Div �k2 C
1C ˇ
ˇ













d.v; �; q/p
�













2

; (6.3.19)

which gives an upper bound of the error for the generalized Stokes problem
(cf. (6.2.3)).
If � D const then we minimizeM 2

ˇGST.v; �; q/ with respect to ˇ and set

ˇ D

8

ˆ

<

ˆ

:

D

C��

�C 2�� C 1
R � �C��D if R > �C��D;

C1 if R � �C��D;
(6.3.20)

where

D WD












d.v; �; q/p
�













and R WD kr.v; �/k :

Then, we arrive at the estimate

ku � vk2�� �

8

ˆ

ˆ

<

ˆ

ˆ

:

1

1C �C 2��
.C��RC D/2 if R > �C��D;

1

�
R2 C D2 if R � �C��D:

(6.3.21)

Note that the second branch of (6.3.21) is bounded by the quantity D.C��RCD/ and,
therefore, (6.3.21) does not “blow up” if �! 0.
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6.3.2 Estimates for nonsolenoidal fields

Letbv 2 u0 C V0 be such that divbv 6D 0: To derive an upper bound of ku �bvk��, we
use the same arguments as for the Stokes problem.

By Lemma 6.2, we know that there exists v0 2 u0 C VS1.�/ such that

kr.bv � v0/k � c�kdivbvk:

Therefore,

kbv � v0k2�� � �2�kdivbvk2; �2� WD c2�.�˚ C �˚C 2F�/; (6.3.22)

and

ku �bvk�� � ku � vk�� C kv �bvk��; 8v 2 u0 C VS1.�/: (6.3.23)

To estimate the first norm on the right-hand side of (6.3.23), we apply (6.3.18) (assum-
ing for the sake of simplicity that � is a constant) represented in the form

ku � vk2�� �
H.ˇ;C��; �/

�
kr.v; �/k2 C 1C ˇ

ˇ













d.v; �; q/p
�













2

: (6.3.24)

Let

}2.ˇ/ D max
	

H.ˇ;C��; �/;
1Cˇ
ˇ

�

:

Since

kr.v; �/k2 � kr.bv; �/k2 C 2�kr.bv; �/kkv �bvk C �2kv �bvk2;
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d.bv; �; q/p
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kp�r.v �bv/k C kp�r.v �bv/k2;

and

H.ˇ;C��; �/kr.bv; �/kkv �bvk C 1C ˇ
ˇ













d.bv; �; q/p
�













kp�r.v�bv/k

�
s

H.ˇ;C��; �/

�
kr.bv; �/k

p

H.ˇ;C��; �/kp�.v �bv/k

C 1C ˇ
ˇ













d.bv; �; q/p
�













kp�r.v�bv/k

� }.ˇ/M ˇGST.bv; �; q/kv �bvk��;
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we find that

ku �bvk�� �
�

M 2
ˇGST.bv; �; q/C 2}.ˇ/M ˇGST.bv; �; q/kv �bvk��

C }2.ˇ/kv �bvk2��
�1=2 C kv �bvk��: (6.3.25)

Set v D v0 and apply (6.3.22). We obtain

ku �bvk�� �
�

M 2
ˇGST.bv; �; q/C 2}.ˇ/��M ˇGST.bv; �; q/kdivbvk

C }2.ˇ/�2�kdivbvk2
�1=2 C ��kdivbvk: (6.3.26)

With the help of positive parameters 	 and ı, we represent (6.3.26) in quadratic form.
Set v D v0 and apply (6.3.22). We obtain

ku �bvk2�� � .1C 	/.1C ı/M 2
ˇGST.bv; �; q/

C .1C 	/
�

}2.ˇ/C }2.ˇ/

ı
C 1

	

�

�2�kdivbvk2: (6.3.27)

If bv 2 u0 C VS1.�/, then divbv D 0. In this case, we set 	 D ı D 0 and see that
(6.3.27) is converted to (6.3.24).

6.3.3 Estimates for the pressure field

Let q 2 zL2.�/ be an approximation of the pressure field p. Then, there exists a
function Nw 2 V0 such that

div Nw D p � q; and kr Nwk � c�kp � qk: (6.3.28)

Therefore,

k Nwk�� � ��kp � qk: (6.3.29)

In view of (6.3.28), we note that

kp � qk2 D
Z

�

div Nw.p � q/ dx:

By the relation

Z

�

div Nw p dx D
Z

�

.�ru W r Nw C �u � Nw � f � Nw/ dx;
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we obtain

kp � qk2 D
Z

�

.�r.u � v/ W r Nw C �.u � v/ � Nw/ dx

C
Z

�

.�rv W r Nw C �v Nw � q div Nw � f � Nw/ dx

D
Z

�

.�r.u � v/ W r Nw C �.u � v/ � Nw/ dx � F. NwI v; �; q/; (6.3.30)

where v is an arbitrary function in u0 C VS1.�/.
We have

Z

�

.�r.u � v/ W r Nw C �.u � v/ � Nw/ dx � ku � vk��k Nwk��:

By (6.3.14),

jF. NwI v; �; q/j

�
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2
!1=2

k Nwk��:

Therefore, from (6.3.30) we find that

kp � qk � ��ku � vk��

C ��
s
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C�� k.1�˛/r.v; �/k C
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C
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:

In view of (6.3.15), we obtain

1

4�2�
kp � qk2 �

�

C�� k.1 � ˛/r.v; �/k C












d.v; �; q/p
�













�2

C












˛r.v; �/p
�













2

: (6.3.31)

In other words, the upper bound is given by the same expression as in (6.3.15) but with
multiplier 2��. Since ˛.x/ is in our disposal, we can select it, e.g., as
˛.x/ D minf�.x/; 1g, which makes the estimate robust with respect to small values
of �.
If we set ˛.x/ D 1, then (6.3.31) reads

1

4�2�
kp � qk2 �













d.v; �; q/p
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2

C












r.v; �/p
�













2

: (6.3.32)

If ˛.x/ D 0, then we have another estimate:
1

2��
kp � qk � C�� kr.v; �/k C













d.v; �; q/p
�













: (6.3.33)
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Let � D 0 and � D const. In this case, �� D p�c� and (6.3.33) is converted into
1

2
p
�c�
kp � qk �













d.v; �; q/p
�













C C��kr.v; �; q/k: (6.3.34)

Since C�� D CF�p
�
and div v D 0, this estimate coincides with (6.2.13) derived for the

Stokes problem.

6.3.4 Error minorant

In the case considered, lower bounds can be derived by variational arguments based
on (6.1.28). Assume that v 2 u0 C VS1.�/. For any w 2 VS1.�/, we have

1

2
ku � vk2�� D I.v/ � I.u/ � I.v/ � I.v C w/

D
Z

�

�

��
2
jrwj2 � �

2
jwj2 � �rv W rw � �v � w C f � w

�

dx:

It is easy to see that

1

2
ku � vk2��

D sup
w2VS1.�/

Z

�

�

��
2
jrwj2 � �

2
jwj2� �rv W rw� �v � w C f � w

�

dx: (6.3.35)

To prove this, it suffices to take w D u � v and use the relation
Z

�

�.ru W r .u � v/C �u � .u � v// dx D
Z

�

f � .u � v/ dx:

Therefore, the maximization of the right-hand side of (6.3.35) with respect to a certain
finite-dimensional subspace of VS1.�/ gives a computable lower bound of the error
norm.

6.3.5 Models with polymerization

Another version of the generalized Stokes problem is related to models of fluids with
polymerization (e.g., see J. Bonvin, M. Picasso, and R. Stenberg [62]). It can be
represented in the form

Div � C f D 0 in �; (6.3.36)

divu D 0 in �; (6.3.37)

� D �0 � p IC �ru in �; (6.3.38)

u D 0 on �; (6.3.39)



Section 6.3 Generalized Stokes problem 149

where �0 is a given tensor-valued function such that tr�0 D 0. Note that (6.3.37)
decomposes � into spherical and deviatoric parts, respectively.

The generalized solution u of the system (6.3.36)–(6.3.39) is a function in VS1.�/
satisfying the integral identity

Z

�

.�ru W rw C �0 W rw/ dx D
Z

�

f � w dx; w 2 VS1.�/: (6.3.40)

For an approximation v 2 VS1.�/, we have
Z

�

�r .u � v/ W rw dx D
Z

�

.f � w � �0 W rw � �rv W rw/ dx

D
Z

�

�

.f C Div �/ � w C .� C q I � �0 � �rv/ W rw
�

dx; (6.3.41)

where � 2 H.�;Div/ and q 2 zL2.�/.
From (6.3.41) it follows that (if � is a constant)

�kr.u � v/k � k� C q I � �0 � �rvk C CF�kf C Div �k: (6.3.42)

If an approximationbv belongs to a wider set V0, then we apply the same arguments as
for the Stokes problem and deduce the estimate

�kr.u�bv/k � k� C q I� �0� �rvkCCF�kf CDiv �kC 2�c�kdivbvk: (6.3.43)

6.3.6 Models with rotation

In certain models, the Navier–Stokes problem is considered in a rotating coordinate
system. Then, additional terms arise in the equation of motion and we write the whole
system in the form (see J. P. Vanyo [353])

@tuC div .u � u/ � Div � D f � 2$ � v �$ � .$ � r/; (6.3.44)

� D �p IC �ru; (6.3.45)

divu D 0; (6.3.46)

u D u0 on �: (6.3.47)

In (6.3.44), the term 2$ � v is due to the Coriolis force and the term $ � .$ � r/
is related to the centrifugal force (the latter term is usually appended to the source
function and disappears from the equation). The vector $ is oriented along the axis
x3, and its value depends on the rotation velocity. Mathematical properties of such
models were studied by a number of authors (e.g., see A. Babin, A. Mahalov, and
B. Nicolaenko [18, 19] and the literature cited in those papers).
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A linearized version of (6.3.44)–(6.3.47) can be viewed as a certain generalization
of the Stokes problem. It is defined by the relations

�Div � C �u D f �$ � u; (6.3.48)

� D �p IC �ru; (6.3.49)

divu D 0; (6.3.50)

u D u0 on �: (6.3.51)

This system of equations arises if the problem (6.3.44)–(6.3.47) is solved by semi-
discrete approximations (then � > 0 comes from an approximation of the term @tu).
A generalized solution of the problem (6.3.48)–(6.3.51) is defined by the integral

relation
Z

�

.�ru W rw C �u � w C .$ � u/ � w/ dx D
Z

�

f � w dx; (6.3.52)

which holds for any w 2 VS1.�/. As in the models considered before, this integral
relation generates an estimate of the difference between u and any v 2 u0 C VS1.�/.
We have

Z

�

.�r.u � v/ W rw C �.u � v/ � w C .$ � .u � v// � w/ dx

D
Z

�

.f � w � �rv W rw � �v � w � .$ � v/ � w/ dx

D
Z

�

.f � �v � .$ � v// � w dx C
Z

�

.q I � �rv/ W rw dx;

where q 2 zL2.�/. Set w D u � v and note that
.$ � w/ � w D 0: (6.3.53)

Let � 2 H.�;Div/ and
r.v; �/ WD f � �v �$ � v C Div �;

d.v; �; q/ WD � C q I � �rv:
By arguments used at the beginning of this section, we obtain the estimate

ku � vk2�� �M ˛$
.v; �; q/

WD
�













d.v; �; q/p
�













C C�� k.1 � ˛/r.v; �/k
�2

C












˛r.v; �/p
�













2

; (6.3.54)

which is valid for any ˛ 2 Œ0; 1�. Estimates for nonsolenoidal velocity fields and for
approximations of the pressure function can also be derived quite analogously (see
[159] for details).
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6.4 The Oseen problem

The Oseen problem is often regarded as a linearization of the Navier–Stokes problem
at a neighborhood of a constant velocity field a 2 VS1.�/, which leads to the system

ut � ��uC div .a˝ u/ D f � rp in �; (6.4.1)

u.x; 0/ Dbu.x/; (6.4.2)

divu D 0; (6.4.3)

u D u0 on �: (6.4.4)

In the stationary case, we formulate the problem as follows: Find u, p, and � such that

�Div � C Div .a˝ u/ D f � rp in �; (6.4.5)

� D �ru; (6.4.6)

u D u0 on �; (6.4.7)

divu D 0; (6.4.8)

where it is assumed that divu0 D 0. A generalized solution of the above system is
defined as a function u 2 u0 C VS1.�/ that satisfies the integral identity

Z

�

.�ru W rw � .a˝ u/ W rw/ dx D
Z

�

f � w dx; w 2 VS1.�/: (6.4.9)

We assume that the problem data are such that u exists and is unique.

Estimates for the velocity field. (6.4.9) implies computable bounds of errors for
solenoidal approximations of u. Let v 2 VS1.�/. We rearrange (6.4.9) into the form
Z

�

.�r.u � v/ W rw � .a˝ .u � v// W rw/ dx

D
Z

�

.f � w � �rv W rw C .a˝ v/ W rw/ dx; w 2 VS1.�/: (6.4.10)
Note that

Z

�

.a˝ w/ W rw dx D �
Z

�

Div .a˝ w/ � w dx D �
Z

�

.a � rw/ � w dx

D �
Z

�

a � ..rw/w/ dx D �1
2

Z

�

a � r.jwj2/ dx D 0:
Take a symmetric tensor-valued function � 2 H.�;Div/ and rewrite (6.4.10) as fol-
lows:
Z

�

�r.u � v/ W rw dx

D
Z

�

�

.f C Div �/ � w C .� C IqC a˝ v � �rv/ W rw
�

dx; (6.4.11)
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where q 2 zL2.�/. By setting w D u� v, we note that (6.4.11) leads to the inequality
�kr.u � v/k �M OS.v; �; q/

WD k� C q IC a˝ v � �rvk C CF�kf C Div �k: (6.4.12)

Remark 6.13. If u is approximated by the functionbv 2 u0CV0, then the correspond-
ing estimate for the deviation norm can be derived in exactly the same way as for the
Stokes problem. In this case, the majorant includes an additional term that penalizes
possible violations of the incompressibility condition. This estimate has the following
form:

�kr.u�bv/k � k� C q IC a˝ v� �rbvkCCF�kf CDiv �kC c�kdivbvk; (6.4.13)
where c� depends on c�, CF�, kak, and �.
Remark 6.14.We note that

M OS.v; �; p/ � �kr.u � v/k C kakku � vk � .� C kakCF�/kr.u � v/k:
Therefore, the minimization of M OS.v; �; q/ with respect to � and q gives an upper
bound, which is equivalent to the energy error norm.

Estimates for the pressure field. Assume that q 2 zL2.�/ is an approximation of
the pressure field p. We take ew 2 V0 as in Section 6.2.2, i.e., divew D p � q and
krewk � c�kp � qk. Since
Z

�

.p � q/divew dx D
Z

�

.�ru W rew � f ew � .a˝ u/ W rew � q divew/ dx

�
Z

�

.�r.u � v/ W rew � .a˝ .u � v// W rew/ dx

C
Z

�

.�rv W rew � f ew � .a˝ v/ W rew � q divew/ dx;

we find that

kp � qk2 � .� C CF�kak/kr.u � v/kkrewk
C kDiv � C f kCF�krewk C k� C q IC a˝ v � �rvkkrewk:

This relation implies the estimate

kp � qk � c�
�

.� C CF�kak/kr.u � v/k C CF�kDiv � C f k
C k� C q IC a˝ v � �rvk�; (6.4.14)

where kr.u � v/k is estimated by (6.4.12).
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Remark 6.15. For the product space

W WD .u0 C VS1.�// �H.�;Div/ � zL2.�/;
we introduce two equivalent norms

k.v; �; q/kW WD �krvk C k�kDiv C
p
dkqk;

�Œ.v; �; q/�ŒW WD �krvk C �Œ� �ŒDivg C
p
dkqk:

By the same arguments as in Section 6.2.4 one can show that the majorantM OS.v; �; q/

is equivalent to the error in the above-defined combined norms.

Generalized form of the Oseen problem. As in the case of the Stokes problem, a
generalized form of the Oseen problem arises if semidiscrete approximations of the
Navier–Stokes problem are used. For example, the scheme

(

uk�uk�1

ık
� ��uk C div .uk�1 ˝ uk/ D f � rpk in �;

divuk D 0;
(6.4.15)

leads to a stationary Oseen problem (for uk): Find u 2 u0 C VS1.�/ that satisfies the
integral identity
Z

�

.�ru W rwC�u �w� .a˝ u/ W rw/ dx D
Z

�

f �w dx; w 2 VS1.�/: (6.4.16)

Estimates for such problems can be obtained without any serious difficulties by re-
peating arguments we used in Section 6.3 for the generalized Stokes problems. In
this case, the estimates have the same form as, e.g., (6.3.15) and (6.3.31) but with
d.v; �; q/ WD � C q IC a˝ v � �rv.

6.5 Stationary Navier–Stokes problem for d D 2

The Navier–Stokes equation

ut � ��uC Div .u˝ u/ D f � rp (6.5.1)

is the most known model in the theory of viscous incompressible fluids. From the
mathematical point of view, the Navier–Stokes equation has yet to be completely un-
derstood.1 It is known that for sufficiently regular initial data it has a rather weak
Leray–Hopf solution (e.g, see G. Galdi [146], where the reader will find a consequent

1The problem to prove or counter the existence of a unique smooth solution in .0; T � � R
3 is formu-

lated as one of the Millennium Prize Problems stated by the Clay Mathematical Institute.
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exposition of the mathematical theory related to Navier–Stokes equation). So far, all
existence and uniqueness results of a stronger type have been conditional. In view of
these difficulties, it is not surprising that at present we have no reliable a posteriori
estimates for this class of problems. Below, we consider one special case generated
by the stationary Navier–Stokes equation in a bounded Lipschitz domain � � R

2 for
which existence of a unique solution is established (see O. Ladyzhenskaya [210]). We
consider the problem

�Div .�ru/C Div .u˝ u/ D f � rp in �; (6.5.2)

divu D 0; (6.5.3)

u D u0 on �: (6.5.4)

A generalized solution u 2 u0 C VS1.�/ is defined by the integral identity
Z

�

.�ru W rw � .u˝ u/ W rw/ dx D
Z

�

f � wdx w 2 VS1.�/: (6.5.5)

For any solenoidal u and w 2 VS1.�/, we have
Z

�

.u˝ w/ W rw dx D �1
2

Z

�

u � r.jwj2/ dx D 0: (6.5.6)

In particular,
R

� .u˝ u/ W rudx D 0; and the relation
Z

�

.�ru W ru � .u˝ u/ W ru/ dx D
Z

�

f � udx
furnishes the energy estimate �kruk � CF�kf k:
Now, we use (6.5.5), for the derivation of an a posteriori estimate. Assume that

v 2 VS1.�/ is an approximation of u. Then,
Z

�

.�r.u � v/ W rw � .u˝ .u � v// W rw/ dx

D
Z

�

.f � w � �rv W rw C .u˝ v/ W rw/ dx; 8w 2 VS1.�/: (6.5.7)

Set w D u � v. In view of (6.5.6), the second term in the left-hand side of (6.5.7)
vanishes. Also, we note that

.u˝ v/ W r.u � v/ D .v ˝ v/ W r.u � v/C ..u � v/˝ v/ W r.u � v/
and

Z

�

..u � v/˝ v/ W r.u � v/ dx D �
Z

�

Div ..u � v/˝ v/ � .u � v/ dx

D �
Z

�

..u � v/ � rv/ � .u � v/ dx

D �
Z

�

rv W ..u � v/˝ .u � v// dx: (6.5.8)
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From (6.5.8), it follows that

�kr.u � v/k2 C
Z

�

rv W �.u � v/˝ .u � v/� dx

�
Z

�

.f � .u � v/ � �rv W r.u � v/C .v ˝ v/ W r.u � v// dx: (6.5.9)

For a symmetric � 2 H.�;Div/, we represent the right-hand side as follows:
Z

�

.f � Div � C Div .v ˝ v// � .u � v/ dx C
Z

�

.� C q I � �rv/ W r.u � v/ dx:

Note that
Z

�

rv W ..u � v/˝ .u � v// dx �
Z

�

jrvjj.u � v/j2 dx � krvkk.u � v/k24;�
� �krvkkr.u � v/k2; (6.5.10)

where � is a constant in the inequality k.u � v/k4;� � �kr.u � v/k (which holds in
view of embedding theorems).
A computable upper bound of kr.u � v/k follows from (6.5.10) if we assume that

N� D � � �krvk > 0: (6.5.11)

It should be remarked that this assumption is very demanding (for approximate so-
lutions of problems with high velocities it does not hold). By (6.5.9)–(6.5.11), we
conclude that

N�kr.u � v/k � k� C q I � �rvk C CF�kf �Div � CDiv .v ˝ v/k (6.5.12)

has the same structure as the estimates derived for the Stokes and Oseen problems.
However, this is a conditional estimate valid only for sufficiently slow flows.
Finally, we note that in view of the relation

Z

�

r.u � v/ W �.u � v/˝ .u � v/� dx D 0;

(6.5.9) can be represented in the form

�kr.u � v/k2 C
Z

�

ru W �.u � v/˝ .u � v/� dx

D
Z

�

.f � Div � C Div .v ˝ v// � .u � v/ dx

C
Z

�

.� C q I � �rv/ W r.u � v/ dx: (6.5.13)
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If

e� D � � �kruk > 0; (6.5.14)

then we find that

e�kr.u � v/k � k� C q I � �rvk C CF�kf �Div �CDiv .v ˝ v/k; (6.5.15)

which implies the uniqueness of u. Indeed, assume that Nu and Np is a pair of solutions
satisfying (6.5.2)–(6.5.4) that differs from u and p. In this case, we set v D Nu, q D Np,
and � D �Np IC �r Nu. By (6.5.15), we conclude that

e�kr.u � Nu/k D 0
and, consequently, u D Nu. In view of the energy estimate, (6.5.14) is satisfied if

�kruk � �CF�

�
kf k � �: (6.5.16)

Hence, if f is sufficiently small (namely, if kf k � �2��1C�1
F�), then a solution u

to the stationary Navier–Stokes problem is unique (this fact is well known, see, e.g.,
[210]).

6.6 Notes for the chapter

Numerical methods for viscous flow problems are represented in many publications.
The reader will find a systematic discussion of the topic in, e.g., M. Feistauer [131],
V. Girault and P. A. Raviart [152], R. Glowinski and O. Pironneau [157], R. Rannacher
[271], R. Rannacher and S. Turek [274], R. Temam [348], and S. Turek [352].
In the last decades, adaptive methods and a posteriori error indicators for approxi-

mate solutions of viscous flow problems attracted serious attention of many researches
who used methods different from those considered in this chapter. We cannot give
here a consequent overview of these results and confine ourselves to a short discus-
sion of some publications that set out the main approaches. The reader will find more
literature references in the papers cited.
Residual type a posteriori methods for viscous flow problems are considered in the

book by R. Verfürth [356]. A posteriori analysis of approximations computed with
the help of the backward Euler scheme is given in C. Bernardi and R. Verfürth [55].
A posteriori error estimators for finite-element approximations of the Stokes problem
were obtained in R. E. Bank and B.D. Welfert [43] and R. Verfürth [354]. Error in-
dicators for the Navier–Stokes equations in stream function and vorticity statement
are discussed in M. Amara, M. Ben Younes, and C. Bernardi [13]. In D. Kay and
D. Silvester [193], various a posteriori estimators are investigated for stabilized mixed
approximations of the Stokes problem. Adaptive methods and a posteriori estimates
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in computational fluid dynamics are exposed, e.g., in M. Ainsworth and J. T. Oden
[8], J. G. Heywood and R. Rannacher [172], C. Johnson, R. Rannacher, and M. Bo-
man [189], J. T. Oden, W. Wu and M. Ainsworth [255], J. T. Oden, L. Demkowicz,
T. Strouboulis and P. Devloo [252], R. Rannacher [271], T. Strouboulis and J. T. Oden
[345]. A posteriori error estimators for some quasi-Newtonian fluids were considered
in C. Padra [258] and in A. Bermúdez, R. Durán and R. Rodrı́guez [53] for combined
fluid-solid systems. J. Wang and X. Ye [368] investigated error indicators based on
the superconvergence of finite-element approximations for Stokes and Navier–Stokes
equations.
For the stationary Stokes problem with Dirichlet boundary conditions, a posteriori

estimates of the functional type were originally derived by the author with the help of
a variational method in [288]. In [293], it was shown that for the Stokes problem the
same estimates follow from a pertinent integral identity. The material exposed in Sec-
tion 6.2 follow the lines of this paper. Later the variational technique was applied to
some classes of generalized Newtonian fluids (see M. Bildhauer, M. Fuchs, and S. Re-
pin [57], M. Fuchs and S. Repin [139], and in the author’s papers [289, 292, 293]).
Estimates of the same type were derived (by a nonvariational method) for generaliza-
tions of the Stokes problem in S. Repin and R. Stenberg [316]. Estimates for flowmod-
els with polymerization discussed in Section 6.3.5 were derived in [315]. Estimates
for the Oseen problem considered in Section 6.4 were obtained in [293]. Within the
framework of a posteriori analysis, problems with rotation were considered in E. Gor-
shkova, A. Mahalov, P. Neittaanmáki, and S. Repin [159] and in the PhD thesis of
E. Gorshkova [158], which also contains results of numerical tests and a comparative
study of different error indication methods for approximate solution of viscous flow
problems.



7 Generalizations

7.1 Linear elliptic problem

First, we consider the following general form of a linear elliptic problem: Find
u 2 u0 C V0 such that

.Aƒu;ƒw/C h`; wi D 0; 8w 2 V0: (7.1.1)

Here V0 is a closed subspace of a reflexive Banach space V , ƒ is a linear bounded
operator acting from V to a Hilbert space U with scalar product .�; �/, ` 2 V �

0 ; and
A 2 L.U; U / is a self-adjoint operator. In this section, k � k stands for the norm in U .
We assume that the operators ƒ andA satisfy the relations

c21kyk2 � .Ay; y/ � c22kyk2; 8y 2 U; (7.1.2)

and

kƒwk � c3kwkV ; 8w 2 V0; (7.1.3)

with positive constants c1; c2, and c3: In most applied problems, the functional ` is
representable in the form h`; wi D .f; w/V C .g;ƒw/, where f 2 V , g 2 U , and V

is a Hilbert space such that V � V � V �
0 . Such a functional is well defined and finite

on the elements of V . Henceforth, we assume that ` satisfies this condition.
For our analysis, it is convenient to introduce two additional spaces. The quantity

.Ay; y/1=2 determines a new norm jkyjk, which is equivalent to the original norm
kyk D .y; y/1=2: Another equivalent norm is

jkyjk� D .A�1y; y/1=2;

where A
�1 is the operator inverse to A: The spaces Y and Y � contain elements of U

equipped with the norms jk � jk and jk � jk�, respectively.
Here and later on, ƒ� W U ! V �

0 denotes the operator conjugate to ƒ in the sense
that

.y;ƒw/ D hƒ�y;wi; w 2 V0; (7.1.4)

and hw�; w i is the value of the functional w� 2 V �
0 at w 2 V0. Below we derive

functional a posteriori estimates for the problem (7.1.1) with the help of two different
methods.
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7.1.1 The variational method

In the variational method, we rely on the variational statement of the problem: Find
u 2 u0 C V0 such that

J.u/ D inf
w2u0CV0

J.w/; where J.w/ WD 1

2
jkƒwjk2 C h`; wi:

We call this problem primal or Problem P .
It is easy to show that it is coercive on u0 C V0. For any w 2 V0, we have

J.w/ � c21
2
kƒ.w C u0/k2 � h`; u0i � jjjjjj ` jjjjjj jkƒ.w/jk

� c21
2
kƒwk2 C c21

2
kƒu0k2 � h`; u0i � c2 jjjjjj ` jjjjjj kƒwk � c21.ƒw;ƒu0/H ;

where jjjjjj ` jjjjjj < C1 is a positive quantity defined by the relation

jjjjjj ` jjjjjj WD sup
w2V0

h`; wi
jkƒwjk :

In view of (7.1.3), this norm is equivalent to the standard norm supw2V0
h`;wi
kwkV . It is

clear that J.w/ ! C1 as kƒwk ! C1, which together with (7.1.3) proves the
coercivity of J on u0C V0. Since J is also continuous (on V ) and strictly convex, we
conclude that the minimizer u exists and is unique.
The variational method of deriving an a posteriori error estimate attracts the so-

called dual problem, which we introduce below.
Let .u0 C V0/ � Y � ! R be the Lagrangian

L.v; y/ D .y;ƒv/ � 1
2
jkyjk2� C h`; vi:

It is easy to see that

sup
y2U

L.v; y/ D J.v/:

Define the functional

I�.y/ D inf
v2u0CV0

L.v; y/ D
	

.y;ƒu0/ � 1
2
jkyjk2� C h`; u0i; y 2 Q`;
�1; y … Q`;

where

Q` WD
˚

y 2 U ˇˇ .y;ƒw/C h`; wi D 0; 8w 2 V0
�

:

The functional I� generates the following (dual) Problem P
�: Find p 2 Q` such that

I�.p/ D sup
y2Q`

I�.y/ WD supP
�:
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The functionals J and .�I�/ are convex and coercive on u0CV0 and Y �, respectively.
The sets u0CV0 andQ` are closed affine manifolds. Therefore (e.g., see [121]), there
exist u 2 u0 C V0 and p 2 Q` such that

J.u/ D infP ; I�.p/ D supP
�: (7.1.5)

The minimizer u satisfies (7.1.1). For any � 2 R the maximizer p satisfies the relation

.p C ��;ƒu0/� 1
2
jkp C ��jk2� � .p;ƒu0/�

1

2
jkpjk2�; 8� 2 Q�

0 ;

which implies the necessary condition

.ƒu0 �A
�1p; �/ D 0; 8� 2 Q�

0 ; (7.1.6)

where

Q�
0 WD

˚

y 2 U ˇˇ .y;ƒw/ D 0; 8w 2 V0
�

:

Note thatAƒu 2 Q`; so that we obtain

I�.Aƒu/ D .Aƒu;ƒu0/ � 1
2
jkAƒujk2� C h`; u0i � supP

�: (7.1.7)

Since

jkAƒujk2� D .A�1
Aƒu;Aƒu/ D jkƒujk2

and

.Aƒu;ƒ.u � u0//C h`; .u � u0/i D 0;
we find that

supP
� � I�.Aƒu/ D J.u/ D infP : (7.1.8)

On the other hand, we know that infP � supP
�. Therefore,

supP
� D infP : (7.1.9)

From (7.1.9) it follows that

.p;ƒu/ � 1
2
jkpjk2� C h`; ui D

1

2
jkƒujk2 C h`; ui;

which is equivalent to the relation

1

2
jkƒujk2 C 1

2
jkpjk2� � .p;ƒu/ D

1

2
jkƒu �A

�1pjk2 D 0 (7.1.10)

or simply to
p D Aƒu: (7.1.11)

This is the duality relation for the pair .u; p/.
Let v 2 u0CV0 and y 2 U be some approximations of u and p, respectively. First,

we establish the following basic result.
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Theorem 7.1. For any v 2 u0 C V0 and q 2 Q`, we have
jkƒ.v � u/jk2 C jkq � pjk2� D 2 .J.v/ � I�.q//; (7.1.12)

jkƒ.v � u/jk2 C jkq � pjk2� D 2D.ƒv; q/; (7.1.13)

where

D.ƒv; q/ WD 1

2
jkƒvjk2 C 1

2
jkqjk2� � .q;ƒv/ D

1

2
jkAƒv � qjk2�:

Proof. In view of (7.1.1) and (7.1.6), we have

1

2
jkƒ.v � u/jk2 D J.v/ � J.u/C .Aƒu;ƒ.v � u//C h`; v � ui

D J.v/ � J.u/;
and

1

2
jkq � pjk2� D I�.p/ � I�.q/C .ƒu0 �A

�1p; p � q/
D I�.p/ � I�.q/:

Since J.u/ D I�.p/, these relations imply (7.1.12). For q 2 Q` we have

J.v/ � I�.q/ D 1

2
jkƒvjk2 C h`; v � u0i � .q;ƒu0/C 1

2
jkqjk2�

D 1

2
jkƒvjk2 C 1

2
jkqjk2� � .q;ƒv/

D D.ƒv; q/;
so that (7.1.13) follows from (7.1.12).

Remark 7.2.We note that (7.1.12) and (7.1.13) can be viewed as generalizations of
the Mikhlin and Prager–Synge estimates (2.3.1) and (2.2.3), respectively.

By (7.1.13), we conclude that

jkƒ.v � u/jk � jkAƒv � qjk�; 8q 2 Q`:
Let y 2 U , then

jkƒ.v � u/jk � jkAƒv � yjk� C inf
q2Q`

jkq � yjk�: (7.1.14)

Thus, we need a computable estimate of the distance between y and the set Q`. For
this purpose, we introduce the space

Q� WD fy 2 U j ƒ�y 2 V g
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endowed with the norm

kykQ� WD jkyjk� C kƒ�ykV :
If y 2 Q�, then

.y;ƒw/ D .ƒ�y;w/V ; 8w 2 V0:
We estimate the distance to the setQ` by the following lemma.

Lemma 7.3. For any y 2 U ,

inf
q2Q`

jky � qjk� � jjjjjjƒ�y C ` jjjjjj WD sup
w2V0

h`Cƒ�y;wi
jkƒwjk : (7.1.15)

If h`; wi D .f; w/V , then for any y 2 Q�,

inf
q2Q`

jky � qjk� � Ckƒ�y C f kV ; (7.1.16)

where C D c

c1
and c is the constant in the inequality

kwkV � c kƒwk; 8w 2 V0: (7.1.17)

Proof. Consider the problem

.Aƒw`; ƒw/ D �
˝

`Cƒ�y;w
˛

: (7.1.18)

Represent the right-hand side in the form � h`; wi � .y;ƒw/. Then, (7.1.18) implies
the relation

jkƒw`jk � sup
w2V0

j.y;ƒw/C h`; wi j
jkƒwjk D jjjjjjƒ� y C ` jjjjjj :

Also, (7.1.18) has the form

..Aƒw` C y/;ƒw/C h`; wi D 0; 8w 2 V0;
which means that q` WD Aƒw` C y 2 Q`. Therefore,

inf
q2Q`

jky � qjk� � jky � q`jk� D jkAƒw`jk� D jkƒw`jk � jjjjjjƒ�y C ` jjjjjj :

If h`; wi D .f; w/V and y 2 Q�, then

jjjjjjƒ�y C ` jjjjjj D sup
w2V0

hƒ�y C `; wi
jkƒwjk D sup

w2V0
.ƒ�y C f;w/V
jkƒwjk

� sup
w2V0

kƒ�y C f kVkwkV
jkƒwjk � kƒ�y C f kV c�1

1 sup
w2V0

kwkV
kƒwk :
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Since V0 is continuously embedded intoV and (7.1.3) holds, we conclude that (7.1.17)
also holds with a constant c > 0 independent of w. Then

jjjjjjƒ�yC` jjjjjj � c

c1
kƒ�y C f kV ;

and we arrive at (7.1.16).

Now, (7.1.14) implies two estimates (see also [277, 282, 286]):

jkƒ.v � u/jk � jkAƒv � yjk� C jjjjjjƒ�y C ` jjjjjj ; (7.1.19)

jkƒ.v � u/jk � jkAƒv � yjk� C C kf Cƒ�ykV : (7.1.20)

We recall that in (7.1.19) y 2 U and in (7.1.20) y 2 Q�.
Henceforth, we denote the right-hand side of (7.1.20) byM ƒ.v; y/.

Remark 7.4. It is easy to see that

jkƒ.u � v/jk D inf
y2Q�

n

jkAƒv�yjk� C Ck`Cƒ�yk
o

:

To prove this fact, it suffices to set y D p. Hence, the upper bound given byM ƒ has
no gap.

From (7.1.20), it also follows that for any ˇ > 0,

jkƒ.v � u/jk2 � .1C ˇ/jkƒv � yjk2� C
�

1C 1

ˇ

�

C2k f Cƒ�yk2
V

DWM 2
ƒ
.v; y; ˇ/: (7.1.21)

This estimate provides a majorant having the form of a quadratic functional.

Error reduction property. Theorem 7.1 has a simple consequence related to the
so-called error reduction property. In practice, it is often of interest to predict how
significantly an approximation error would decrease on account of a certain improve-
ment of a mesh. Assume that a coarse mesh Th is replaced by a refined one Thref . For
problems associated with quadratic functionals (similar to J ), the value of the error
reduction is easy to compute. Indeed, for any v 2 u0 C V0,

1

2
jkƒ.u � v/jk2 D J.v/ � I�.p/ D J.v/ � J.u/:

Therefore,

1

2
e2h WD

1

2
jkƒ.u � uh/jk2 D J.uh/ � J.u/;

1

2
e2href WD

1

2
jkƒ.u � uhref/jk2 D J.uhref/ � J.u/:
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From the above, a simple error reduction relation follows:

e2href D e2h � 2
�

J.uh/ � J.uhref/
�

: (7.1.22)

We note that the reduction of the approximation error is equal to the difference of the
values of corresponding functionals. If an upper bound of the approximation error
related to the coarser mesh Th is known, i.e.,

jkƒ.u � uh/jk2 �M;

then for the refined mesh we have the estimate

jkƒ.u � uhref/jk2 �M � 2
�

J.uh/ � J.uhref/
�

: (7.1.23)

IfM is a sharp upper bound of the error on Th, then (7.1.23) gives a realistic value of
the error on Thref . Since the right-hand side of (7.1.23) is easily computable, getting
the upper bound can be performed with minimal expenditures.
From (7.1.23), it also follows that a mesh-adaptation strategy of refining the mesh

should minimize local contributions in the energy functional.

7.1.2 The method of integral identities

Upper bound. Let v 2 u0 C V0 be an approximation of u. Then, the a posteriori
estimate can be derived directly from (7.1.1). Indeed,

.Aƒ.u � v/;ƒw / D � ˝`Cƒ�y;w
˛C .y �Aƒv;ƒw /: (7.1.24)

Since

.Aƒv � y;ƒw / � jkAƒv � yjk�jkƒwjk
and

˝

`Cƒ�y;w
˛ � jjjjjj `Cƒ�y jjjjjj jkƒwjk;

we find that

.Aƒ.u � v/;ƒw / � �jkAƒv � yjk� C jjjjjj `Cƒ�y jjjjjj �jkƒwjk:
Setting w D u � v, we arrive at (7.1.19).
If h`; wi D .f; w/V and y 2 Q�, then
˝

`Cƒ�y; u � v˛ D .`Cƒ�y; u � v/V � k`Cƒ�ykVku � vkV
� ck`Cƒ�ykVkƒ.u � v/k � Ck`Cƒ�ykV jkƒ.u � v/jk

and (7.1.24) implies (7.1.20).
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If h`; wi D .f; w/V C .g;ƒw/ and y 2 Q�, then
˝

`Cƒ�y;w
˛ D h`; wi C ˝ƒ�y;w

˛ D .f Cƒ�y;w/V C .g;ƒw/:

From (7.1.24), we obtain

.Aƒ.u � v/;ƒw / D �.f Cƒ�y;w/V C .y �Aƒv � g;ƒw /: (7.1.25)

For w D u � v, (7.1.25) implies the estimate

jkƒ.u � v/jk � jkg CAƒv � yjk� C Ckf Cƒ�ykV : (7.1.26)

If g is efficiently approximated byeg 2 Q�, then another estimate can be used:

jkƒ.u � v/jk � jkAƒv � yjk� C Ckf Cƒ�.y Ceg/kV C kg �egk: (7.1.27)

Lower bound. A lower bound of jkƒ.u � v/jk can be derived in the following way.
Note that

sup
w2V0

	

.Aƒ.u � v/;ƒw/ � 1
2
.Aƒw;ƒw/

�

� sup
�2Y

	

.Aƒ.u � v/; �/ � 1
2
.A�; �/

�

D 1

2
jkƒ.u � v/jk2:

However,

sup
w2V0

	

.Aƒ.u � v/;ƒw/ � 1
2
.Aƒw;ƒw/

�

� .Aƒ.u � v/;ƒ.u � v// � 1
2
.Aƒ.u � v/;ƒ.u � v// D 1

2
jkƒ.u � v/jk2:

Thus, we conclude that

1

2
jkƒ.u � v/jk2 D sup

w2V0

	

.Aƒ.u � v/;ƒw/ � 1
2
.Aƒw;ƒw/

�

� sup
w2V0

	

�1
2
.Aƒw;ƒw/ � .Aƒv;ƒw/ � h`; wi

�

: (7.1.28)

It is easy to see that the lower bound given by the left-hand side of the above estimate
is sharp (set w D u � v).
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Modifications of the estimates. Let # 2 V0 be such that ƒ�
Aƒ# 2 V : Then, the

product hƒ�
Aƒ#;wi is represented by the scalar product of V and we have

.ƒ�
Aƒ#; v � u/V D �.Aƒ#;ƒu/C .Aƒ#;ƒv/ D h`; #i C .Aƒ#;ƒv/:

Then, for h`; wi D .f; w/V and y 2 Q� we express (7.1.24) in the form

jkƒ.u � v/jk2 D .f Cƒ�y �ƒ�
Aƒ#; v � u/V

C .y �Aƒv;ƒ.u � v//C Fv.#/; (7.1.29)

where Fv.#/ WD h`; #i C .Aƒ#;ƒv/V : Hence, we obtain

jkƒ.u � v/jk2 � 2	

2	 � 1Fv.#/C 	2

2	 � 1
�

jkAƒv � yjk�

C Ckf Cƒ�.y �Aƒ#/kV
�2
: (7.1.30)

If # solves the problem

.Aƒ#;ƒw/ D .f Cƒ�y;w/V ; 8w 2 V0;
then (7.1.29) implies that

jkƒ.u � v/jk2 � 2	

2	 � 1Fv.#/C 	2

2	 � 1 jkAƒv � yjk
2�: (7.1.31)

Another modification is based on a generalization of the idea that was used in
Section 3.5.3. Consider the functional spaces U , V , V , and Y contain functions
defined in a domain �, which is decomposed into a collection of subdomains �i ,
i D 1; 2; : : : ; N . By V.�i / we denote the restriction of V associated with �i and
assume that the respective scalar product is additive with respect to the above decom-
position. Let

Ki WD fw 2 V.�i / j ƒw D 0 in �ig
and fwg�i 2 Ki denote the orthogonal projection of w, i.e.,

kw � fwg�ikV.�i / D inf
w02Ki

kw � w0kV.�i /:

In this case,

.w � fwg�i ; w0/V.�i / D 0; 8 w0 2 Ki : (7.1.32)

Assume that for any �i ,

kw � fwg�ikV.�i / � C�ikƒwkU.�i /; (7.1.33)



Section 7.1 Linear elliptic problem 167

where C�i is a positive constant depending only on �i (this estimate is a generaliza-
tion of the Poincaré inequality). Since fwg�i 2 Ki , we have

.r.y/; w/V.�i / D .r.y/ � fr.y/g�i ; w/V.�i / C .fr.y/g�i ; w/V.�i /
D .r.y/ � fr.y/g�i ; w � fwg�i /V.�i / C .fr.y/g�i ; w/V.�i /; 8w 2 V.�i /;

where r.y/ WD f Cƒ�y. Then

.r.y/; w/V D
N
X

iD1
.r.y/; w/V.�i /

D
N
X

iD1

�

.r.y/ � fr.y/g�i ; w � fwg�i /V.�i / C .fr.y/g�i ; w/V.�i /
�

�
 

N
X

iD1
C 2�ikr.y/ � fr.y/gk2�i

!1=2  
N
X

iD1
kƒwk2U.�i /

!1=2

C
 

N
X

iD1
kfr.y/g�ik2V.�i /

!1=2  
N
X

iD1
kwk2

V.�i /

!1=2

;

and we arrive at the estimate

j.r.y/; w/V j �
 

N
X

iD1
C 2�ikr.y/ � fr.y/gk2�i

!1=2

kƒwk

C c
 

N
X

iD1
kfr.y/g�ik2V.�i /

!1=2

kƒwk: (7.1.34)

By (7.1.24), we have

.Aƒ.u � v/;ƒw / � j.r.y/; w/V j C jky �Aƒvjk�jkƒwjk: (7.1.35)

Set here w D u � v and use (7.1.34). Then, we obtain the estimate

jkƒ.u � v/jk � jky �Aƒvjk� C
1

c1

 

N
X

iD1
C 2�ikr.y/ � fr.y/g�ik2�i

!1=2

C C
 

N
X

iD1
kfr.y/g�ik2V.�i /

!1=2

: (7.1.36)
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If the residuals are post-processed in such a way that fr.y/g�i D 0 on any �i , then
(7.1.36) takes a simplified form:

jkƒ.u � v/jk � jky �Aƒvjk� C
1

c1

 

N
X

iD1
C 2�ikr.y/ � fr.y/g�ik2�i

!1=2

; (7.1.37)

which can be viewed as a generalization of (3.5.20).

Remark 7.5. If ƒw is defined by the operator of small strains ".w/, then fwg�i de-
notes the orthogonal projection to the space R.�i / of rigid deflections.

7.1.3 Error estimates for the dual variable

Consider y as an approximation of p (which is the exact solution of the dual problem).
To obtain an upper bound of jkp � yjk�, we use the relation

jkp � yjk� � jky �Aƒvjk� C jkƒ.v � u/jk
� 2jky �Aƒvjk� C jjjjjj `Cƒ�y jjjjjj : (7.1.38)

If ` D f 2 V and y 2 Q�, then

jkp � yjk� � jky �Aƒvjk� C jkƒ.v � u/jk
� 2jky �Aƒvjk� C Ckƒ�y C f kV : (7.1.39)

The norm kykQ� is another measure that characterizes the error p � y. Since
kƒ�.p � y/k D kƒ�y C f k;

we note that

kp � ykQ� � 2jky �Aƒvjk� C .CC 1/kƒ�y C f kV : (7.1.40)

7.1.4 Two-sided estimates for combined norms

If a pair .u; p/ is viewed as a solution, then it is natural to measure the corresponding
error in terms of combined (primal-dual) norms of the product space W WD V �Q�,
for which we introduce the norm

k.v; y/kW WD jkƒvjk C kykQ� :

We show that the majorantMƒ.v; y/ is equivalent to the error in the combined norm
k.v; y/kW . We have
k.u � v; p � y/kW WD jkƒ.u � v/jk C jkp � yjkQ� (7.1.41)

� 3jkAƒv � yjk C .2CC 1/kƒ�y C f k � c˚Mƒ.v; y/;
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Figure 7.1.1 Error in terms of the combined primal-dual norm.

where c˚ D max
˚

3; 2C 1
C

�

. On the other hand,

M ƒ.v; y/ � jkƒ.v � u/jk C jkp � yjk� C Ckƒ�y C f k (7.1.42)

� maxf1;Cg k.u � v; p � y/kW :

Thus, we note that the following two-sided estimate holds:

c�Mƒ.v; y/ � k.u � v; p � y/kW � c˚Mƒ.v; y/; (7.1.43)

where c� D 1
maxf1;Cg .

Hence, the efficiency index of the majorant (with respect to the combined error
norm) is estimated from above as follows:

Ieff � c˚
c�
D maxf1;Cgmax ˚3; 2C 1

C

�

: (7.1.44)

Therefore,Mƒ is an efficient and reliable measure of the error in the combined norm
k.u � v; p � y/kW .
Remark 7.6. Since

M ƒ.v; p/ D kƒ.u � v/k and Mƒ.u; y/ D jkp � yjk� C kƒ�.p � y/k;
we note that

k.u � v; p � y/kW WDM ƒ.v; p/CMƒ.u; y/: (7.1.45)

Remark 7.7. If the error is measured in a different (but equivalent) norm

k.v; y/k.1/W WD jkƒvjk C jkyjk� C Ckƒ�yk;
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then

Mƒ.v; y/ � k.u � v; p � y/k.1/W � 3M ƒ.v; y/: (7.1.46)

Thus, the majorant is equivalent to such a norm and the corresponding efficiency index
does not depend on c.

We can give another interpretation of the results discussed. Introduce the functionals

Mƒ.v; y/ D 3jkAƒv � yjk� C .1C 2c/ kƒ�y C `k
and

Mƒ.v; y/ WD jkAƒv � yjk� C kƒ�y C `k;
which consist of the same terms as does the majorant but with different weights. We
have proved that

Mƒ.v; y/ � k.u � v; p � y/kW � Mƒ.v; y/: (7.1.47)

In other words, if the terms jkAƒv � yjk� and kƒ�y C `k are supplied with proper
weights, then their sum furnishes two-sided bounds of the error in the combined norm.

Comments. The functionals Mƒ.v; y/, Mƒ.v; y/ and Mƒ.v; y/ provide natural
error estimation tools for approximations computed with the help of the mixed finite
element method. Mixed approximations of boundary value problems are given by a
pair of functions .uh; ph/, which can be substituted in the corresponding majorant di-
rectly or after a certain post-processing procedure. A priori and a posteriori estimates
for mixed approximations were investigated by many authors. An elaborated theory
of mixed finite element methods can be found in the books by F. Brezzi and M. Fortin
[79], D. Braess [67], J. E. Roberts and J.-M. Thomas [325]. Various a posteriori error
estimators for mixed finite element methods were studied by many authors (e.g., see
A. Alonso [12], I. BabuLska and G.N. Gatica [26], G. F. Carey and A. I. Pehlivanov
[85], C. Carstensen [86, 88], C. Carstensen and G. Dolzmann [91], C. Carstensen and
R.H.W. Hoppe [94], B. I. Wohlmuth and R.H.W. Hoppe [372]). In G. Gatica [149],
the reader will find a proof of the efficiency of residual-based a posteriori error es-
timators for mixed approximations. A posteriori estimates for approximations based
on Raviart–Thomas elements are represented by D. Braess and R. Verfürth [70], and
estimates based on superconvergence phenomenon are analyzed by J. H. Brandts [74].
A posteriori error estimators for mixed approximations of problems in linear elasticity
theory were investigated by M. Lonsing and R. Verfürth [223] and for mixed approxi-
mations of the Stokes problem by X. Cheng, W. Han, and H. Huang [104]. In B. Engel-
mann, R. H.W. Hoppe, B. Wohlmuth, Yu. Kuznetsov, Yu. Iliash, and Yu. Vasilevskii
[122], adaptive methods for hybrid finite element approximations are considered.
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Functional a posteriori estimates for mixed approximations have been studied in
S. Repin, S. Sauter, and A. Smolianski [314, 313], where they were derived for linear
elliptic problems by variational techniques.
These estimates are applicable to mixed approximations of all types. In particular,

they applicable to the so-called “dual mixed approximations”, which use nonconform-
ing (with respect to the energy space V ) approximations of u and “cell-equilibrated”
approximations for p (which integrally satisfy the relation ƒ�ph C f D 0 on each
cell/element). Approximations of such a type gained high popularity, because they pre-
serve relations coming from the physical (conservation) law and obtain a high flexibil-
ity. The latter property was used to adapt them to approximations on highly distorted
meshes (e.g., see Yu. Kuznetsov and S. Repin [206, 205]). A posteriori estimates for
the dual-mixed approximations follow from the above-presented estimates, provided
that the function v is post-processed (e.g., smoothed) in such a way that v 2 u0 C V0.

7.2 Elliptic problems with lower terms

Now we consider the problem: Find u 2 u0 C V0 such that
.Aƒu;ƒw/C .T u;w/H C h`; wi D 0; w 2 V0; (7.2.1)

where T W V ! V is a linear continuous operator satisfying the relation

�21kwk2V � .T w;w/V � �22kwk2V : (7.2.2)

The function u minimizes the functional

J.w/ D 1

2

�

.Aƒw;ƒw/C .T w;w/V
�

C h`; wi

on the set u0 C V0. Under the assumptions made, J.w/ is coercive on u0 C V0 and,
therefore, the minimizer u exists.
For a function v 2 u0 C V0, we have

.Aƒ.u � v/;ƒw/C .T .u � v/; w/V D �h`; wi � .Aƒv;ƒw/ � .T v;w/V : (7.2.3)
Let y 2 U and w D u � v. Then, (7.2.3) infers the relation
jŒu � vj�2 D �h`Cƒ�y; u � vi � .Aƒv � y;ƒ.u � v// � .T v; u � v/V : (7.2.4)
Here,

jŒu � vj�2 WD .Aƒ.u � v/;ƒ.u � v//C .T .u � v/; u � v/V
is the energy error norm associated with the problem.
If ` is defined by an element f 2 V and y 2 Q�, then (7.2.4) is rearranged as

follows:

jŒu � v�j2 D .f Cƒ�y C T v; v � u/V C .Aƒv � y;ƒ.v � u//: (7.2.5)
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We have

.f Cƒ�y C T v; u � v/V � kr.v; y/kVku � vkV
� .T �1r.v; y/; r.v; y//1=2

V
.T .u � v/; u � v/1=2

V
;

.Aƒv � y;ƒ.u � v// � jkAƒv � yjk�jkƒ.u � v/jk;
where r.v; y/ WD f C ƒ�y C T v With the help of these estimates and (7.2.5), we
obtain

jŒu � v�j2 � .T �1r.v; y/; r.v; y//V C jkAƒv � yjk2�: (7.2.6)

This estimate is sharp. Indeed, let y D Aƒu. By (7.3.1), we find that

.T u;w/V D �.f; w/V � .y;ƒw/; w 2 V0;
which means that

.T .u � v/; w/V D �.f Cƒ�y C T v;w/V ; w 2 V0;
and, therefore, r.v; y/ D T .v � u/. Hence,

.T �1r.v; y/; r.v; y//V D .T .u � v/; u � v/V :
Also,

jkAƒv � yjk� D jkAƒ.v � u/jk� D jkƒ.v � u/jk
and the right-hand side of (7.2.6) is equal to the error norm jŒu � v�j2.
Remark 7.8. Since the problem has a variational statement, we can derive a posteriori
estimates using the variational method (see [276, 277, 282]), which gives the same
result.

Another estimate follows from (7.2.4) if we apply (7.1.17) and estimate the first
term on the right-hand side of (7.2.5) as follows:

.ƒ�y C f C T v; u � v/V � Ckƒ�y C f C T vkV kƒ.u � v/k:
In this case, we arrive at the estimate

jkƒ.u � v/jk � kAƒv � yk� C Ckƒ�y C f C T vkV : (7.2.7)

Remark 7.9. Also, we can derive a hybrid estimate if we introduce a function
˛.x/ 2 Œ0; 1� and split the first term on the right-hand side of (7.2.5) (cf. Section
4.2). Then, we obtain the estimate

jŒƒ.u � v/�j2 � .kAƒv � yk� C Ck.1 � ˛/r.v; y/kV /2

C .˛T �1r.v; y/; r.v; y//V : (7.2.8)

For ˛ D 0 and ˛ D 1, (7.2.8) implies the estimates (7.2.7) and (7.2.6), respectively.
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7.3 Problems with solutions defined in subspaces

7.3.1 Abstract problem

The above-discussed method can be extended to problems the solutions of which be-
long to a certain subspace of the basic energy space.
Define another pair of mutually conjugate linear operators B W V0 ! H and

B� W H ! V �
0 , where H is a Hilbert space endowed with scalar product .�; �/H .

The spaces and operators introduced are conveniently represented by the following
diagram:

H
B � V0

ƒ�! U .Y; Y �/
l

H
B�
�! V �

0

ƒ�

 � U:

Consider the problem: Find p 2 H and u 2 V0;B satisfying the relation
.Aƒu;ƒw/C h` � B�p;wi D 0; w 2 V0; (7.3.1)

where
V0;B WD fv 2 V0 j Bv D 0g

is a subspace defined by the kernel of B .
For q 2 H , we have

hB�q;wi D .q; Bw/H D 0; 8w 2 V0;B : (7.3.2)

Therefore, we can also define u by the relation

.Aƒu;ƒw/C h`; wi D 0; w 2 V0;B : (7.3.3)

The solvability of this problem requires special properties of the operator B , which
are analogous to the LBB condition (see Lemma 7.10). We assume that the necessary
conditions are satisfied and (7.3.1) has a solution u 2 V0;B . Our goal is to present a
general scheme that delivers guaranteed estimates of the deviation from u.

7.3.2 Estimate for approximations lying in the subspace

Let v 2 V0;B . From (7.3.2), it follows that for any w 2 V0;B and y 2 U the identity

.Aƒ.u � v/;ƒw/ D .y �Aƒv;ƒw/ � h`Cƒ�y;wi (7.3.4)

holds. In view of (7.3.2), we have

sup
w2V0;B

j h`Cƒ�y;wi j
jkƒwjk D sup

w2V0;B
j h`Cƒ�y � B�q;wi j

jkƒwjk

� sup
w2V0

j h`Cƒ�y � B�q;wi j
jkƒwjk DW jjjjjj `Cƒ�y � B�q jjjjjj :
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Thus (7.3.4) with w D u � v leads to the estimate

jkƒ.u � v/jk � jky �Aƒvjk� C jjjjjj `Cƒ�y � B�q jjjjjj ; (7.3.5)

where q 2 H . If ` is defined by f 2 V and ƒ�y and B�q also belong to V , then

h`Cƒ�y � B�q;wi D .f Cƒ�y � B�q;w/V � kf Cƒ�y � B�qkVkwkV ;

and we find that

sup
w2V0

j h`Cƒ�y � B�q;wi j
jkƒwjk � c sup

w2V0
kf Cƒ�y � B�qkVkƒwk

jkƒwjk :

In this case,

jjjjjj `Cƒ�y � B�q jjjjjj � Ckf Cƒ�y � B�qkV ;

and we arrive at the estimate

jkƒ.u � v/jk � jky �Aƒvjk� C C kf Cƒ�y � B�qkV : (7.3.6)

Another form of the estimate arises if there exists a linear continuous operator
T W H ! U such that

hB�q;wi D .Tq;ƒw/; 8w 2 V0:

Then, (7.3.4) is rearranged as

.Aƒ.u � v/;ƒw/ D .y �Aƒv � Tq;ƒw/ � h`Cƒ�y;wi; (7.3.7)

and instead of (7.3.5) we obtain

jkƒ.u � v/jk � jky �Aƒv � Tqjk� C jjjjjj `Cƒ�y jjjjjj : (7.3.8)

If ` D f and ƒ�y belongs to V , then (7.3.8) implies the estimate

jkƒ.u � v/jk � jky �Aƒv � Tqjk� C Ckf Cƒ�ykV ; (7.3.9)

which is a counterpart of (7.3.5).

7.3.3 Estimate for approximations lying in the energy space

For functions that do not belong to the subspace V0;B , the deviations from u can be
estimated, provided that we can prove Lemma 7.10 (which is analogous to Lemma
6.2).
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Lemma 7.10. For any g 2 ImB , there exists vg 2 V0 such that
Bvg D g and kvgkV � �kgkH ; (7.3.10)

where � > 0 does not depend on g.

In general, this lemma can be proved with the help of closed range lemma (e.g.,
see K. Yosida [374]), which is valid for operators with closed range (we recall that the
operator B has a closed range if for any sequence fvkg 2 V such that Bvk converges
inH there exists v 2 V such that Bvk ! Bv).

Corollary 7.11. Set g D Bbv, where bv is an element of V0. Then, we can find an
element vg 2 V0 satisfying the relation B.bv � vg/ D 0 and such that

kvgkV � �kBbvk: (7.3.11)

Hence, the function w0 D .bv � vg/ belong to V0;B and satisfies the relation

kbv � w0kV � �kBbvk:
Since ƒ is a bounded operator, we have the inequality

kƒ.bv � w0/k � N�kBbvk; (7.3.12)

where the constant N� does not depend onbv.
Let u be compared with a functionbv 2 V0. Take a function w0 2 V0;B that satisfies

(7.3.12). Then,

jkƒ.u �bv/jk � jkƒ.u � w0/jk C jkƒ.bv � w0/jk
� jkAƒw0 � yjk� C jjjjjj `Cƒ�y � B�q jjjjjj C jkƒ.bv � w0/jk:

Insertbv into the first term and use the triangle inequality. We have

jkƒ.u �bv/jk � jkAƒ.bv � w0/jk� C jkAƒbv � yjk�
C jjjjjj `Cƒ�y � B�q jjjjjj C jkƒ.bv � w0/jk

D 2jkƒ.bv � w0/jk C jkAƒw0 � yjk� C jjjjjj `Cƒ�y � B�q jjjjjj
� 2c2kƒ.bv � w0/k C jkAƒw0 � yjk� C jjjjjj `Cƒ�y � B�q jjjjjj : (7.3.13)

Hence,

jkƒ.u �bv/jk � 2c2 N�kBbvk C jkAƒbv � yjk� C jjjjjj `Cƒ�y � B�q jjjjjj : (7.3.14)

If ` is defined by f 2 V andƒ�y and B�q also belong to V , then (7.3.14) implies the
estimate

jkƒ.u �bv/jk � 2c2 N�kBbvk C jkAƒbv � yjk� C Ckf Cƒ�y � B�qkV : (7.3.15)
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Remark 7.12.We note that the problem considered can be expressed as a system

hƒ�� C ` � B�p;wi D 0; w 2 V0; (7.3.16)

� D Aƒu; (7.3.17)

Bv D 0: (7.3.18)

Each term on the right-hand side of (7.3.14) and (7.3.15) is a certain penalty for a
possible violation of one of the relations of this system.

Remark 7.13. For the Stokes problem, we have

ƒv D ".v/; Bv D �div v; and A D �I:

It is easy to see that in this case, c1 D c2 D �,

jkAƒbv � yjk� D
1p
�
k�".v/ � yk; and jkƒ.u �bv/jk D p�kƒ.u �bv/k

and we find that the estimate (7.3.14) coincides with (6.2.17).

7.4 Derivation of a posteriori estimates
from saddle point relations

In this section we again consider the problem (7.1.1) and show that a posteriori esti-
mates can be obtained by simple transformations of the saddle point relations.
First, we recall that the problem (7.1.1) can be stated as a minimax problem: Find

u 2 u0 C V0 and p 2 U such that

L.u; q/ � L.u; p/ � L.v; p/; 8v 2 u0 C V0; q 2 U; (7.4.1)

where

L.w; q/ D .ƒw; q/ � 1
2
.A�1q; q/C h`; wi:

The corresponding system that defines the saddle point .u; p/ follows from (7.4.1).
Indeed,

L.u; p C �q/ � L.u; p/; 8q 2 U;

where � is an arbitrary positive number and

L.u; p/ � L.uC w;p/; 8w 2 V0:
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Therefore, .u; p/ must satisfy the relations

.ƒu; q/ � .A�1p; q/ D 0; 8q 2 U; (7.4.2)

.p;ƒw/C h`; wi D 0; 8w 2 V0; (7.4.3)

or (equivalent) relations

.Aƒu; q/ � .p; q/ D 0; 8q 2 U; (7.4.4)

hƒ�p;wi C h`; wi D 0; 8w 2 V0: (7.4.5)

Let the pair .v; y/ 2 .u0CV0/�U be an approximation of the saddle point. Estimates
of the deviations u� v and p � y directly follow from (7.4.4) and (7.4.5). Indeed, for
u � v and p � y we have

.Aƒ.u � v/ � .p � y/; q/ D .y �Aƒv; q/; 8q 2 U; (7.4.6)

hƒ�.p � y/; wi D �.ƒw; y/ � h`; wi; w 2 V0: (7.4.7)

Here, we set q D ƒ.u � v/ and w D u � v. Then,
jkƒ.u � v/jk2 � .p � y;ƒ.u � v// D .y �Aƒv;ƒ.u � v//; (7.4.8)

hƒ�.p � y/; u � vi D h`Cƒ�y; v � ui: (7.4.9)

We sum (7.4.8) and (7.4.9) and obtain

jkƒ.u � v/jk2 D .Aƒv � y;ƒ.v � u//C h`Cƒ�y; v � ui;
which leads to (7.1.19) and (7.1.20).
Anothermodus operandi applied to (7.4.2) and (7.4.3) implies estimates for the dual

variable. We put q D p � y and w D v � u, and we have
.ƒ.u � v/; p � y/C .ƒv �A

�1y; p � y/ D .A�1.p � y/; p � y/; (7.4.10)
.p � y;ƒ.v � u// C .y;ƒ.v � u//C h`; v � ui D 0: (7.4.11)

From (7.4.10) and (7.4.11) it follows that

jky � pjk2� D .ƒv �A
�1y; y � p/C h`Cƒ�y; v � ui

� jky �Aƒvjk�jky � pjk� C .y � p;ƒ.v � u//
� jky �Aƒvjk�jky � pjk� C jkƒ.v � u/jkjky � pjk�:

Hence, we arrive at the estimate

jkp � yjk� � jky �Aƒvjk� C jkƒ.v � u/jk (7.4.12)

and all estimates (see Section 7.1.3) that follow from it.
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In this chapter, we discuss a posteriori estimates for certain classes of nonlinear prob-
lems. As in previous chapters, we derive a posteriori estimates by two different meth-
ods. The first method is based on variational techniques and the second one op-
erates with integral type relations that define generalized solutions. Both methods
can be applied to nonlinear problems but we pay the main attention to the second
(nonvariational) method. Some results obtained with the help of variational tech-
niques are also discussed but without detailed proofs. The reader can find them in
[61, 57, 58, 82, 139, 244, 276, 281, 277, 283, 319, 318, 320] and other publications.

8.1 Variational inequalities

Variational inequalities form an important class of nonlinear problems, which often
arise in mechanics and physics (e.g., see G. Duvaut and J.-L. Lions [120], A. Friedman
[133], and R. Glowinski [153]).
Let V be a reflexive Banach space, a W V � V ! R be a bilinear V -elliptic form,

and j W V ! R be a given convex continuous functional. Consider the following
problem: Find u 2 K such that the inequality

a.u;w � u/C j.w/ � j.u/ � h`; w � ui (8.1.1)

holds for any w 2 K, where K is a convex closed subset of V0 and ` 2 V �
0 ,

a.v;w/ WD
Z

�

Arv � rw dx;

� is a bounded domain in R
2 with Lipschitz continuous boundary, A D faij g is a

symmetric matrix satisfying the conditions (4.1.4). It is well known (e.g., see [120,
153]) that (8.1.1) is equivalent to the variational problem: Find u 2 K such that

J.u/ D inf
w2K J.w/; (8.1.2)

J.w/ D 1

2
a.w;w/C j.w/ � h`; wi:

The existence of a minimizer to this problem follows from the coercivity of a on V .
In the literature, variational inequalities the nonlinear features of which arise owing to
the set K are often called inequalities of the “first kind”. If a nonlinearity is caused
by the presence of a (nondifferentiable) functional j , then the inequality is assigned to
the “second kind”.
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Exact solutions of variational inequalities may have a complicated structure. Typi-
cally, they contain unknown free boundaries the location and structure of which are a
priori unknown and investigation of their properties is an important part of the a priori
analysis of variational inequalities (e.g., see [133]).
In this section, we show that computable error bounds for elliptic variational in-

equalities of both kinds follow from the corresponding variational inequality.

8.1.1 Variational inequalities of the first kind

We begin with a classical problem related to the variational inequalities of the first
kind. We set j 
 0 and define K with the help of pointwise restrictions:

K WD fv 2 V0 WD VH 1.�/ j �.x/ � v.x/ �  .x/ a:e: in�g;
where � and  2 H 2.�/ are two given functions such that

�.x/ � 0 and  .x/ � 0 on �;

�.x/ �  .x/ in �:

In this case, (8.1.1) reads: Find u 2 K satisfying the inequality

a.u;w � u/ � h`; w � ui (8.1.3)

Henceforth, we assume that ` is defined by an integrable function, i.e.,

h`; wi D
Z

�

f w dx

and � is a bounded domain with Lipschitz continuous boundary.
Problem (8.1.3) is the classical obstacle problem (e.g., see [133, 153]). Under the

assumptions made, the solution u exists and is unique. In general, � is divided into
three sets, where u is determined either by the differential equation or by obstacles.
They are as follows:

�u WD fx 2 � j u.x/ D  .x/g;
�u� WD fx 2 � j u.x/ D �.x/g;
�u0 WD fx 2 � j �.x/ < u.x/ <  .x/g:

The sets�u and�
u
� are upper and lower coincidence sets and�

u
0 is an open set where

a solution satisfies the differential equation. Thus, we see that this problem involves
free boundaries, which are a priori unknown.
In [82, 283], the variational statement (8.1.3) was used to derive a guaranteed upper

bound of the error
jkr.u � v/jk WD .a.u � v; u � v//1=2:
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Below we derive the same estimate by transformations of (8.1.3). Assume that v 2 K
is a function compared with u. Then,

a.u � v; u � v/ �
Z

�

.f .u � v/ � Arv � r.u � v// dx: (8.1.4)

For any vector-valued function y in the spaceH.�; div/, we have
Z

�

.wdivy C y � rw/ dx D 0; 8w 2 V0:

Therefore, (8.1.4) is transformed as follows:

a.u � v; u � v/ �
Z

�

.f C divy/.u � v/ dx C
Z

�

.y � Arv/ � r.u � v/ dx

D
Z

�

.y � Arv/ � r.u � v/ dx C
Z

�v 

.f C divy/.u � v/ dx

C
Z

�v�

.f C divy/.u � v/ dx

C
Z

�v0

.f C divy/.u � v/ dx; (8.1.5)

where

�v WD fx 2 � j v.x/ D  .x/g;
�v� WD fx 2 � j v.x/ D �.x/g;
�v0 WD fx 2 � j �.x/ < v.x/ <  .x/g:

Introduce the function

Éf C divyÊv WD
8

<

:

.f C divy/� a:e: in �v ;
f C divy a:e: in �v0;
.f C divy/C a:e: in �v� ;

where .g/C D maxf0; gg and .g/� D minf0; gg denote the positive and negative parts
of g, respectively. Note that

Éf C divyÊv 2 L2.�/:

Further analysis rests upon the relation
Z

�

.f C divy/.u � v/ dx �
Z

�

Éf C divy Êv .u � v/ dx; (8.1.6)
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from which it follows that the first term on the right-hand side of (8.1.5) is bounded
from above by the quantity kÉ f C divy Êv kkv � uk. Since

Z

�

.Arv � y/ � rw dx � jkArv � yjk�jkrwjk;

we arrive at the estimate (cf. [283])

jkr.u � v/jk �M OBS.v; y/ WD jkArv � yjk� C CkÉ f C divy Êv k; (8.1.7)

where C is the constant in the inequality kwk � Cjkrwjk.
We note that the error majorant M OBS.v; y/ derived for the obstacle problem con-

sists of two terms. The first term penalizes the error in the relation

Arv D y: (8.1.8)

Another term of M OBS.v; y/ penalizes the “improper” behavior of divy C f on the
sets �v0, �

v
 , and �

v
� , respectively.

It is easy to see that the majorant is a nonnegative functional, which vanishes if and
only if (8.1.8) holds and

Édivy C f Êv D 0 for a:e: x 2 �: (8.1.9)

The latter relation means that

divy.x/C f .x/ � 0 a:e: in �v� ; (8.1.10)

divy.x/C f .x/ D 0 a:e: in �v0; (8.1.11)

divy.x/C f .x/ � 0 a:e: in �v : (8.1.12)

If (8.1.8) and (8.1.10)–(8.1.12) hold, then for any w 2 K, we have
Z

�

Arv � r.w � v/ dx �
Z

�

f .w � v/ dx D
Z

�

.divy C f /.v � w/ dx

D
Z

�v�

.divy C f /.� � w/ dx C
Z

�v0

.divy C f /.v � w/ dx

C
Z

�v 

.divy C f /. � w/ dx � 0:

Thus, v satisfies the variational inequality

a.v;w � v/ �
Z

�

f .w � v/ dx; 8w 2 K;

which coincides with (8.1.3). We have proved the following assertion.
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Theorem 8.1. For any v 2 V0 and y 2 H.�; div/, the estimate (8.1.7) provides a
guaranteed upper bound of jkr.u � v/jk. Moreover, if M OBS.v; y/ D 0, then v D u

and y D Aru.
Remark 8.2. Theorem 8.1 shows that problem (8.1.7) admits a new variational state-
ment, namely: Find u 2 K and p 2 H.�; div/ such that

M OBS.u; p/ D inf
v2V0;

y2H.�;div/

M OBS.v; y/: (8.1.13)

Unlike the variational statement (8.1.2), the value of the exact lower bound for this
problem is known (it is zero).

A more sophisticated estimate can be derived if (8.1.5) is given in the form

a.u � v; u � v/ �
Z

�

.f C divy C 
1 � 
2/.u � v/ dx

C
Z

�

.y � Arv/ � r.u � v/ dx C
Z

�

.
1.v � u/C 
2.u � v// dx;

where 
i .x/, i D 1; 2, are arbitrary nonnegative functions. Since
Z

�


1.v � u/ dx �
Z

�


1.v � �/ dx

and
Z

�


2.u � v/ dx �
Z

�


2. � v/ dx;

from (8.1.5) it follows that

jkr.u � v/jk2 �
�

Ckf C divy C 
1 � 
2k C jky � Arvjk�
�

jkr.u � v/jk

C
Z

�

.
1.v � �/C 
2. � v// dx: (8.1.14)

By (8.1.14), we deduce an advanced error majorant:

jkr.u � v/jk �M.v; y; 
1; 
2/

C
s

Z

�

.
1.v � �/C 
2. � v// dx CM 2.v; y; 
1; 
2/; (8.1.15)

where

M.v; y; 
1; 
2/ WD 1

2

�

jky � Arvjk� C Ckf C divy C 
1 � 
2k
�

:
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Note that (8.1.7) is a special case of (8.1.15). Indeed, set 
1 D N
1 and 
2 D N
2, where
N
1 D 0 on

�

� n�v�
�

[
�

�v� \ fx j divy.x/C f .x/ � 0g
�

;

N
1.x/ D jdivy.x/C f .x/j on �v� \ fx j divy.x/C f .x/ < 0g
and

N
2 D 0 on
�

� n�v 
�

[
�

�v .v/\fx j divy.x/Cf .x/ � 0g
�

;

N
2.x/ D jdivy.x/C f .x/j on �v \ fx j divy.x/C f .x/ > 0g:
Then,

Z

�

. N
1.v � �/C N
2. � v// dx D 0

and (8.1.15) takes the form

jkr.u � v/jk � 2M.v; y; N
1; N
2/: (8.1.16)

Note that

kf C divy C N
1 � N
2k2

D
Z

�v�

jf C divy C N
1j2 dx C
Z

�v0

jf C divyj2 dx C
Z

�v 

jf C divy � N
2j2 dx

D
Z

�v�

.f C divy/2
C
dx C

Z

�v0

jf C divyj2 dx C
Z

�v 

.f C divy/2
�
dx

D kÉ divy C f Êv k2:

For this reason, 2M.v; y; N
1; N
2/ coincides withM OBS.v; y/.
From (8.1.14) it also follows that

�

1 � ˛
2

�

jkr.u � v/jk2 � 1

2˛

�

Ckf C divy C 
1 � 
2k C jky � Arvjk�
�2

C
Z

�

.
1.v � �/C 
2. � v// dx; (8.1.17)

where ˛ 2 .0; 2/. Using Young’s inequality, we rewrite (8.1.17) in the form

.2 � ˛/ jkr.u � v/jk2 � 1C ˇ
˛

C2kf C divy C 
1 � 
2k2 C 1C ˇ
˛ˇ
jky � Arvjk2�

C 2
Z

�

.
1.v � �/C 
2. � v// dx; (8.1.18)
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where ˇ is an arbitrary positive number. Let

c˛ˇ WD 1C ˇ
˛

C2 and r.y/ WD divy C f:

Now, we are aimed at selecting 
1 and 
2 in such a way that the value of the right-
hand side of (8.1.18) attains its minimal value. Unconstrained minimization leads to
the relations

Z

�

�

r.y/C 
1 � 
2 C v � �
c˛ˇ

�

dx D 0 (8.1.19)

and
Z

�

�

r.y/C 
1 � 
2 C v �  
c˛ˇ

�

dx D 0; (8.1.20)

which cannot be satisfied simultaneously. Therefore, either 
1 D 0 or 
2 D 0 (or both
of them are equal to zero). Assume that 
1 D 0. Then, we should set


2 D r.y/C v �  
c˛ˇ

; (8.1.21)

provided that 
2 > 0. Let

ˆ.r.y/; v/ WD c˛ˇ .r.y/C 
1 � 
2/2 C 2.
1.v � �/C 
2. � v//
denote the integrand of two terms that contain 
1 and 
2. By (8.1.21), we obtain

ˆ.r.y/; v/ D c˛ˇ .r.y/ � 
2/2 C 2
2. � v/

D 2r.y/. � v/ � . � v/
2

c˛ˇ
if r.y/ >

 � v
c˛ˇ

: (8.1.22)

Another option is to take 
2 D 0 and


1 D � � v
c˛ˇ

� r.y/; (8.1.23)

provided that 
1 > 0. Then,

ˆ.r.y/; v/ D c˛ˇ .r.y/C 
1/2 C 2
1.v � �/

D 2r.y/.� � v/ � .� � v/
2

c˛ˇ
if

� � v
c˛ˇ

> r.y/: (8.1.24)

If both 
1 and 
2 are equal to zero, then

ˆ.r.y/; v/ D c˛ˇ r2.y/ if
� � v
c˛ˇ

< r.y/ <
 � v
c˛ˇ

: (8.1.25)
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Now, (8.1.18) takes the form

.2 � ˛/ jkr.u � v/jk2 � 1C ˇ
˛ˇ
jky � Arvjk2� C

Z

�

ˆ.r.y/; v/ dx; (8.1.26)

where ˆ.r.y/; v/ is defined in accordance with (8.1.22), (8.1.24), and (8.1.25).

Remark 8.3. Estimates (8.1.7) and (8.1.26) were derived in [298] by the method,
which we have discussed above. In [283], the estimate (8.1.7) was derived by the
variational method. Set ˛ D 1. Then c˛ˇ D cˇ WD .1 C ˇ/C2, and we arrive at the
estimate

jkr.u � v/jk2 � 1C ˇ
ˇ
jky � Arvjk2� C

Z

�

ˆ.r.y/; v/ dx; (8.1.27)

which was also derived in [283].

8.1.2 Variational inequalities of the second kind

Another group of variational inequalities is related to problems with nondifferentiable
functionals. In this case, a solution u is defined by the inequality

a.u;w � u/C j.w/ � j.u/ � h`; w � ui; (8.1.28)

which holds for any w 2 V0. As for the first kind inequalities, the corresponding a
posteriori estimate can be derived directly from (8.1.28). Let v be a function compared
with u. Set w D v and rearrange (8.1.28) as follows:

a.u � v; v � u/C j.v/ � j.u/ � h`; v � ui � a.v; v � u/: (8.1.29)

Since j is a convex functional, we know that (cf. (1.4.43))

j.u/ � j.v/ � h��; u � vi; 8�� 2 @j.v/;
where @j.v/ 2 V �

0 denotes the subdifferential of j at v. Therefore, we rewrite (8.1.29)
in the form

a.u � v; u � v/ � h��; v � ui C h`; u � vi C a.v; v � u/:
Note that for y 2 L2.�;Rd / (the divergence of which is an element of V �

0 ), we have

hdivy;wi C .y;rw/ D 0; 8w 2 V0:
By this identity, we obtain

a.u � v; u � v/ � h�� � `C divy; v � ui C
Z

�

.Arv � y/ � r.v � u/ dx; (8.1.30)
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which implies the estimate

jkr.u � v/jk � jjjjjj �� � `C divy jjjjjj C jkArv � yjk�; (8.1.31)

where jjjjjj 
� jjjjjj WD supw2V0
h��;wi
jkrwjk .

Assume that y 2 H.�; div/ and @j.v/ contains an element that can be identified
with an L2.�/-function. Then, (8.1.31) is represented in the form

jkr.u � v/jk � Ck�� � f C divyk C jkArv � yjk�; (8.1.32)

where �� is such an element. In particular, if j is Gâteaux differentiable and
j 0.v/ 2 L2.�/ denotes the Gâteaux derivative, then we express (8.1.32) as

jkr.u � v/jk � Ckj 0.v/ � f C divyk C jkArv � yjk�: (8.1.33)

In the next section, we show that the method applied can be extended to a considerably
wider class of problems.

8.2 General elliptic problem. Variational method.

A wide class of variational problems related to various physical models can be given
in the following abstract form:

inf
v2u0CV0

J.v;ƒv/; J.v/ WD G.ƒv/ C F.v/; 8v 2 V; (8.2.1)

where G and F are convex continuous functionals, V is a reflexive Banach space, and
ƒ is a linear continuous operator that maps V to another reflexive Banach space Y . In
particular, if

G.y/ D 1

2
.Ay; y/; F.v/ D h`; vi ; ` 2 V �

0 ;

then (8.2.1) coincides with (7.1.1). Also, we assume that

ckƒwkY � kwkV ; 8v 2 V0; (8.2.2)

where c is a positive constant, and J is coercive on u0 C V0, i.e., for v 2 u0 C V0
J.v;ƒv/ ! C1 as kvkV !C1: (8.2.3)

In this case, the problem (8.2.1) has a solution u (e.g., see [121]).
In ([276, 277, 282]), a posteriori error estimates for this class of problems were

derived by the variational method. In order to discuss them, we need to introduce
additional notation.
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As before, the product of v 2 V and v� in the topologically dual space V � is
denoted by hv�; vi. We denote the space topologically dual to Y by Y � and the cor-
responding pairing by hhy�; yii. We note that the spaces Y and Y � are essentially
different (unlike the case considered in Chapter 7). For this reason, throughout this
chapter we mark functions from Y � by stars. The operator

ƒ� W V � ! Y �

satisfying the relation

hhy�; ƒwii D ˝ƒ�y;w
˛

; 8w 2 V; (8.2.4)

is conjugate to ƒ.
By G� we denote the Fenchel conjugate of G (cf. (1.4.38)), which is defined by the

relation

G�.y�/ D sup
y2Y

�

hhy�; yii �G.y/
�

:

Definition 8.4.We say that G and G� are uniformly convex in the balls
Bı WD B.0; ı/ 2 Y and B�

ı� WD B.0; ı�/ 2 Y �;
respectively, if they satisfy the relations

G

�

y1 C y2
2

�

Cˆı
�

y1 � y2
2

�

� 1

2

�

G.y1/CG.y2/
�

; (8.2.5)

G�
�

y�
1 C y�

2

2

�

Cˆ�
ı�

�

y�
1 � y�

2

2

�

� 1

2

�

G�.y1/CG�.y2/
�

; (8.2.6)

where ˆı W Y ! RC and ˆ�
ı� W Y � ! RC are certain nonnegative functionals

vanishing at the zero elements of Y and Y �, respectively.
It follows directly from (8.2.5) that any uniformly convex functional G is convex.

Moreover, the functionalˆı reinforces the usual convexity inequality. For this reason,
sometimes it is called the forcing functional (e.g., see R. Glowinski [153]).
Let v 2 u0 C V be an approximation of u. The variational method of deriving

computable upper bounds for the quantity kƒ.v � u/kY is based on the inequality

ˆ

�

ƒ.v � u/
2

�

� 1

2

�

J.v;ƒv/ � J.u;ƒu/�; (8.2.7)

which can be viewed as a generalization of (2.3.1) for problems with uniformly convex
functionals. If G is uniformly convex, then it is easy to prove that (8.2.7) holds with
ˆ D ˆı , provided that ƒu and ƒv belong to B.0; ı/. Indeed,

ˆı

�

ƒ.v � u/
2

�

� 1

2
.G.ƒv/CG.ƒu// �G

�

ƒ.uC v/
2

�

;

0 � 1

2
.F.v/C F.u// � F

�

uC v
2

�

:
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Since

G

�

ƒ.uC v/
2

�

C F
�

uC v
2

�

� G.ƒu/C F.u/;

we obtain (8.2.7).
We note that for problems with superquadratic growth, (8.2.7) holds for the whole

space, so that ˆ does not depend on ı.
Another key relation used in the derivation of a posteriori estimates is

infP WD J.u;ƒu/ D I�.p�; ƒ�p�/ D supP
�;

where I� is the functional of the so-called dual variational problem P
� and p� is the

corresponding solution that maximizes I� on a set of admissible functions (cf. (7.1.9)).
Typically, this set consists of the functions that satisfy certain differential relations. We
will not give here a detailed exposition of the variational method (which can be found
in [282] and [244]) and pass to a discussion of the error majorant derived with the help
of it. This majorant provides an upper bound of the differences v � u (for the primal
problem) and y� � p� (for the dual one) evaluated in terms of the functionals ˆ and
ˆ�.

Theorem 8.5 ([276, 282]). Let u be a minimizer of the problem, the functionals F and
G satisfy the above conditions, andƒu 2 Bı and p� 2 B�

ı� . Then for any v 2 u0CV0
and y� 2 Y � such that ƒv 2 Bı and y� 2 B�

ı� , the estimate

ˆı

�

ƒ.v � u/
2

�

Cˆ�
ı�

�

y� � p�
2

�

�M I.v; y
�/

D 1

2
.DG.ƒv; y

�/CDF .v;ƒ�y�// (8.2.8)

holds, where

DF .v;ƒ
�y�/ WD F.v/C F �.�ƒ�y�/C ˝ƒ�y�; v

˛

;

DG.ƒv; y
�/ WD G.ƒv/CG�.y�/ � hhy�; yii:

The functionals DF and DG are nonnegative (this fact follows from the definition
of a polar functional; cf. 1.4). They play an important role in a posteriori analysis
of various variational problems (e.g., see [57, 61, 139, 281, 282, 289, 293, 319, 320,
321]).
By Proposition 1.2, we know that the relation

F.v/C F �.�ƒ�y�/C ˝ƒ�y�; v
˛ D 0 (8.2.9)

is equivalent to

�ƒ�y� 2 @F.v/ (8.2.10)
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and the relation

G.ƒv/CG�.y�/ � hhy�; ƒvii D 0 (8.2.11)

is equivalent to

y� 2 @G.ƒv/: (8.2.12)

Note that (8.2.10) and (8.2.12) are duality relations, which hold if and only if v and
y� coincide with u and p�.

Remark 8.6.We observe that for nonlinear problems, it is natural to perform error
control with the help of special functionals ˆ. For linear problems, these functionals
coincide with the standard energy norms.

Example. As an example, we apply (8.2.8) to the reaction-diffusion equation with
mixed Dirichlet–Robin boundary conditions. It can be represented as the variational
problem

inf
w2V0

J.v;rv/

for the functional

J.v;rv/ D
Z

�

�1

2
jrvj2 C ı

2
jvj2

�

dx C
Z

�2

�˛

2
jvj2 � gv

�

ds;

where ı and ˛ are positive real numbers and V0 is a subspace of H 1.�/, which con-
tains functions vanishing at �1.
It is not difficult to show that the minimizer u of this variational problem satisfies

the relations

��uC ıu D 0 in �;

u D 0 on �1;

@u

@n
C ˛u � g D 0 on �2:

On �2 the solution satisfies the so-called Robin boundary condition. An a posteriori
estimate for this problem follows from (8.2.8) if ƒ is associated with the operator rv
and the functionals G and F are defined by the relations

G.ƒw/ D
Z

�

1

2
jrvj2 dx;

F.v/ D
Z

�

ı

2
jvj2 dx C

Z

�2

.
˛

2
jvj2 � gv/ ds:
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In the case considered, Y and Y � are identified with L2.�;Rd /,

˝

y�; y
˛ WD

Z

�

y� � y dx;

G�.�y�/ D sup
y

Z

�

.�y� � y � 1
2
jyj2/ dx D

Z

�

1

2
jy�j2 dx:

By the integration-by-parts formula
Z

�

y� � rv dx D
Z

�

�divy�v dx C
Z

�2

.y�n/v ds; 8v 2 V0;

we conclude that ƒ�y� should be understood as f�divy� j�; y� � n j�2g and
˝

ƒ�y�; v
˛ D

Z

�

�divy�v dx C
Z

�2

.y� � n/v ds;

provided that y� possesses necessary regularity. By a direct substitution, we find that

G.ƒv/CG�.�y�/C ˝y�; ƒv
˛ D

Z

�

�1

2
jrvj2 C 1

2
jy�j2 Crv � y�� dx

and

F �.ƒ�y�/ D sup
v2V0

n

Z

�

.�div y�/v dx C
Z

�2

.y� � n/v ds � F.v/
o

D sup
v2V0

n

Z

�

.�div y�/v dx C
Z

�2

.y� � n/v ds �
Z

�

ı

2
jvj2 dx

�
Z

�2

�˛

2
jvj2 � gv

�

ds
o

� sup
v2L2.�/

Z

�

�

.�divy�/v � ı
2
jvj2

�

dx

C sup
�2L2.�2/

Z

�2

�

.y� � n/� � ˛
2
j�j2 C g�

�

ds

D
Z

�

1

2ı
jdivy�j2 dx C

Z

�2

1

2˛
jy� � nC gj2ds:

From the above relations, we conclude that

F.v/C F �.ƒ�y�/ � ˝ƒ�y�; v
˛

�
Z

�

1

2ı
.divy� C ıv/2 dx C

Z

�2

1

2˛
jy� � nC g � ˛vj2 ds; (8.2.13)
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and

G.ƒv/CG�.�y�/C ˝y�; ƒv
˛ D

Z

�

1

2
jrv C y�j2 dx; (8.2.14)

which yields both terms of the error majorant. It is easy to see that they vanishes if and
only if

divy� C ıv D 0 in �; (8.2.15)

y� � nC g � ˛v D 0 on �2; (8.2.16)

y� D �rv in �: (8.2.17)

Since v D 0 on �N , the relations (8.2.15)–(8.2.17) mean that v coincides with the
exact solution u and y� coincides with p�.

8.3 General elliptic problem. Nonvariational method

In this section, we derive an upper bound of the error from the variational inequality
associated with the problem (8.2.1). The method applied is a generalization of that
was used in Section 8.1.2 for variational inequalities with nondifferentiable terms.
For the sake of simplicity, we assume that G is Gâteaux differentiable. Then, the
variational inequality follows from the variational statement with the help of well-
known arguments. Indeed, set w D u C 
.v � u/ where v 2 u0 C V0 and 
 is a
positive number. Then w 2 u0 C V0 and we have

J.w;ƒw/ � J.u;ƒu/ D G.ƒw/C F.w/ �G.ƒu/ � F.u/ � 0: (8.3.1)

Since

F.w/ � F.u/ D F.uC 
.v � u// � F.u/ � 
.F.v/ � F.u//;

we rewrite (8.3.1) in the form

1



.G .ƒ.uC 
.v � u/// �G.ƒu//C F.v/ � F.u/ � 0; 8v 2 u0 C V0:

Let 
! 0, then we arrive at the inequality

hhG0.ƒu/;ƒ.v � u/ii C F.v/ � F.u/ � 0: (8.3.2)

From (8.3.2), it follows that

hhG0.ƒu/ �G0.ƒv/;ƒ.v � u/ii C F.v/ � F.u/ � hhG0.ƒv/;ƒ.u � v/ii; (8.3.3)



192 Chapter 8 Nonlinear problems

which is equivalent to

‡.ƒ.v � u// WD hhG0.ƒv/ �G0.ƒu/;ƒ.v � u/ii
� F.v/ � F.u/C hhG0.ƒv/;ƒ.v � u/ii
� ˝��; v � u˛C hhG0.ƒv/;ƒ.v � u/ii
� hhG0.ƒv/ � y�; ƒ.v � u/ii C ˝ƒ�y� C ��; v � u˛ ; (8.3.4)

where �� is an element of the set @F.v/ and y� is a function in Y �.
Since G is a convex functional, its derivative is a monotone operator. Therefore, the

quantity ‡.ƒ.v�u// WD hhG0.ƒv/�G0.ƒu/;ƒ.v�u/ii is nonnegative and provides
a certain measure of the error.
We can deduce computable bounds of errors by one of the methods discussed below.

The first method. Note that

hhG0.ƒv/ � y�; ƒ.v � u/ii � kG0.ƒv/ � y�kY �kƒ.v � u/kY (8.3.5)

and
˝

ƒ�y� C ��; v � u˛ � kƒ�y� C ��kV �kv � ukV : (8.3.6)

In view of (8.2.2),

ku � vkV � ckƒ.v � u/kY ; (8.3.7)

and we obtain the estimate

�.ƒ.v � u// � kG0.ƒv/ � y�kY � C ckƒ�y� C ��kV � ; (8.3.8)

where

�.ƒ.v � u// WD ‡.ƒ.v � u//
kƒ.v � u/kY

is a nonnegative error functional. The second norm on the right-hand side of (8.3.8) is
a norm of the space topologically dual to V , which may be incomputable. Therefore,
it is desirable to represent the estimate in a somewhat different form. One can make
this if the second product in (8.3.4) is estimated by the inequality

˝

ƒ�y� C ��; v � u˛ � kƒ�y� C ��kU�kv � ukU ; (8.3.9)

where U and U � is a pair of dual spaces the norms of which are defined by ex-
plicitly computable integrals (e.g., Lp and Lp

0
with indices satisfying the condition

1=p C 1=p0 D 1), V is continuously embedded in U , and
kwkU � CUV kwkV ; 8w 2 V; (8.3.10)
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where CUV does not depend on w. Then, there exists a constant C (which is less than
CUV c) such that

kwkU � CkƒwkY ; 8w 2 V0; (8.3.11)

and (8.3.8) is replaced by

�.ƒ.v � u// �M II.v; y
�/ WD kG0.ƒv/ � y�kY � C Ckƒ�y� C ��kU� : (8.3.12)

It is easy to note that the right-hand side of (8.3.12) vanishes if and only if

y� D G0.ƒv/ and �ƒ�y� 2 @F.v/;

which is equivalent to (8.2.10) and (8.2.12).
Assume that G is a differentiable functional. Then

G.y1 C y2 � y1
2

/ � G.y1/C 1

2
hhG0.y1/; y2 � y1ii;

1
2
hhG0.y2/; y2 � y1ii � 1

2
G.y2/ � 1

2
G.y1/;

and we find that

1
2
hhG0.y2/ �G0.y1/; y2 � y1ii � 1

2
G.y2/C 1

2
G.y1/ �G

�y1 C y2
2

�

: (8.3.13)

In view of (8.2.5), we have

hhG0.y2/ �G0.y1/; y2 � y1ii � 2ˆı
�y2 � y1

2

�

(8.3.14)

for y1; y2 2 Bı . By (8.3.14), we conclude that

�.ƒ.v � u// � 2ˆı
�ƒ.v�u/

2

�

kƒ.v � u/kY : (8.3.15)

Thus, properties of the error functional in (8.3.12) are determined by properties of the
forcing functional.

Remark 8.7. If G does not have the Gâteaux derivative at a certain point, then the
above relation holds, provided that it is replaced by an element of the corresponding
subdifferential set @G.ƒv/.

Remark 8.8. In addition to ˆı and ‡ , errors can be estimated in terms of the quantity

DG.ƒv; p
�/ D G.ƒv/CG�.p�/ � hhp�; ƒvii;



194 Chapter 8 Nonlinear problems

which is a certain measure of that how accuratelyƒv reproduces p� D ƒu. Relations
between the error measuresˆı.ƒ.v�u//, ‡.ƒ.v�u//, andDG.ƒv; p�/ were stud-
ied in [244, 286, 298] (also, see comments and references in Section 8.4.1 related to
properties ofDG.ƒv; p�/). In particular, it is easy to see that

DG.ƒv; p
�/ D G.ƒv/CG�.p�/ � hhp�; ƒvii
� hhG0.ƒv/;ƒ.v � u/ii CG.ƒu/CG�.p�/ � hhG0.ƒu/;ƒvii
D hhG0.ƒv/;ƒ.v � u/ii C hhG0.ƒu/;ƒuii � hhG0.ƒu/;ƒvii
D ‡.ƒ.v � u//:

The second method. Let ' W R ! R be a nonnegative function and '� be the
Fenchel conjugate to '. We derive another estimate from (8.3.4), using the following
arguments. Take a number ˛ > 0 and apply Young’s inequality to the first term on the
right-hand side of (8.3.4). We have

hhG0.ƒv/ � y�; ƒ.v � u/ii

� ˛ kƒ.v � u/kY












G0.ƒv/ � y�
˛













Y �

� ˛' .kƒ.v � u/kY /C ˛��
�













G0.ƒv/ � y�
˛













Y �

�

: (8.3.16)

Analogously, let  and  � be another pair of nonnegative functions, where  � is
conjugate to  . Take ˇ > 0 and apply Young’s inequality to the second term in
(8.3.4). With the help of (8.3.11) we find that

˝

ƒ�y�C ��; v�u˛ � ˇ












ƒ�y�C ��
ˇ













V �
ckƒ.v�u/kY

� ˇc .kƒ.v�u/kY /Cˇc �
�













ƒ�y�C ��
ˇ













V �

�

: (8.3.17)

By (8.3.4), (8.3.16), and (8.3.17), we deduce the estimate

‡˛ˇ .ƒ.v � u//

� ˛'�
�













G0.ƒv/ � y�
˛













Y �

�

C ˇc  �
�













ƒ�y� C ��
ˇ













V �

�

; (8.3.18)

where

‡˛ˇ .ƒ.v � u// WD ‡.ƒ.v � u// � ˛' .kƒ.v � u/kY / � ˇc .kƒ.v � u/kY / ;
and it is assumed that ˛, ˇ, �, and  are selected in such a way that ‡˛ˇ is a nonneg-
ative functional.
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If (8.3.9) holds, then we obtain

‡˛ˇ .ƒ.v � u// � ˛'�
�













G0.ƒv/ � y�
˛













Y �

�

C ˇC �
�













ƒ�y� C ��
ˇ













U�

�

DWM III.v; y
�I˛; ˇ/: (8.3.19)

Let the functional ‡ satisfy the relation

‡.ƒ.v � u// � 2� .kƒ.v � u/kY / ; (8.3.20)

where � is a nonnegative increasing function of the energy norm. Then,

‡˛ˇ .kƒ.v � u/kY / � .2 � ˛ � ˇ/�.kƒ.v � u/kY /;

and it is natural to set ' D  D �. In this case, (8.3.19) has the form

.2 � ˛ � ˇ/�.kƒ.v � u/kY /

� ˛��
�













G0.ƒv/ � y�
˛













Y �

�

C ˇC��
�













ƒ�y� C ��
ˇ













U�

�

: (8.3.21)

Particular case. We show that for the linear diffusion problem, the general estimates
given above lead to well-known estimates established in Chapter 4 for the problem:
Find u 2 V0 D VH 1.�/ such that

a.u;w/ D .f; w/U ; 8w 2 V0:

In this case,

ƒv D rv; G.v/ D 1

2
a.v; v/; and F.v/ D

Z

�

f v dx;

where f 2 U D U � D L2.�/. Then

G0.v/ D Arv; ‡.ƒ.v � u// D jkr.u � v/jk2;
ƒ�y� D divy�; ƒ�y� C �� D divy� C f;

and (8.3.8) gives the estimate

jkr.u � v/jk � jky� � Arvjk� C Ckdivy� C f k: (8.3.22)

Now, we derive this estimate with the help of (8.3.20). Note that (cf. (8.3.20))

‡.r.v � u// D 2�.kr.v � u/k/;
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where �.t/ D 1
2
t2. By (8.3.21), we have

˛��
�













G0.ƒv/ � y�
˛













Y �

�

D 1

2˛
jky� � Arvjk2�;

ˇC��
�













ƒ�y� C ��
ˇ













U

�

D C 1

2ˇ





divy� C f 

2 ;

and (8.3.21) implies the estimate

.2 � ˛ � ˇ/jkr.v � u/jk2 � 1

˛
jky� � Arvjk2� C

C

ˇ





divy� C f 

2 : (8.3.23)

Set ˛ D 1
1C� and ˇ D �

1C� , where 	 > 0. Then ˛ C ˇ D 1, and we arrive at the
estimate

jkr.v � u/jk2 � .1C 	/jky� � Arvjk2� C C
1C 	
	





divy� C f 

2 ; (8.3.24)

which is a special form of (4.1.14).

8.4 A posteriori estimates for special classes of nonlinear
elliptic problems

8.4.1 ˛-Laplacian

Let ˛ be a real number greater than 1, and let ˛� D ˛
˛�1 be the corresponding conju-

gate number. Consider the problem: Find u 2 V WD W 1;˛.�/ such that u D u0 on �
and

div
�jruj˛�2ru�C f D 0 in �: (8.4.1)

The weak statement of the problem is given by the integral identity
Z

�

�jruj˛�2ru � rw � f w� dx D 0; 8 w 2 V0; (8.4.2)

where f is assumed to be of class L˛
�
.�/, V0 is the subspace of V formed by the

functions vanishing at the boundary.

Variational method. By the variational method, a posteriori estimates were derived
in [278, 61]. In this analysis, we rest upon the minimization problem P

inf
w2u0CV0

J˛.w/; J˛.w/ WD
Z

�

� 1

˛
jrwj˛ � f w

�

dx: (8.4.3)
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As usual, by u0CV0 we denote the subspace of V containing functionsw D u0Cw0,
where w0 2 V0 and u0 is a given function in V . The existence and uniqueness of a
minimizer follow from the strict convexity of J˛. In the variational method, we need to
consider the dual variational problem. For this purpose, we introduce the Lagrangian

L.v; y�/ WD
Z

�

�

rv � y� � 1

˛� jy�j˛� � f v
�

dx

and note that

J˛.v/ D sup
y�2Y �

L.v; y/:

The dual variational functional is defined by the relation

I �̨
�.y

�/ WD inf
v2u0CV0

L.v; y�/

and has the form

I �̨
�.y

�/ WD
8

<

:

Z

�

�

ru0 � y� � 1

˛� jy�j˛� � f u0
�

dx if y� 2 Q�
f
;

�1 if y� … Q�
f
;

where

Q�
f WD

n

y� 2 Y � j
Z

�

y� � rw dx D
Z

�

f w dx; 8w 2 V0
o

and Y � WD L˛
�
.�IRd /. The dual problem P

� associated with the primal problem
(8.4.3) is as follows: Find p� 2 Y � such that P �

I �̨
�.p

�/ D sup
y�2Y �

I �̨
�.y

�/: (8.4.4)

Theorem 8.9. The problemsP and P
� have unique solutions u and p� , respectively;

J˛.u/ D I˛�.p�/; (8.4.5)

p� D jruj˛�2ru a.e. in �; (8.4.6)

ru D jp�j˛��2p� a.e. in �: (8.4.7)

The proof of Theorem 8.9 follows from well-known results of convex analysis (e.g.,
see I. Ekeland and R. Themam [121]). If ˛ D 2, then we arrive at the quadratic
functional, which generates a linear elliptic equation. Properties of problems related
to the superquadratic (˛ > 2) and subquadratic (˛ 2 .1; 2/) cases are rather different.
For this reason, we discuss them separately.
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Estimates for problems with superquadratic growth. Variational problems with
superquadratic growth were among the first studied in the context of the variational
approach to a posteriori error estimation (see [278]). For ˛ 2 .1;C1/, computable
upper bounds of the error were derived in M. Bildhauer and S. Repin [61]. These
results are based on the uniform convexity of J˛ (see S. Sobolev [336] and P. Mosolov
and V. Myasnikov [239]). For ˛ � 2, the uniform convexity follows from the first
Clarkson’s inequality

Z

�

�

ˇ

ˇ

ˇ

y1 C y2
2

ˇ

ˇ

ˇ

˛ C
ˇ

ˇ

ˇ

y1 � y2
2

ˇ

ˇ

ˇ

˛�

dx � 1

2
ky1k˛˛;� C

1

2
ky2k˛˛;�; 8y1; y2 2 Y:

(8.4.8)

Theorem 8.10. For any v 2 u0 C V0, the following estimate holds:

kr.v � u/k˛˛;� � ˛2˛�1 �I˛.v/ � I �̨.q�/
�

; 8q� 2 Q�
f : (8.4.9)

Proof. We use (8.4.8). Setting y1 D ru and y2 D rv, we obtain
Z

�

jr.v � u/j˛dx � 2˛�1
�

Z

�

jrvj˛dx C
Z

�

jruj˛dx � 2
Z

�

ˇ

ˇ

ˇ

ˇ

r.uC v/
2

ˇ

ˇ

ˇ

ˇ

˛

dx

�

D ˛2˛�1
�

I˛.v/C I˛.u/ � 2I˛
�

uC v
2

��

� ˛2˛�1 .I˛.v/ � I˛.u// ;

By (8.4.5), we conclude that

I˛.u/ � I �̨.q�/; 8q� 2 Q�
f ;

which leads to (8.4.9).

Remark 8.11.We note that (8.4.9) can be viewed as a generalized form of (2.3.1)
related to variational problems with power growth.

In [61], the difference I˛.v/ � I �̨
�.q

�/ was analyzed and rearranged into a com-
putable form.

Theorem 8.12. Let ˛ � 2 and v 2 u0 C V0. For any function y� 2 Y � that has
divergence summable with power ˛� and for any real number ˇ > 0,

1

˛2˛�1 kr.v � u/k˛˛;� �M ˛.v; y
�; ˇ/ WDM1.v; y

�; ˇ/CM2.y
�; ˇ/; (8.4.10)
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where

M1.rv; y�; ˇ/ D D˛.rv; y�/C ˇ˛

˛
kjy�j˛��2y� � rvk˛˛;�;

M2.y
�; ˇ/ D C ˛�

˛F

� 1

˛�ˇ˛� C 22�˛�
.3 � ˛�/

�

kf C divy�k˛�

˛�;�;

C˛F is the constant in the Friedrichs type inequality

kwk˛;� � C˛F krwk˛;�;
and the functionalD˛: Y � Y � ! R

C
0 is defined by the relation

D˛.y; y
�/ WD

Z

�

� 1

˛
jyj˛ C 1

˛� jy�j˛� � y � y�� dx:

It is easy to see that the right-hand side of (8.4.10) vanishes if and only if the rela-
tions

jy�j˛��2y� D rv; (8.4.11)

divy� C f D 0 (8.4.12)

hold almost everywhere in �. Since the solution of the problem (8.4.3) is unique, the
relations (8.4.11) and (8.4.12) are equivalent to the fact that v D u and y� D p�. The
functional D˛ can be viewed as a certain measure of the error in the duality relations
(8.4.6) and (8.4.7). Indeed, this functional is nonnegative and vanishes if and only if
(cf. Proposition 1.2)

y D jy�j˛��2y� and y� D jyj˛�2y:

The second term ofM1 possesses the same properties. Therefore,M1 is a measure of
the error in the duality relations. The term M2.y

�; ˇ/ penalizes the violation of the
relation divy� C f D 0.

Comments. It should be noted that we cannot prove that there always exist y� and
ˇ such that the right-hand side of (8.4.10) coincides with the left-hand one. How-
ever, such a property may hold for some special quantities introduced to character-
ize the accuracy of an approximate solution (this question is discussed in [61, 244,
282, 286, 298] and some other publications). For example, instead of the L˛-norm of
r.v � u/ we can take a special measure of the error defined by the compound func-
tionalDG.rv; p�/, which in our case has the form

D˛.rv; p�/ D
Z

�

� 1

˛
jrvj˛ C 1

˛� jp�j˛� � rv � p�� dx D J˛.v/ � I˛�.p�/

D J˛.v/ � J˛.u/:
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The majorant M ˛ is deduced as an upper bound of J˛.v/ � I˛�.p�/ and, therefore,
provides an upper estimate for D˛.rv; p�/. It is easy to see that for y� D p�, the
term M2.y

�; ˇ/ vanishes and M1.v; y
�; ˇ/ coincides with D˛.rv; p�/. The latter

quantity is a nonnegative functional, which can be regarded as a certain measure of the
error. In terms of such a measure, the majorant M ˛ is sharp. Similar results hold for
other nonlinear problems (see above-cited publications).
If ˛ D 2, then the quantity

d˛.v/ WD D2.rv; p�/

coincides with 1
2
kr.v�u/k22;� and gives a natural energy norm of the error. If ˛ 6D 2,

then d˛.v/ is not a norm. Nevertheless,

d˛.v/ WD D˛.rv; p�/ � 0;

and d˛.v/ D 0 if and only if
rv D jp�j˛��2p� D ru a:e: in �:

In some cases, d˛.v/ can be regarded as a certain weighted norm of the deviation from
the exact solution. For example, for ˛ D 3, we have

d3.v/ � 1

3

Z

�

.jrvj C 2jruj/jr.v � u/j2 dx:

However, in some cases it is important to get realistic error bounds in terms of the
energy norm. In general, this is a more complicated task. We shortly discuss it in
Section 8.5.

Estimates for problems with subquadratic growth. For ˛ < 2, it is more conve-
nient to derive a posteriori estimates within the framework of Problem .P /�. In this
case, ˛� > 2 and the dual functional

� � I �̨
�

�

.y�/ D
Z

�

�

� ru0 � y� C 1

˛� jy�j˛� C f u0
�

dx

is uniformly convex on Y �. Therefore, for any q�
1 and q

�
2 2 Q�

f
we apply Clarkson’s

inequality and obtain

��I �̨
�

�

 

q�
1 C q�

2

2

!

C
Z

�

 

q�
1 � q�

2

2

!˛�

dx � 1

2

�

��I �̨
�

�

.q�
1 /C

��I �̨
�

�

.q�
2 /
�

;

which allows us to derive an upper bound of kp� � y�k˛�;�, where y� is an approxi-
mate one. The assertion below is an analog of Theorem 8.12 for the case ˛� > 2.
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Theorem 8.13. For any function v 2 u0 C V0, any vector-valued function y� 2 Y �
such that divy� is summable with power ˛�, and any ˇ > 0, the following estimate
holds:

kp� � y�k˛�

˛�;� �M ˛�.v; y�; ˇ/ WDM1.v; y
�; ˇ/CM2.y

�; ˇ/: (8.4.13)

HereM1.v; y
�; ˇ/ D 2˛��2

�

D˛.rv; y�/C ˇ
2
kjy�j˛��2y� � rvk2˛;�

�

;

M2.y
�; ˇ/ D 2˛��2

� 1

2ˇ
.r.y�//2

C .˛� � 1/��
�

�ky�k˛��2
˛�;� C .r.y�//˛��2�.r.y�//2

�

C 2¯.r.y�//ff� ;

� D 2˛��2, and r.y�/ is defined by the relation r.y�/ WD C˛F kf C divy�k˛�;�.

The reader interested in a more detailed discussion of functional a posteriori esti-
mates for variational problems with power growth functionals is referred to [61, 57,
139, 244, 278].

8.4.2 Problems with nonlinear boundary conditions

Boundary conditions in general form. In many cases, the commonly used Dirich-
let or Neumann boundary conditions cannot properly describe the behavior of a model
and should be replaced by more sophisticated conditions that reflect real physical situa-
tions. Typical examples are presented by problems with unilateral boundary conditions
and friction (e.g., see G. Duvaut and G.-L. Lions [120] and P. Panagiotopoulos [259]).
The corresponding boundary value problems are formulated as variational inequali-
ties and can be solved by known numerical methods (e.g., see R. Glowinski [153] and
R. Glowinski, J.-L. Lions, and R. Trémolierès [155]).
We study the case of nonlinear boundary conditions with the paradigm of the prob-

lem

divAruC f D 0 in �; (8.4.14)

where A satisfies (4.1.4) and

u.x/ D u0.x/; x 2 �1; (8.4.15)

�Aru � n.x/ 2 @j.u.x//; x 2 �2: (8.4.16)

Henceforth, we assume that f 2 L2.�/, u0 2 H 1.�/, and the boundary � consists
of two disjoint measurable parts �1 and �2. Also, we assume that it is piecewise
smooth, so that one can uniquely define the unit outward normal at almost all points
of � . By u;n we denote the normal derivative of u and j W R

d ! R is a convex
lower semicontinuous functional, which determines the so-called boundary dissipative
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potential (e.g., see [259]). The relation (8.4.16) is the general form of a wide spectrum
of boundary conditions. Similar relations are often used in continuum mechanics if it
is necessary to model unilateral boundary contact or contact with friction. In this case,
boundary conditions are represented in the form

��n.x/ 2 @j.u.x//; x 2 �2; (8.4.17)

where � is the stress tensor and u is the displacement. Problem (8.4.12)–(8.4.15) is a
simplified version of the elasticity model, in which u is a scalar-valued function and
(8.4.17) is replaced by (8.4.14). However, from the mathematical point of view these
two problems are quite similar.
We recall that any v 2 V D H1.�;Rd / has a trace on � denoted by �v (cf.

(1.4.18) and (1.4.19)), where � 2 L
�

H 1.�/;H 1=2.�/
�

is the trace operator. In the
preceding sections, the operator � was omitted in the formulas associated with bound-
ary relations. In this section, we keep it in explicit form. Let V stand for H 1.�/

and

V0 WD fv 2 V j �v D 0 a:e: on �1g ;
which is a subspace of V . The set �.V0/ is denoted by T (it is a subspace ofH 1=2.�/).
The corresponding dual space T� contains traces (on �2) of the functions from the
spaceH.�; div/. Indeed, for any smooth y� and any v 2 V0, we have the relation

Z

�2

.y�
n/ v ds D

Z

�

.y� � rv C .divy�/v/ dx; (8.4.18)

where y�
n WD y� � n. For any y� 2 H.�; div/, the right-hand side of this identity is a

linear continuous functional `y� W V0 ! R satisfying the relations

`y�.v/ D 0; 8v 2 VH 1.�/; (8.4.19)
ˇ

ˇ`y�.v/
ˇ

ˇ � c�




y�




div k�vkH1=2;� : (8.4.20)

In fact, `y� is a linear continuous mapping defined on a factor space of V0 two elements
of which are considered as different only if they have different traces on � . Indeed,
`y�.v1/ D `y�.v2/ if v1; v2 2 V0 and �v1 D �v2 on � . For this reason, `y� can be
identified with a certain element in T�, which we denote by ��y�

n and call the normal
trace of y� on �2. The value of the functional 
� 2 T� on 
 2 T is denoted by
h
�; 
i�2 . Then, (8.4.18) has the form

h��y�
n ; �vi�2 D

Z

�

.y� � rv C divy� � v/ dx: (8.4.21)

The norm of ��y�
n is defined by the standard relation





��y�
n







T� WD sup
v2V0

h��y�
n ; �vi�2
k�vkT

D sup
v2V0

R

� .y
� � rv C divy� � v/ dx

k�vkT
: (8.4.22)

In view of (8.4.22),




��y�
n







T� � c�




y�




div : (8.4.23)
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Conjugate functionals defined on spaces of traces. For any 
 2 T we define the
functional

J.
/ WD
Z

�2

j.
/ ds:

We assume that the integrand j W Rd ! R
d is a nonnegative, continuous, and convex

functional such that j.0/ D 0 and dom j WD fp 2 R
d j j.p/ < C1g 6D ;; so that j

belongs to the class of so-called proper convex functionals.
In this case, the functional J.
/ is also nonnegative, convex, and lower semicontin-

uous on T. Since � is a bounded linear operator, the functional J.�v/ also possesses
the above properties as a functional on V0.
By definition, @J.v/ contains elements 
� 2 T such that

J.v C w/ � J.v/ � h
�; wi�2 ; 8w 2 V0; (8.4.24)

and

J�.
�/ WD sup
�2T

˚h
�; 
i�2 � J.
/
�

is the functional conjugate to the functional J.
By recalling (8.4.21), we find that

J�.��y�
n/ D sup

w2V0

	

Z

�

�

y� � rw C divy� � w� dx � J. �w/

�

and define the compound functional

D�2
.�v; ��y�

n/ WD J.�v/C J�.�y�
n/ � h�v; �y�

ni�2
generated by traces on �2. It is easy to see that

D�2
.�v; ��y�

n/ WD sup
w2V0

�

Z

�

�

y� � r.w � v/C divy� � .w � v/� dx

C
Z

�2

.j.�v/ � j.�w// ds
�

� 0:

Moreover, if D�2
.�v; ��y�

n/ D 0; then (see Proposition 1.2) ��y�
n 2 @J.�v/. If y�

n is
sufficiently regular (e.g., ��y�

n 2 L2.�2;Rd /), then J� has an explicit form

J�.��y�
n/ D

Z

�2

j �.��y�
n/ ds;

where j �.
�/ D sup�2Rd f
� � 
 � j.
/g.
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Variational inequality. Now we can state the problem as a variational inequality:
Find u 2 u0 C V0 such that

a.u;w � u/C J.w/ � J.u/ �
Z

�

f .w � u/ dx (8.4.25)

holds for all w 2 u0CV0. This problem is equivalent to the variational problem: Find
u 2 u0 C V0 such that

J.u/ D inf
w2u0CV0

J.w/; J.w/ D 1

2
a.w;w/C J.w/ �

Z

�

f w dx: (8.4.26)

The functional J is strictly convex, continuous, and coercive on V , and the set u0CV0
is a convex closed subset of V . Therefore, the variational problem (8.4.25) is uniquely
solvable.
Assume that the function u is sufficiently regular (e.g., has first and second deriva-

tives in the classical sense). Then, from (8.4.24) it follows that
Z

�

.divAruC f /.w � u/ dx �
Z

�2

.j.w/ � j.u// ds C
Z

�2

Aru � n.w � u/ ds

for any w 2 u0 C V0. Set w D u on � . Then, this relation implies (8.4.14). Hence,
we find that

Z

�2

.j.w/ � j.u/C Aru � n/.w � u/ ds � 0; 8w 2 u0 C V0;

and we arrive at (8.4.16).
Estimates of the difference between the exact and approximate solutions to (8.4.25)

can be obtained by any of the two methods (variational and nonvariational).

A posteriori estimates. The nonvariational method. Let v 2 u0 C V0 be an ap-
proximation of u. We substitute it into (8.4.25) and rewrite in the form

a.u � v; v � u/C J.v/ � J.u/ �
Z

�

f .v � u/ dx � a.v; v � u/: (8.4.27)

By (8.4.24), we find that

a.u � v; u � v/ � h��; v � ui�2 C
Z

�

f .u � v/ dx C a.v; v � u/; (8.4.28)

where �� is an element of the set @J.v/. In view of (8.4.21),

h��y�
n ; �.v � u/i�2 D

Z

�

.y� � r.v � u/C divy� � .v � u// dx;
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and we rearrange the right-hand side of (8.4.28) as follows:

a.u � v; u � v/ � h�� C ��y�
n ; �.v � u/i�2 C

Z

�

.divy� C f /.u � v/ dx

C
Z

�

.Arv � y�/ � r.u � v/ dx: (8.4.29)

Now we recall that (cf. (8.4.22) and (4.1.9))

h�� C ��y�
n ; �.v � u/i�2 �





�� C ��y�
n







T� k�.v � u/kT
� CT�2





�� C ��y�
n







T� kr.u � v/k:
By this relation, we obtain

jkr.u� v/jk � jkArv� yjk�C
1

c1

�

CF�kdivy�C f kC 

��C ��y�
n







T�

�

: (8.4.30)

This estimate yields the general form of the upper bound.
Assume that the boundary potential is sufficiently regular, so that we can write

J.v/ � J.u/ D
Z

�2

.j.v/ � j.u// ds �
Z

�2

�.v � u/ �� ds; (8.4.31)

where �� (which is determined by @j.v/) can be identified with a square integrable
function defined on �2 (we assume that such an element exists). In addition, assume
that ��y�

n can be identified with a square integrable function defined on �2. Then,
(8.4.30) implies the estimate

jkr.u � v/jk � jkArv � yjk�
C 1

c1

�

CF �1kdivy� C f k C CT�2k�� C ��y�
nk�2

�

; (8.4.32)

where CF �1 and CT�2 are defined by (4.1.8) and (4.1.9). This estimate is a gener-
alization of (4.1.12). It shows that the error bound is represented as the sum of three
terms that penalize the relations

divy� C f D 0 in �; (8.4.33)

y� D Arv in �; (8.4.34)

���y�
n � @j.v/ on �2: (8.4.35)

A posteriori estimates. The variational method. Since the minimizer u to the
problem P satisfies (8.4.25), we find that

J.v/ � J.u/ D 1

2
a.v � u; v � u/C a.u; v � u/ � hf; v � ui C J.v/ � J.u/

� 1

2
a.v � u; v � u/; 8v 2 u0 C V0; (8.4.36)
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which implies the basic “deviation” estimate

1

2
jkr.u � v/jk2 � J.v/ � infP ; 8v 2 u0 C V0: (8.4.37)

The right-hand side of (8.4.37) can be estimated from above by a method similar to
that discussed in Section 3.1.
Let v be an arbitrary approximation in u0 C V0. Then, the first upper bound of the

error for problems with nonlinear boundary conditions is given by the estimate

1

2
jkr.u � v/jk2 � .1C ˇ/M1.v; y

�/CM2.�v; 

�/C 1C ˇ

ˇ
M3.y

�; 
�/; (8.4.38)

where y�, 
�, and ˇ are arbitrary elements of the sets L2.�;Md�d /, T�, and RC,
respectively. The functionalsM1,M2, andM3 are defined by the relations

M1.v; y
�/ D 1

2

Z

�

.Arv � rv C A�1y� � y� � 2rv � y�/ dx;

M2.�v; 

�/ D J.�v/C J�.
�/ � h
�; �vi�2 ;

M3.y
�; 
�/ D 1

2
inf

��2Q�
`	�

jk�� � y�jk2�;

where

Q�
`	�
WD
n

y� 2 L2.�;Md�d / j
Z

�

y� � rw dx D `��.w/; 8w 2 V0
o

;

and

`��.w/ WD
Z

�

f � w dx � h
�; �wi�2 :

The proof of (8.4.35) can be found in S. Repin and J. Valdman [319].
It is clear that the quantities M1, M2, and M3 are nonnegative. The quantity

M1.v; y
�/ vanishes if and only if v and y� satisfy the relation (8.4.34) and

M2.�v; 

�/ D 0 if and only if 
� 2 @J.�v/ on �2. Thus, M2 is a measure of the

error in the boundary condition (8.4.14) computed on �2 for the function �
� 2 T�
(which can be thought of as an image of the normal component of the flux) and the
trace of v . The quantityM3.y

�/ vanishes if and only if y� 2 Q�
`	�
, i.e., if

Z

�

y� � rw dx D
Z

�

f � w dx � h
�; �wi�2 ; 8w 2 V0:

Since
Z

�

y� � rw dx D h��y�
n ; �wi�2 �

Z

�

divy� � w dx;
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we conclude thatM3.y
�/ vanishes if and only if the equilibrium equation (8.4.33) and

the relation ��y�
n D � 
� hold (in a generalized sense).

Estimate (8.4.35) can be represented in a form, which is more convenient from the
practical point of view. Assume that


� 2 L2.�2/; y� 2 H.�; div/; and ��y�
n 2 L2.�2;Rd /: (8.4.39)

Then, the term M3 can be estimated from above by a directly computable quantity
(using the same arguments as in Lemmas 3.2 and 7.3) and we obtain

1
2
jkr.u � v/jk2 � .1C ˇ/M1.v; y

�/CM2.�v; 

�/C 1C ˇ

2c21ˇ

�

CF �1kr�.y�/k

C CT�2
Z

�2

.
� C ��y�
n/
2ds

�2
: (8.4.40)

Here ˇ > 0 and r�.y�/ WD divy� C f: We see that (8.4.40) has the same principal
structure as (8.4.38). The difference is that the functions y� and 
� are integrable func-
tions. As before, the majorant vanishes if and only if the relations (8.4.33)–(8.4.35)
hold.

Particular forms of (8.4.40) Estimate (8.4.40) has particular forms, which deserve
special comments.
1. The first form arises if we set


� D � ��y�
n ; (8.4.41)

i.e., if we define 
� (which is an image of the true boundary flux), using a known
approximation of the dual variable. In this case, the last integral on the right-hand side
of (8.4.40) vanishes, and we arrive at the estimate

1

2
jkr.u � v/jk2 � .1C ˇ/M1.v; y

�/CM2.�v; ��y�
n/

C 1C ˇ
2c21ˇ

C 2F �1kr�.y�/k2: (8.4.42)

2. Another option is to take 
� in accordance with the relation


� 2 @j.v/; (8.4.43)

i.e., define it using the approximation v. In this case, the second integral on the right-
hand side of (8.4.40) vanishes and we obtain

1

2
jkr.u � v/jk2 � .1C ˇ/M1.v; y

�/C 1C ˇ
2c21ˇ

�

C 2F �1kr�.y�/k2

C CT�2
Z

�2

.�� C ��y�
n/
2ds

�2
: (8.4.44)
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Note that M1.v; y
�/ D 1

2
jkArv � y�jk2�. Therefore, (8.4.44) is the squared form of

(8.4.32).
3. We can try to select 
� in the best possible way. For this purpose, we estimate

the last term of (8.4.40) by means of Young’s inequality. Then, we get the following
inequality, which involves a new positive constant ˛:

1
2
jkr.u � v/jk2 � .1C ˇ/M1.v; y

�/CM2.�v; 

�/

C 1
2

�

1C 1
ˇ

�

.1C ˛/C 2F �1kr�.y�/k2

C 1
2

�

1C 1
ˇ

�

�

1C 1
˛

�

C 2T�2

Z

�2

.
� C ��y�
n/
2 ds: (8.4.45)

We gather the terms related to �2 and denote them by

I�2.�v; �
�y�
n ; 


�/ D
Z

�2

�

j.�v/C j �.
�/� 
� � �vC �
2

ˇ

ˇ��y�
n C 
�ˇ

ˇ

2 �
ds; (8.4.46)

where � D
�

1C 1
ˇ

�

�

1C 1
˛

�

C 2T�2 .

To minimize the right-hand side of (8.4.46), we need to minimize I�2 with respect
to 
�, i.e., to solve the problem

inf
��2L2.�2/

�

j �.
�/C �

2
j
�j2 � 
�

�v C 
�
��y�

n

�

:

Under the assumptions made, the corresponding minimum has the form

M�2.�v; �
�y�
n ; �/ WD

Z

�2

�

j.�v/C �

2

ˇ

ˇ��y�
n

ˇ

ˇ

2 � �.�v � ���y�
n/

�

ds;

where � W Rd ! R is the function conjugate to j �.
�/C �
2

�2. Now, we find that

1
2
jkr.u � v/jk2 � .1C ˇ/M1.v; y

�/CM�2.�v; �
�y�
n ; �/

C 1
2

�

1C 1
ˇ

�

.1C ˛/C 2F �1kr�.y�/k2: (8.4.47)

Neumann type boundary condition. The boundary condition of this type corre-
sponds to the case

J.
/ WD h��; 
i�2 ; (8.4.48)

where �� 2 T�. In particular, if �� is associated with a function �F 2 L2.�2/, then

j.�u/ D �F � �u; @j.�u/ D �F;
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and (8.4.48) is the Neumann boundary condition

�.n � p�/ D F a: e: on �2: (8.4.49)

Since

J.
/ D �
Z

�2

F � 
 ds

and

J�.
�/ D
	

0 if 
� D �F a:e: on�2;
C1 otherwise;

we find that

I�2.�v; �
�y�
n ; 


�/ D
Z

�2

�

�F � �v C 0C F � �v C �
2

ˇ

ˇ��y�
n � F

ˇ

ˇ

2
�

ds

D �
2

Z

�2

ˇ

ˇ��y�
n � F

ˇ

ˇ

2
ds:

Hence, (8.4.47) has the form

jkr.u � v/jk2 � .1C ˇ/2M1.v; y
�/C

�

1C 1
ˇ

�

.1C ˛/C 2F �1r�2.y�/

C
�

1C 1
ˇ

�

�

1C 1
˛

�

C 2T�2

Z

�2

ˇ

ˇ��y�
n � F

ˇ

ˇ

2
ds: (8.4.50)

The minimization of the right-hand side with respect to ˛ leads to the estimate

jkr.u � v/jk2 � .1C ˇ/jkArv � y�jk2�
C
�

1C 1
ˇ

�

�

CF �1kr�.y�/k C CT�2k��y�
n � F k�2

�2
; (8.4.51)

which is the squared form of (4.1.12).

Friction type boundary condition. In this case,

j.�v/ D �j�vj; J.
/ D �
Z

�2

�j
j ds; � > 0; (8.4.52)

and

j �.
�/ D
	

0 if j
�j � �;

C1 otherwise:
(8.4.53)

It is easy to see that

@j.
/ D
8

<

:

C� if 
 > 0;
t 2 Œ��;C�� if 
 D 0;
�� if 
 < 0:
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Therefore, if jp� � nj < �, then (cf. (8.4.16)) implies �v D 0; �v can take nonzero
values are only if jp� � nj attains limit values stated by the constant �.s
Set 
� D � ��y�

n and impose the condition j��y�
n j � �. Then,

M2.�v;���y�
n/ D

Z

�2

�

�j�vj C .��y�
n/.�v/

�

ds; (8.4.54)

provided that ��y�
n is a square integrable function on �2. Now the estimate (8.4.45)

takes the form

1
2
jkr.u � v/jk2 � .1C ˇ/M1.v; y

�/C
Z

�2

�

�j�vj C .��y�
n/.�v/

�

ds

C 1
2

�

1C 1
ˇ

�

.1C ˛/C 2F �1r�2.y�/; (8.4.55)

where j��y�
n j � �.

Assume that the right-hand side of (8.4.55) is zero. Then

y� D Arv in �; (8.4.56)

divy� C f D 0 in �; (8.4.57)

�j�vj C .��y�
n/.�v/ D 0 on �2: (8.4.58)

We note that the last relation models boundary conditions of the friction type. Indeed,
if j��y�

n j < �, then (8.4.58) means that �v D 0. If ��y�
n D �, then from (8.4.58) it

follows that �v < 0. If ��y�
n D �� then (8.4.58) implies �v > 0.

Winkler type boundary condition. Set

j.v/ D 1

2
� jvj2 ; (8.4.59)

where � and is a positive constant. This relation can be viewed as a simplified variant of
the Winkler’s boundary condition widely used in solid mechanics. In this condition, on
�2 a body is connected with an elastic foundation, which provides a certain response
to the boundary deflections (such a condition can be modeled by a large amount of
springs connected with �2). In view of (8.4.59), we have

���p�
n D �.�u/ on �2 (8.4.60)

and

j �.
�/ D sup
�2Rd

	


� � 
 � 1
2
� j
j2

�

D 1

2�

ˇ

ˇ
�ˇ
ˇ

2
: (8.4.61)

Consider the quantity

I�2 D
1

2

Z

�2

.� j�vj2 C 1

�

ˇ

ˇ
�ˇ
ˇ

2 � 2
� � �v C � ˇˇ��y�
n C 
�ˇ

ˇ

2
/ ds:
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The minimization of this quantity over 
� leads to the condition
�

1

�
C �

�


� D �v � ���y�
n ) 
� D �.�v � ���y�

n/

1C �� :

This gives a simple expression for I�2 :

I�2 D
1

2

Z

�2

�

1C �� .�.�v/C ��y�
n/
2 ds:

By (8.4.36), we obtain the estimate

jkr.u � v/jk2 � .1C ˇ/2M1.v; y
�/C

Z

�2

�

1C �� .�.�v/C ��y�
n/
2 ds

C
�

1C 1
ˇ

�

.1C ˛/C 21 r�2.y�/: (8.4.62)

If � D 0 (i.e., if we consider homogeneous Neumann boundary condition), then the
second term on the right-hand side of (8.4.62) has the form

�

1C 1
ˇ

�

�

1C 1
˛

�

C 2T�2

Z

�2

.��y�
n/
2 ds

and (8.4.62) gives the same estimate as (8.4.50) (with F D 0).

8.4.3 Generalized Newtonian fluids

Now, we briefly discuss error estimates for some nonlinear models of viscous fluids.
In these models, the basic relations are as follows:

ut � Div � C Div .u˝ u/ D f � rp in �; (8.4.63)

� 2 @�.".u//; (8.4.64)

where divu D 0, ".u/ is the symmetric part of ru, and � is the so-called dissipative
potential.
Many physically motivated dissipative potentials have the form

@�."/ D H
0.j"j/ "; (8.4.65)

where H .0/ D 0 and the prime denotes the derivative of H with respect to the argu-
ment. In particular, the classical Newtonian fluid relates to the case

H .�/ D 1

2
��2; �."/ D 1

2
� j"j2: (8.4.66)

Another well-known example is the Bingham fluid, where

�."/ D 1

2
� j"j2 C k�j"j; k� > 0: (8.4.67)
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For slow stationary flows, the classical statement of this type problem is as follows:
Find a vector-valued function u (velocity), a scalar-valued function p (pressure) and a
tensor-valued function � (stress deviator) such that

�Div � D f � rp in �; (8.4.68)

divu D 0 in �; (8.4.69)

� 2 @�.".u// in �; (8.4.70)

u D u0 on �; (8.4.71)

where f and u0 are given functions satisfying the same conditions as in Chapter 6,
and � is the dissipative potential that defines physical properties of a fluid. Consider
the class of potentials

�."/ D �

2
j"j2 C  ."/;

where  WMd�d ! RC is a convex nonnegative function such that

 .0/ D 0;  ."/ � c1 j"j2 C c2; c1 > 0: (8.4.72)

Obviously, the cases  
 0 and  ."/ D k� j"j correspond to Newtonian and Bingham
models, respectively. Investigation of mathematical properties of such type models
was started in the 60s (e.g., see O.A. Ladyzhenskaya [212]). Variational methods for
this and other classes of nonlinear problems are studied in the book by M. Fuchs and
G. Seregin [140], where the reader will find a consequent exposition of the regularity
theory and many references related to the subject.
For dissipative potentials of such a type, energy estimates of the distance between

v 2 u0C VS1.�/ and the exact solution uwere derived in the author’s papers [289, 292,
293], in M. Fuchs and S. Repin [139], and in M. Bildhauer, M. Fuchs, and S. Repin
[57]. In those papers, the derivation of a posteriori estimates is based on the variational
method.
In general, estimates of such a type have the following form:

�

2
k".v � u/k2 � .1C ˇ/D1.".v/; �1/CD2.".v/; �2/

C
�

1C 1
ˇ

�

1
2�
bC
2

F� kdiv .�1 C �2/C f � rqk2 ; (8.4.73)

where

D1.".v/; �1/ WD
Z

�

�

�
2 j".v/j2 C 1

2� j�1j2 � ".v/ W �1
�

dx D 1
2�
k�".v/ � �1k2;

D2.".v/; �2/ WD
Z

�

�

 .".v//C  �.�2/ � ".v/ W �2
�

dx;

 � is the functional conjugate to  , �1 C �2 2 H.�;Div/ holds, q is a function in
H 1.�/\ zL2.�/, ˇ > 0, and bCF� is a constant in the inequality kwk � bCF�k".w/k.
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Assume that the right-hand side of (8.4.73) is equal to zero. Then

�div .�1 C �2/ D f � rq

and, in addition,

�1 D �".v/ a:e: in �;

�2 2 @ .".v// a:e: in �:

Since v 2 u0 C VS1.�/, we conclude that in such a case, v coincides with the exact
solution u, �1 D �1, and �2 D �2.
Also, computable error bounds can be derived directly from the respective integral

identity, which has the form
Z

�

�".u/ W ".w/ dx C
Z

�

 0.j".u/j/".u/ W ".w/j".u/j dx

D
Z

�

f � w dx; 8w 2 u0 C VS1.�/: (8.4.74)

Let v 2 u0 C VS1.�/ be an approximation of u. We transform (8.4.74) as follows:
Z

�

�".u � v/ W ".w/ dx C
Z

�

�

 0.j".u/j/ ".u/j".u/j �  
0.j".v/j/ ".v/j".v/j

�

W ".w/ dx

D
Z

�

.f � w � �".v/ W ".w// dx �
Z

�

 0.j".v/j/".v/ W ".w/j".v/j dx: (8.4.75)

We reform the right-hand side of (8.4.75), introducing two symmetric tensor-valued
functions �1 and �2 inH.�;Div/ and using the identities

Z

�

.w � Div �i C ".w/ W �i / dx D 0; 8w 2 V0; i D 1; 2:

We obtain
Z

�

�".u � v/ W ".w/ dx C
Z

�

�

 0.j".u/j/ ".u/j".u/j �  
0.j".v/j/ ".v/j".v/j

�

W ".w/ dx

D
Z

�

.f C Div .�1 C �2// � w dx C
Z

�

.�1 C qI � �".v// W ".w/ dx

C
Z

�

�

�2 �  0.j".v/j/ ".v/j".v/j
�

W ".w/ dx; (8.4.76)

where q is a square summable function. Set w D u � v and note that
Z

�

.f C Div .�1 C �2// � .u � v/ dx � bCF�kf C Div .�1 C �2/kk".u � v/k:
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With the help of Young’s inequality, we deduce the estimate

.1 � ˛1 � ˛2 � ˛3/
Z

�

�j".u � v/j2 dx

C
Z

�

�

 0.j".u/j/ ".u/j".u/j �  
0.j".v/j/ ".v/j".v/j

�

W ".w/ dx

D 1

4˛1
bC
2

F�kf C Div .�1 C �2/k2 C
1

4˛2
k�1 C qI � �".v/k2

C 1

4˛3













�2 �  0.j".v/j/ ".v/j".v/j












; (8.4.77)

where ˛1, ˛2, and ˛3 are positive numbers such that ˛1 C ˛2 C ˛3 < 1.
Estimate (8.4.77) has the same principal structure as (8.4.73): its right-hand side

consists of penalties for the violation of the constitutive law relations and the equilib-
rium equation formed by the total stress �1 C �2. If the right-hand side of (8.4.77)
vanishes, then

f D �Div .�1 C �2/;
�1 D �qIC �".v/;

�2 D  0.j".v/j/ ".v/j".v/j :

Since v is a solenoidal field satisfying the prescribed boundary condition, we conclude
that v coincides with u.

Remark 8.14. The second term on the left-hand side of (8.4.77) is nonnegative and,
therefore, can be removed. However, for certain  it may be evaluated in terms of
".u � v/, which would make the overall estimate stronger.

8.5 Notes for the chapter

1. Estimates discussed in this chapter are valid for a wide class of nonlinear varia-
tional problems in continuum mechanics associated with the functional

J.v/ D
Z

�

g.".v// dx �
Z

�

f v dx �
Z

�2

Fv ds; (8.5.1)

where g (internal energy function) has the form

g."/ D L" W "C �."/: (8.5.2)

In (8.5.1), L satisfies (5.1.5) and � is a nonnegative convex function. A minimizer
of the functional (8.5.1) satisfies the relations (5.1.2)–(5.1.4), and (5.1.1) is replaced
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by a nonlinear constitutive relation. If � is a differentiable functional, then the latter
relation has the form

� D L".u/C � 0.".v//: (8.5.3)

One example of such relations is offered by deformation plasticity theory (e.g., see
A. Iljushin [183] or R. Temam [349]), which is based on the constitutive relation

� D K0tr."/ IC 	.
ˇ

ˇ"D
ˇ

ˇ/ "D; (8.5.4)

where

	.t/ D
(

2� if t � t0 D k�=
p
2�;

.2� � ı/t0t�1 C ı if t > t0;

K0 and � are positive (elasticity) constants, k� > 0 is a plasticity module, and ı > 0

is a hardening module. In this case, the integrand g has the form

g."/ D 1

2
a."; "/C �1�.

ˇ

ˇ"D
ˇ

ˇ/;

where �1 D 1 � ı=2�,

a."1; "2/ D K0tr."1/ tr."2/ C ı"D1 W "D2 ; 8"1; "2 2M
d�d ;

and

�.t/ D
8

<

:

� t2 if j t j� t0 D k�=
p
2�;

k�
�p

2 t � k�=2�
�

if j t j> t0:

Functional type a posteriori error estimates for variational problems with functionals
of the type (8.5.1)–(8.5.2) were derived in S. Repin and L. Xanthis [320, 321].
A posteriori estimates for lower semicontinuous relaxations of some nonconvex

variational problems (which are related to simple phase transitions models in the the-
ory of solids) were obtained in the author’s paper [281]). Estimates for the Ramberg–
Osgood model and for elasto-plastic torsion problem have been recently derived in
M. Bildhauer, M. Fuchs, and S. Repin [58] and [59], respectively. Estimates for an
incremental evolutionary plasticity model were obtained in S. Repin and J. Valdman
[318].

2. As we have seen, functional a posteriori estimates derived for different problems
have certain common features. We summarize this experience and put forward the
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following conjecture:

A majorant (guaranteed upper bound) of the deviation v � u, where v is an arbi-
trary function from the energy space (i.e., from the functional class that contains
the generalized solution u) consists of terms, which can be thought of as penal-
ties for unconformity in all basic relations. Relevant multipliers are defined by
constants in the embedding inequalities for spaces pertaining to the mathematical
statement of the problem.

Certainly, this conjecture is yet to be justified for many classes of boundary value
problems (e.g., for those that are related to differential equations of a nondivergent
type).

3. All the majorants that we discussed satisfy the following conditions:

.a/ jkƒ.u � v/jk � M .v; y�;D/ for anyy� 2 Y � and v 2 u0 C V0;

.b/ infy�2Y � M .u; y�;D/ D 0;

.c/ M .vk; y
�
k
;D/!M .v; y�;D/;

(8.5.5)

where fvkg and fy�
k
g are arbitrary sequences in V and Y �, respectively, such that

vk ! v in V and y�
k
! y� in Y �. We note that the above-stated requirements

are quite natural. Indeed, (a) means that the upper bound is guaranteed, (b) says that
if v coincides with the exact solution u, then Y � contains a counterpart function y�
(which is p�) such that the majorant vanishes, and (c) is the continuity property. Ob-
viously, practically valuable error majorants must satisfy (a)–(c). Quite similar condi-
tions should be imposed on error minorants.
However, the conditions (a)–(c) do not guarantee that the majorantM .v; y�;D/ is

equal to jkƒ.u � v/jk for some y� and other parameters involved in the majorant. In
other words, we cannot guarantee that there is no irremovable gap between the left-
hand and right-hand sides of (8.5.5 a).
Nevertheless, we can show that if M satisfies (a)–(c), then another majorant pos-

sesses such a property. For this purpose, we introduce an arbitrary function w 2 V0
and define a new majorant

M.v;w; y�;D/ WD jkƒwjk CM .v C w; y�;D/:

M.v;w; y�;D/ also contains only known functions and, therefore, is explicitly com-
putable. This new majorant satisfies the properties (a)–(c). Indeed, for any element
v 2 u0 C V0,

jkƒ.u � v/jk � jkƒwjk C jkƒ.u � v � w/jk �M.v;w; y�;D/:
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Thus, M.v;w; y�;D/ yields a guaranteed upper bound of the error in terms of the
energy norm. It is easy to see thatM.v; 0; y�;D/ DM .v; y�;D/; so that

inf
y�2Y �

w2V0
M.u;w; y�;D/ D 0:

Moreover, the functionalM.v;w; y�;D/ is continuous (i.e., the condition (c) holds).
However,M.v;w; y�;D/ possesses one more property. Since

inf
y�2Y �

w2V0
M.v;w; y�;D/ � inf

y�2Y �
M.v; u � v; y�;D/

D jkƒ.u � v/jk C inf
y�2Y �

M .u; y�;D/

D jkƒ.u � v/jk; (8.5.6)

we find that, in principle, the majorant M.v;w; y�;D/ can give an upper bound of
the error with any desired accuracy.
Similar arguments lead to sharp lower bounds of the error: for any w 2 V0 we have
jkƒwjk � jkƒ.u � v/jk C jkƒ.w � uC v/jk � jkƒ.u � v/jk CM .v C w; y�;D/:

Define the minorant

M.v;w; y�;D/ WD jkƒwjk �M .v C w; y�;D/:

We have

sup
y�2Y �

w2V0

M.v;w; y�;D/ � sup
y�2Y �

M.v; u � v; y�;D/

D jkƒ.u � v/jk � inf
y�2Y �

M .u; y�;D/

D jkƒ.u � v/jk
and, consequently, the minorant also has no “gap”.
Using continuity property (c), it is not difficult to prove that the above-defined two-

sided bounds of the error (which converge to the exact error) can be constructed by
solving only finite-dimensional problems. Thus, we arrive at the following conclu-
sion: if for a boundary value problem a majorant with properties (a)–(c) has been
constructed, then (in principle) errors in the energy norm can be evaluated with any
desirable accuracy. Certainly, this theoretical conclusion may have different value for
different problems. It is very probable that for strongly nonlinear problem the practical
computation of sharp estimates (in terms of the global error norm) may lead to high
computational costs.



9 A posteriori estimates for other problems

9.1 Differential equations of higher order

Fourth order elliptic equation. A posteriori error estimation methods discussed in
previous chapters can be applied to boundary value problems associated with higher
order differential equations. As an example, we consider the 4th order elliptic problem

divDiv .Brru/ D f in �; (9.1.1)

u D @u

@n
D 0 on �: (9.1.2)

Here

f 2 L2.�/; B D fbijklg; bijkl D bj ikl D bklij 2 L1.�/;

where the indices change from 1 to d , and

c21 j�j2 � B� W � � c22 j�j2; 8� 2M
d�d
s : (9.1.3)

Then, the inverse tensor B�1 exists and for any tensor-valued function � with square
summable components we define the norms

jk� jk2 WD
Z

�

B� W � dx and jk� jk2� WD
Z

�

B�1� W � dx:

A posteriori estimates for this problem can be obtained from the general estimates
considered in Chapter 7 if we define ƒ as the Hessian operator and set

U D L2.�;Md�d
s /; V D H 2.�/;

V0 D
n

w 2 V j w D @w

@n
D 0 on �

o

:

However, to make the exposition more transparent and to obtain a posteriori esti-
mates of a different form, we derive them below directly from the integral identity

Z

�

Brru W rrw dx D
Z

�

f w dx; 8w 2 V0; (9.1.4)

that defines a generalized solution u 2 V0.
Let v 2 V0 be an approximation of u. By the identity

Z

�

.� W rrw � w divDiv �/ dx D 0;
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where w 2 V0 and � is an arbitrary tensor-valued function from the space
H.divDiv; �/ WD ˚� 2 U j div Div � 2 L2.�/� ;

we transform (9.1.4) as follows:

Z

�

Brr.u � v/ W rrw dx

D
Z

�

.f � divDiv �/w dx C
Z

�

.� � Brrv/ W rrw dx: (9.1.5)

Let C1� denote the constant in the inequality

kwk� � C1�jkrrwjk; 8w 2 V0: (9.1.6)

Set w D u � v. From (9.1.5) and (9.1.6), it follows that
jkrr.v � u/jk2 � .1C ˇ/jkBrrv � � jk2�

C
�

1C 1

ˇ

�

C 21�kdivDiv � � f k2�; (9.1.7)

where ˇ is a positive real number. This estimate is quite analogous to (3.2.8) and can be
obtained as a particular case of (7.1.20). It corresponds to the following decomposition
of (9.1.1):

divDiv � D f;
� D Brru:

However, the condition
divDiv � 2 L2.�/

is rather demanding (for example, if � is constructed with the help of piecewise affine
continuous approximations, then it does not satisfy this condition). To avoid arising
technical difficulties, we introduce a new vector-valued function y 2 H.�; div/ and
put (9.1.5) in the form

Z

�

Brr.u � v/ W rrw dx

D
Z

�

.f � divDiv �/w dx C
Z

�

.� � Brrv/ W rrw dx

�
Z

�

.wdiv y C y � rw/ dx

D
Z

�

.f � divy/w dx C
Z

�

.Div � � y/ � rw dx

C
Z

�

.� � Brrv/ W rrw dx: (9.1.8)
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Let C2� denote the constant in the inequality

krwk� � C2�jkBrrwjk; 8w 2 V0: (9.1.9)

Set w D u � v and estimate the right-hand side of (9.1.8), using (9.1.6) and (9.1.9).
We obtain

jkrr.v � u/jk � jkBrrv � � jk� C C1�kdivy � f k�
C C2�kDiv � � yk�: (9.1.10)

Square both parts of the above estimate and apply Young’s inequality. Then (9.1.10)
implies another estimate:

jkrr.v � u/jk2 � .1C ˇ/jkBrrv � � jk2�
C 1C ˇ

ˇ

�

C1�kdivy � f k� C C2�kDiv � � yk�
�2
: (9.1.11)

Estimates (9.1.10) and (9.1.11) have two “free” functions y 2 H.div ; �/ and
� 2 H.Div ; �/, which can be viewed as images of the gradient and double gradi-
ent, respectively. They reflect the representation of (9.1.1) in the form

divy D f;
Div � D y;

� D Brru:

Remark 9.1. Note that C1� and C2� are estimated by c�1
1 C1��

and c�1
1 C2��

, re-
spectively, where C1��

and C2��
are constants in the inequalities

kwk��
� C1��

krrwk��
; 8w 2 V0; (9.1.12)

krwk��
� C2��

krrwk��
(9.1.13)

and �� is a rectangular domain containing�.

Remark 9.2. A posteriori estimates for the equation (9.1.1) with other boundary con-
ditions can be derived by the same arguments as for the second order problems we
discussed in Chapters 4 and 5. Instead of C1� and C2� they involve constants in the
inequalities analogous to (9.1.6) and (9.1.9) in which V0 contains functions vanish-
ing on the Dirichlet part of the boundary. Also, such estimates involve constants in
the trace inequalities on other parts of the boundary (e.g., on the part related to the
Neumann boundary condition). We leave this task to the reader as an exercise.
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Example. Consider the application of the above a posteriori error estimates to a plate
bending problem. In this case, � � R

2 is associated with the middle surface of a
plate. Let the deformation of a plate be described by the Kirchhoff–Love model. Then
u D u.x1; x2/ is the bending function, �.u/ D rru is the curvature tensor, which is
connected with the bending moments � by a linear constitutive law

� D B�: (9.1.14)

If the plate is made of an isotropic elastic material, then (9.1.14) has a simple form

�11 D H.�11 C N��22/;
�22 D H.�22 C N��11/;
�12 D H.1 � N�/�12;

where H D Eh3

12.1�N�2/ , E > 0, and N� 2 .0; 1/. Here E an N� are elasticity constants and
h D h.x1; x2/ is the thickness parameter. We see that B has the following nonzero
components:

b1111 D H; b2222 D H; b1122 D N�H;

b2211 D N�H; b1212 D b2121 D .1 � N�/H:

The natural condition

h1 � h.x1; x2/ � h2; .x1; x2/ 2 �; (9.1.15)

guarantees that the estimate (9.1.3) holds with

c21 D
Eh31

12.1C N�/ and c22 D
Eh32

12.1 � N�/ :

The nonzero components the tensor C D B�1 are as follows:

c1111 D 1

H.1 � N�2/ ; c2222 D 1

H.1 � N�2/ ; c1122 D � N�
H.1 � N�2/ ;

c2211 D � N�
H.1 � N�2/ ; c1212 D c2121 D 1

H.1 � N�/ :

Hence,

jkB� � � jk2� D
Z

�

.B� W � C C� W � � 2� W �/ dx;

and the other parts of the error majorants (9.1.10)–(9.1.11) are directly computable.
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Biharmonic equation. A somewhat different a posteriori estimate can be derived
for the biharmonic problem

��u D f in �

with the boundary conditions (9.1.2). In this case, the integral identity has the form

Z

�

�u�w dx D
Z

�

f w dx; 8w 2 V0:

Introduce a function 
 2 H 2.�/. We have

Z

�

�.u � v/�w dx D
Z

�

.f w ��v�w/ dx

D
Z

�

..f ��
/w C .
 ��v/�w dx:

From here, we find that

k�.u � v/k � C3�kf ��
k C k
 ��vk; (9.1.16)

where C3� is the constant in the inequality

kwk � C3�k�wk; 8w 2 V0:

Variational inequalities. Consider the problem (9.1.1)–(9.1.2) with the condition

u 2 K WD fw 2 H 2.�/ j w � �.x/ a:e: in �g;

which arises if the solution must lie above the obstacle �.x/. For the sake of simplic-
ity, we consider the case with one obstacle and assume that � is sufficiently regular
(e.g., continuous and piecewise smooth). Then, the solution satisfies the variational
inequality

Z

�

Brru W rr.w � u/ dx �
Z

�

f .w � u/ dx; 8w 2 K: (9.1.17)

Assume that v 2 K is a function, which is an approximation of u. Then,

jku � vjk2 �
Z

�

.f .u � v/ � Brrv W rr.u � v// dx: (9.1.18)
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As in the linear case, we introduce two auxiliary functions y 2 H.�; div/ and
� 2 H.�;Div/. We have

jku � vjk2 �
Z

�

.f � divy/.u � v/ dx C
Z

�

.Div � � y/ � r.u � v/ dx

C
Z

�

.� � Brrv/ W rr.u � v/ dx

D
Z

�v�

.f � divy/.u � v/ dx C
Z

�v0

.f � divy/.u � v/ dx

C
Z

�

.Div � � y/ � r.u � v/ dx

C
Z

�

.� � Brrv/ W rrw dx; (9.1.19)

where

�v� WD fx 2 � j v.x/ D �.x/g and �v0 WD fx 2 � j v > �.x/g:
Since

Z

�v�

.f � divy/.u � v/ dx �
Z

�v�

.f � divy/C .u � v/ dx;

we estimate the right-hand side of (9.1.19) in the same way as (9.1.8) and deduce the
estimate

jkrr.v � u/jk � jkBrrv � � jk� C C1�kr.v; y/k� C C2�kDiv � � yk�; (9.1.20)
where

r.v; y/ WD
	

.f � divy/C in �v� ;
f � divy in �v0:

Remark 9.3. If u is subject to two obstacles (i.e., u �  as in Section 8.1), then the
estimate is obtained quite analogously. In this case, we append the third branch and
set r.v; y/ D .f � divy/� on �v .

Comments. Estimates (9.1.10) and (9.1.11) were derived in P. Neittaanmaäki and
S. Repin [243] by variational techniqus. In [300], it was shown that the estimates fol-
low from the corresponding integral identity. Numerical testing of these estimates was
performed in the PhD thesis of M. Frolov [134], in which the estimate (9.1.16) was de-
rived (see also [135]). In the context of the above-discussed a posteriori estimates, the
classical Kirchhoff–Love plate model was considered in P. Neittaanmaäki and S. Re-
pin [243] and in the author’s paper [285]. Estimates of modeling errors arising if the
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Kirchhoff–Love model is used instead of the 3D elasticity model has recently been de-
rived in S. Repin and S. Sauter [306]. Estimates for the Reissner–Mindlin model were
obtained by the variational and nonvariational methods in the papers by M. Frolov,
P. Neittaanmäki, and S. Repin [138, 304]. A posteriori estimates for the fourth order
elliptic equations with obstacles were obtained in M. Bildhauer, M. Fuchs, and S. Re-
pin [60] with the help of the variational method. In M. Bildhauer and M. Fuchs [56]
these results were extended to a wider class of nonlinear functionals.

9.2 Equations with the operator curl

Basic problem. The simplest version of the Maxwell’s problem is given by the equa-
tion

curl��1curluC �2u D j in �; (9.2.1)

where � is a bounded domain in R
d , j is a given current density, and � is the perme-

ability of a medium (may be a positive constant or a positive bounded function). The
case � D 0 corresponds to magnetostatics. Equation (9.2.1) with positive � arises in
semidiscrete approximations of the evolutionary Maxwell’s problem.
On � the condition

n � u D 0 (9.2.2)

is stated. In this section, V.�/ is the spaceH.�; curl/,

V0.�/ WD fw 2 H.�; curl/ j jn � w D 0 on �g
and

`.w/ WD
Z

�

j � w dx:

First, we consider the case � > 0. Multiply (9.2.1) by a smooth vector-valued function
w that satisfies (9.2.2) and integrate over�. We have

Z

�

.curl��1curlu � w C �2u � w/ dx D `.w/:

By the relation
Z

�

.curl v/ � w dx D
Z

�

v � .curlw/ dx �
Z

�

.v � n/ � w ds; (9.2.3)

we express the integral identity as follows
Z

�

.��1curlu � curlw C �2u � w/ dx �
Z

�

.��1curlu � n/ � w ds D `.w/:
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Note that
w � .curlu � n/ D �curlu � .w � n/:

Therefore, if w 2 V0, then the boundary term vanishes. Since smooth functions are
dense in V , we conclude that the generalized solution can be defined as a vector-valued
function u 2 V0 such that integral identity

Z

�

�

��1 curlu � curlw C �2u � w
�

dx D `.w/ (9.2.4)

holds for w 2 V0.
If � D 0, then the additional compatibility condition

div j D 0 in �; j � n D 0 on � (9.2.5)

is necessary to have a well-posed problem. In this case, a respective generalized solu-
tion is defined by the integral identity

Z

�

��1curlu � curlw dx D `.w/; 8w 2 V0: (9.2.6)

Since curlr D 0 (see Section 1.4), a solution should be understood as an element of
the factor space, in which the functions are equivalent if their difference is a gradient
field. To ensure the uniqueness of a solution, the Coulomb gauge condition

u 2 V00 WD
n

v 2 V0 j
Z

�

v � r� dx D 0; 8� 2 VH 1.�/
o

; (9.2.7)

is usually attracted.
Let v 2 V0.�/ be an approximation of u. Rewrite (9.2.4) in the form

Z

�

�

��1curl .u � v/ � .curlw/C �2.u � v/ � w
�

dx

D
Z

�

�

j � w � ��1.curl v/ � .curlw/ � �2v � w� dx; 8w 2 V0.�/: (9.2.8)

By (9.2.3), we obtain
Z

�

�

��1curl .u � v/ � .curlw/C �2.u � v/ � w� dx

D
Z

�

�

.j � �2v � curly/ � w C .y � ��1curl v/ � curlw� dx; (9.2.9)

where y 2 V.�/. Introduce the norm

jkwjk2 WD
Z

�

�

��1j curlwj 2 C �2jwj2� dx:
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Setting w D u � v in (9.2.9), we obtain the relation

jku � vjk2 D
Z

�

.j � �2v � curly/ � .u � v/ dx

C
Z

�

.y � ��1curl v/ � curl .u � v/ dx;

which leads to the estimate

jku � vjk2 �












1

�
.j � �2v � curly/













k�.u � v/k

C k�1=2.y � ��1curl v/kk��1=2curl .u � v/k:
Hence, we find that

jku � vjk2 �M 2
MAX.v; y/; (9.2.10)

where

M 2
MAX.v; y/ WD










1

�
.j � �2v � curly/










2 C k�1=2.y � ��1curl v/k2

is the majorant for this type of Maxwell’s problem. It is easy to see that

inf
v2V0;

y2H.�;curl/
M MAX.v; y/ D 0;

and the exact lower bound is attained if and only if

curly C �2v D j a:e: in �; (9.2.11)

y D ��1curl v a:e: in �: (9.2.12)

Since v � n D 0 on � , (9.2.11) and (9.2.12) mean that v coincides with the exact
solution u and y coincides with ��1curlu.
For any y 2 V0, the quantity M 2

MAX.v; y/ gives an upper bound of the error. It is
easy to observe that

inf
y2V0

M 2
MAX.v; y/ �M 2

MAX.v; �
�1curlu/

D









1

�
.j � �2v � curl��1curlu/










2 C k��1=2curl .u � v/k2

D k�.u � v/k2 C k��1=2curl .u � v/k2 D jku � vjk2:
Therefore, the estimate (9.2.10) has no gap between the left- and right-hand sides. A
practically computable estimate can be determined if M 2

MAX.v; y/ is minimized over
a finite-dimensional subspace Vm � V.�/.
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A lower bound of jku � vjk follows from the relation

sup
w2V0

Z

�

�

��1curl .u � v/ � curlw C �2w � .u � v/

� 1
2
.��1curlw � curlw C �2w � w

�

dx

� sup
�2L2.�;Rd /
�2L2.�;Rd /

Z

�

�

��1curl .u � v/ � � � 1
2
��1� � � C �2� � .u � v/ � 1

2
�2� � �

�

dx

D 1

2
jku � vjk2

D
Z

�

�

��1curl .u � v/ � curl .u � v/C �2.u � v/ � .u � v/

� 1
2
.��1jcurl .u � v/j2 C �2ju � vj2

�

dx

� sup
w2V0

Z

�

�

��1curl .u � v/ � curlw C �2w � .u � v/

� 1
2
.��1curlw � curlw C �2w � w

�

dx:

Thus, we conclude that

1

2
jku � vjk2 D sup

w2V0

Z

�

�

��1curl .u � v/ � curlw C �2w � .u � v/

� 1
2
.��1curlw � curlw C �2w � w

�

dx:

By (9.2.4), we obtain

jku � vjk2 �M 2�.v; w/

WD
Z

�

�

2j � w � ��1jcurlwj2 � �2jwj2

� 2��1curl v � curlw � 2�2v � w� dx: (9.2.13)

For any w 2 V0 the quantityM 2�.v; w/ provides a lower bound of the error. Certainly,
the sharpest bound is given by

sup
w2V0

M 2�.v; w/:

It is not difficult to prove that this quantity coincides with the squared error (to prove
that it suffices to set w D u � v). A practically computable lower bound can be de-
termined if maximization is performed over a finite-dimensional subspace V0m � V0,
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dimV0m D m. Then, finding the quantity
sup

w2V0m
M 2�.v; w/

requires solving a quadratic type maximization problem.
Now, we consider the problem (9.2.6). Since u is defined up to a gradient field, we

consider only the divergent part of v, which leads to the assumption v 2 V00. Our aim
is to estimate the quantity

jŒu � v�j WD kcurl .u � v/k:
First, we recall a result in the theory of functions in H.�; curl/ (e.g., see [152, 236,
327]).

Lemma 9.4. Let � be a Lipschitz simply connected bounded domain. There exists a
constant C� such that

kwk � C�kcurlwk; 8w 2 V0; (9.2.14)

provided that divw D 0 in �.
By (9.2.6) we observe that
Z

�

curl .u � v/ � curlw dx D
Z

�

.j � w � curl v � curlw/ dx; 8w 2 V0: (9.2.15)

Since
Z

�

.curl y � w � y � curlw/ dx D 0; 8w 2 V0;

we rearrange (9.2.15) as follows:

Z

�

curl .u � v/ � curlw dx D
Z

�

�

.j � curly/ � w � .curl v � y/ � curlw
�

dx:

Set w D u � v 2 V0. We obtain
jŒu � v�j2 � kj � curlyk ku � vk C kcurl v � yk kcurl .u � v/k:

In view of (9.2.14), this estimate leads to the following upper bound of the error:

jŒu � v�j � C�kj � curlyk C kcurl v � yk: (9.2.16)

Note that in (9.2.16) v occurs only as the argument of the operator curl. Therefore,
it should be understood as an estimate of the factor-norm for functions in the factor
space equivalent up to a gradient field.
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Comments. Approximation methods for the Maxwell’s equation were investigated
by many authors (e.g., see P. Monk [236] and R. Hiptmair [174]). Parallel multigrid
solvers were studied in G. Haase, M. Kuhn, and U. Langer [164]). A posteriori esti-
mates were derived in R. Beck, R. Hiptmair, R. Hoppe, and B. Wohlmuth [45] in the
context of the residual approach and in D. Braess and J. Schöberl [69] with the help of
the equilibrated approach. A posteriori estimates for nonconforming approximations
ofH.curl/ elliptic partial differential equations were studied in P. Houston, I. Perugia,
and D. Schotzau [181].
Estimates (9.2.10) and (9.2.16) were obtained in the author’s papers [296, 297] (es-

timate (9.2.10) was independently derived by A. Hannukainen [168]). We note that
(9.2.10) can also be derived from the general a posteriori estimate given in [280] (see
also [244]) for convex variational problems related to the functional G.ƒv/ C F.v/
(see Chapter 7). The problem is encompassed in the general framework if we set
ƒ D curl,

G.y/ D
Z

�

1

2�
jyj2 dx; and F.v/ D

Z

�

�

�2

2
jvj2 � j � v

�

dx:

Advanced forms of a posteriori estimates for the Maxwell’s problem has been recently
obtained in P. Neittaanmäki and S. Repin [245].

9.3 Evolutionary problems

A posteriori error control for evolutionary problems is a substantial topic that requires
a special consideration. The goal of this section is to give only an idea of how to extend
methods considered in previous chapters to evolutionary problems. Below we shortly
discuss a posteriori estimates that follow from the evolutionary integral identity. As
before, we do this with the paradigm of the linear diffusion problem.

9.3.1 The linear evolutionary problem

Consider the classical initial-boundary value problem for the heat equation: Find
u.x; t/ such that

ut ��u D f in QT ; (9.3.1)

u.x; 0/ D �; x 2 �; (9.3.2)

u.x; t/ D 0; .x; t/ 2 ST ; (9.3.3)

whereQT WD �� .0; T / is a space-time cylinder and ST WD �� Œ0; T �. This problem
is one of the simplest evolutionary problems, which is often used to model various
diffusion type processes (e.g., heat transfer). With the paradigm of this problem, we
explain how to derive computable estimates (in terms of a space-time norm) of the
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difference between u and any admissible approximation v. Our analysis follow the
lines of [287]. In A. Gaevskaya and S. Repin [144], the method was applied to a more
general class of linear parabolic problems (this paper also contains results of numerical
tests).
We begin by introducing some spaces of functions defined onQT . Spaces of func-

tions that map .0; T / into a Banach spaceX are called Bochner spaces. For example, if
p 2 Œ1;C1/ and k � kX denotes the norm ofX , then the Bochner space Lp..0; T /; X/
is the Banach space of mappings g such that

kgkLp..0;T /;X/ WD
 

Z T

0

kg.�; t /kpX dt
!1=p

<1:

In particular, L2. .0; T /I H 1.�// consists of H 1-functions (with respect to spatial
variables) the norms of which are L2-functions with respect to t 2 .0; T /). Let
H 1
0 .QT / be the subspace of H

1.QT / that contain functions with zero traces on ST .
By V.QT /, we define the Banach space of functions fromL2. .0; T /I H 1.�// having
finite norm

kwk2
V
WD vrai max

t2.0;T /
kw.�; t /k2� C krwk22;QT :

The space V
1;0.QT / D C.Œ0; T �IL2.�// \ L2. .0; T /I H 1.�// is a subspace of

V.QT /. For all t 2 Œ0; T �, elements of this space have traces (which are square
summable functions on cross-sections of QT ) that continuously change with respect
to t 2 Œ0; T �. By VV 1;0.QT /, we denote another subspace of V.QT /, which is the in-
tersection ofV

1;0.QT / andL2..0; T /I VH 1.�//. For elements of the spaceV
1;0.QT /,

we define the quantity

jkwjk2.�;	/ WD �kw.�; T /k2� C �krwk2QT ; �; � > 0;

which will be used as a measure of the difference between the exact solutions and
approximations.
Also, we use the space H 1;


0 .QT / that consists of functions w 2 L2.QT / having
finite norm

kwk1;
2;0 WD
Z

QT

.w2 C w2tC j rw j2 C.�w/2/ dx dt

and vanishing on ST .
In the context of the well-known theory for parabolic type problems, a function

u 2 VV 1;0.QT / is called a (generalized) solution of (9.3.1)–(9.3.3) if it satisfies the
following integral identity:
Z

QT

ru � rw dx dt �
Z

QT

uwt dx dt C
Z

�

.u.x; T /w.x; T / � u.x; 0/w.x; 0// dx

D
Z

QT

f w dx dt; 8w 2 H 1
0 .QT /: (9.3.4)
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We recall the classical solvability results (e.g., see Ladyzhenskaya [217]) for this prob-
lem.

Theorem 9.5. Let� be a bounded connected domain with Lipschitz continuous bound-
ary � .

(i) Let f 2 L2.QT / and �.x/ 2 VH 1.�/. Then the problem (9.3.1)–(9.3.3) is uniquely
solvable in the spaceH 1;


0 .QT /.

(ii) If f 2 L1..0; T /; L2.�// and � 2 L2.�/, then u belongs to the class VV 1;0.QT /.

9.3.2 First form of the error majorant

Assume that

f 2 L2.QT /; � 2 H 1.�/: (9.3.5)

In this case, Theorem 9.5 guarantees the existence of a solution u that satisfies (9.3.4).
Let v 2 H 1

0 .QT / be a given function. In particular, v may be an approximation of
u obtained by a semidiscrete approximation of (9.3.1)–(9.3.3). We are interested in
deriving an upper bound of the deviation u � v evaluated in the norm jjj � jjj or in terms
of the quantity Œ��.�;ı/. From (9.3.4) we obtain
Z

QT

r.u � v/ � rw dx dt �
Z

QT

.u � v/wt dx dt

C
Z

�

..u.x; T / � v.x; T //w.x; T / � .u.x; 0/ � v.x; 0//w.x; 0// dx

D
Z

QT

.f w � rv � rw � vtw/ dx dt; 8w 2 H 1
0 .QT /:

Set w D u � v and note that
Z

�

j w.x; T / j2 dx �
Z

�

j w.x; 0/ j2 dx

D
Z

QT

wwt dx dt C 1
2
kw.�; T /k2� � 1

2
kw.�; 0/k2�:

This yields the integral relation

kr.u � v/k22;QT C 1
2
ku.�; T / � v.�; T /k2�

D
Z

QT

.f .u � v/ � rv � r.u � v/ � vt .u � v// dxdt

C 1
2
ku.�; 0/ � v.�; 0/k2�; (9.3.6)
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which presents the energy balance in terms of deviations from the exact solution u. The
relation (9.3.6) can be regarded as a generalization of the well-known energy-balance
equation for the heat equation (see, e.g. [217]). It is easy to see that the classical
energy balance equation follows from (9.3.6) if we set v 
 0. Subsequently, we
use (9.3.6) as a starting point of the analysis. Introduce a new vector-valued function
y.x; t/ 2 Y.QT /, where

Y.QT / WD
˚

y.x; t/ D fyi .x; t/g j yi 2 L2.QT /; 1 � i � d
�

;

and rearrange (9.3.6) as follows:

kr.u � v/k2QT C 1
2
ku.�; T / � v.�; T /k2� � 1

2
ku.�; 0/ � v.�; 0/k2�

D
Z

QT

.f .u � v/ � vt .u � v/ � y � r.u � v// dx dt

C
Z

QT

.y � rv/ � r.u � v/ dx dt: (9.3.7)

For almost all t 2 Œ0; T �, we can define a linear functional F t W VH 1.�/ ! R by the
relation

F t .ewI v; y/ WD
Z

�

.f ew � vtew � y � rew/ dx:

The quantity

jjjjjjF t .v; y/ jjjjjj D sup
ew2 VH1.�/

ew 6D0

R

� .f ew � vtew � y � rew/ dx
krewk�

is finite (it is bounded by CF� .kf .�; t /k� C kvt .�; t /k�/ C ky.�; t /k�) and can be
viewed as a norm of this functional (note that jjjjjjF t .v; y/ jjjjjj is square integrable on
.0; T /).
Now, we put (9.3.7) in the form

kr.u � v/k2QT C 1
2
k.u � v/.�; T /k2� � 1

2
k.u � v/.�; 0/k2�

D
Z T

0

F t ..u � v/I v; y/ dt C
Z

QT

.y � rv/ � r.u � v/ dx dt: (9.3.8)

Let ı and � be two given constants such that

0 < ı � 2; 0 < � < 1: (9.3.9)

Define the set

L1
� .0; T / WD fˇ.t/ 2 L1.0; T / j ˇ.t/ � � for almost all t 2 .0; T /g:
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Take two scalar-valued functions ˛1.t/ and ˛2.t/ such that

˛1.t/ D 1

ı

�

1C 1

ˇ.t/

�

and ˛2.t/ D 1

ı
.1C ˇ.t// : (9.3.10)

In view of the Young–Fenchel inequality, we have

Z T

0

F t ..u� v/; v; y/ dt �
Z T

0

�

˛1.t/
2
jjjjjjF t .v; y/ jjjjjj 2C 1

2˛1.t/
kr.u� v/k2�

�

dt;

Z

QT

.rv� y/ � r.u� v/ dx dt �
Z T

0

�

˛2.t/
2
krv� yk2�C 1

2˛2.t/
kr.u� v/k2�

�

dt:

Note that ˛1.t/ and ˛2.t/ satisfy the relation

1

˛1.t/
C 1

˛2.t/
D ı:

Now, by (9.3.9) and the inequalities we deduce the estimate

.2 � ı/kr.u � v/k2QT C k.u � v/.�; T /k2�

� kv.�; 0/ � �k2� C
1

ı

Z T

0

.1C ˇ.t//ky � rvk2� dt

C 1

ı

Z T

0

�

1C 1
ˇ.t/

�

jjjjjjF t .v; y/ jjjjjj 2� dt: (9.3.11)

This estimate is valid for any ˇ.t/ 2 L1
� .0; T / and ı 2 .0; 2�. It is not difficult to

observe that the right-hand side of (9.3.11) vanishes if and only if

F t .wI v; y/ D 0 for all w 2 VH 1.�/ and almost all t 2 .0; T /;
y D rv a:e: in QT ;

v.0; x/ D �.x/ for a:e: x 2 �:
These relations mean that v 2 H 1.QT / satisfies the initial and boundary conditions
and for almost all t 2 .0; T / satisfies the relation

Z

�

.f w � vtw � rv � rw/ dx D 0; 8w 2 VH 1.�/;

which shows that v is a solution of the problem.
To make the estimates computable, we should replace the norm of F t by an explic-

itly computable quantity. For this purpose, we take y in a certain subspace of Y.QT /.
Namely, suppose

y 2 Ydiv.QT / WD fy 2 Y.QT / j divy 2 L2.�/ for a:e: t 2 .0; T /g: (9.3.12)
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Then, for almost all t 2 .0; T /,
Z

�

w.x; t/divy.x; t/ dx D �
Z

�

y.x; t/ � rw.x; t/ dx;

and we have

jjjjjjF t .v; y/ jjjjjj � CF�kf � vt C divyk�: (9.3.13)

Then, by (9.3.11), we arrive at the following result.

Theorem 9.6. Let the conditions (9.3.5) and (9.3.9) be satisfied. Then

jku � vjk2.1;2�ı/ �M 2
EV1.ˇ; ı; v; y/ (9.3.14)

where

M 2
EV1.ˇ; ı; v; y/ WD

Z

�

jv.x; 0/ � �.x/j2 dx

C 1

ı

Z

QT

�

.1C ˇ/jy � rvj2 C C 2F�
�

1C 1
ˇ

�

jf � vt C divyj2
�

dx dt

and y 2 Ydiv.QT / and ˇ 2 L1
� .0; T /.

Consider two particular forms of (9.3.14), which deserve a special discussion. As-
sume that v satisfies the initial condition and set ı D 1. Then we obtain
kr.u � v/k2QT C k.u � v/.�; T /k2�

�M 2
EV1.ˇ; 1; v; y/

D
Z T

0

.1C ˇ.t//ky � rvk2� dt

C CF�
Z T

0

�

1C 1
ˇ.t/

�

kf � vt C divyk2� dt: (9.3.15)

This estimate can be viewed as an analog of (3.2.8) derived for the stationary diffusion
problem. Note that in (9.3.15), ˇ D ˇ.t/ is a positive function (in the stationary case,
ˇ is a positive constant).
If ı D 2, then we arrive at another estimate:
k.u � v/.�; T /k2� �M 2

EV1.ˇ; 2; v; y/

D 1

2

Z T

0

.1C ˇ.t//ky � rvk2� dt

C CF�

2

Z T

0

�

1C 1
ˇ.t/

�

kf � vt C divyk2� dt; (9.3.16)
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which yields an upper bound of the error on the top of the space-time cylinder. Since
the right-hand side of (9.3.16) is a monotone function with respect to T , the right-hand
side also gives an upper bound of the quantity

vrai max
t2Œ0;T �

k.u � v/.�; t /k2�:

Proposition 9.7. For any ı 2 .0; 2� and ˇ 2 L1
� .0; T /, the variational problem

inf
v2H1

0
.QT /

y2Ydiv.QT /
M 2

EV1.ˇ; ı; v; y/ (9.3.17)

has a solution. The exact lower bound of this problem is equal to zero. It is attained if
and only if v D u and y D ru.
Proof. The existence of a pair .v; y/ 2 H 1

0 .QT /�Ydiv.QT /minimizing the functional
M 2

EV1.ˇ; ı; v; y/ is proved straightforwardly. Indeed, set v D u and y D ru. Since
u 2 H 1;


2;1 , we see that divru 2 L2.QT / and, therefore, y 2 Ydiv.QT /. In this case,
M ı.v; y; ˇ/ D 0, so that the exact lower bound is attained.
Assume that M 2

EV1.ˇ; ı; v; y/ D 0. Then, the function v.x; t/ satisfies the initial
and boundary conditions. In addition, for almost all .x; t/ 2 QT the relations

rv D y 2 Ydiv.QT / (9.3.18)

and

divy � vt C f D 0 (9.3.19)

hold. Hence, v is the exact solution.

Corollary 9.8. By (9.3.15) and (9.3.16), we find that

ku � vk2
V
� M 2

EV1.ˇ; 1; v; y/CM 2
EV1.ˇ; 2; v; y/: (9.3.20)

Remark 9.9. The majorant M 2
EV1.ˇ; ı; v; y/ is well defined for v 2 H 1

0 .QT /,
f 2 L2.QT /, v.x; 0/ 2 L2.�/, and �.x/ 2 L2.�/. Using arguments close to
those often used in the theory of PDE’s (e.g., see [217] (Chapter 2, �2)) one can extend
the estimates (9.3.15), (9.3.16), and (9.3.20) to wider sets of functions.

9.3.3 Second form of the error majorant

Now we reform the right-hand side of (9.3.7) by other means and deduce an advanced
form of the error majorant. Present the right-hand side of this relation as sum of three
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terms, which are

I1 D
Z

QT

.f .u � v/ � vt .u � v/ � #t .u � v/ � y � r.u � v// dx dt;

I2 D
Z

QT

.y � rv Cr#/ � r.u � v/ dx dt;

I3 D
Z

QT

.#t .u � v/ � r# � r.u � v// dx dt:

Here, y 2 Y.QT / and # 2 H 1
0 .QT / are some arbitrary functions (later we discuss

how one can chose these functions in order to obtain optimal estimates).
For almost all t 2 .0; T /, we define a linear functional

F t . � I v; #; y/ W VH 1.�/ ! R

by the relation

F t .ewI v; #; y/ WD
Z

�

.f ew � vtew � #tew � y � rew/ dx:

It is easy to observe that the quantity

jjjjjjF t .v; #; y/ jjjjjj WD sup
ew2 VH1.�/;

ew 6D0

R

� .f ew � vtew � #tew � y � rew/ dx
krewk�

is finite. It defines a norm of this functional and generates the estimate

I1 �
Z T

0

jjjjjjF t .v; #; y/ jjjjjj kr.u � v/k� dt:

The term I2 is estimated by

Z T

0

ky � rv � r#k� kr.u � v/k� dt

and I3 is represented in the form

I3 D
Z

QT

.r# � rv � #t v/ dx dt �
Z

QT

.r# � ru � #tu/ dx dt

D
Z

QT

.r# � rv � #t v � f #/ dx dt C
Z

�

.u.x; T /#.x; T / � u.x; 0/#.x; 0// dx

D F .v; #/C
Z

�

..u � v/.x; T /#.x; T / � .u � v/.x; 0/#.x; 0// dx;
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where

F .v; #/ WD
Z

QT

.rv � r# C vt# � f #/ dx:

Since

Z

�

..u � v/.x; T /#.x; T / � .u � v/.x; 0/#.x; 0// dx

� 1

2	
k.u � v/.�; T /k2� C

	

2
k#.�; T /k2� �

Z

�

.�.x/ � v.x; 0//#.x; 0/ dx;

we deduce the estimate

.2 � ı/kr.u � v/k2QT C
�

1 � 1
	

�

k.u � v/.�; T /k2�
� 	k#.�; T /k2� C 2F .v; #/

C 1

ı

Z T

0

�

.1C ˇ/ky � rv Cr#k2� C
�

1C 1
ˇ

�

jjjjjjF t .v; #; y/ jjjjjj 2�
�

dt

C 2F .v; #/C
Z

�

�j�.x/ � v.x; 0/j2 � 2#.x; 0/.�.x/ � v.x; 0//� dx:

Here #.x; t/ 2 H 1
0 .QT /, y 2 Y.QT /, ˇ.t/ 2 L1

� .0; T /, 	 � 1, and ı 2 .0; 2�.
As in the previous section, we find a computable majorant of the error, provided that

y 2 Ydiv.QT /. In this case,

jjjjjjF t .v; #; y/ jjjjjj � CF�kf � vt � #t C divyk�;

and we arrive at the estimate

jku � vjk2
.1� 1



;2�ı/ �M 2

EV2.ˇ; 	; ı; v; #; y/; (9.3.21)

where

M 2
EV2.ˇ; 	; ı; v; #; y/ WD 	k#.�; T /k2� C

Z

�

j�.x/ � v.x; 0/j2 dx

C 1

ı

Z T

0

�

.1C ˇ/ky � rv Cr#k2�

C C2�.1Cˇ/
ˇ

kf � vt � #t C divyk2�
�

dt

C 2F .v; #/ � 2
Z

�

#.x; 0/.�.x/ � v.x; 0// dx:
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If v.x; 0/ D �.x/ then the majorant has a simplified form:
M 2

EV2.ˇ; 	; ı; v; #; y/ WD 	k#.�; T /k2� C 2F .v; #/

C 1

ı

Z T

0

�

.1C ˇ/ky � rv Cr#k2�

C C2�.1Cˇ/
ˇ

kf � vt � #t C divyk2�
�

dt: (9.3.22)

Remark 9.10. If # 
 0 and 	 ! C1, then M 2
EV2 is reduced to M I

EV. In practice,
the estimate (9.3.21) (which contains a “correction function” #) gives a sharper upper
bound than (9.3.14). Using # , one can reduce the residual term f � vt C divy, which
may be difficult to make small by operating only with y (such a situation arises if vt
significantly differs from ut ).

Remark 9.11. By setting ı D 1 and ı D 2, we obtain the estimates
kr.u � v/k2QT �M 2

EV2.ˇ; 	; 1; v; #; y/; (9.3.23)

vrai max
t2Œ0;T �

k.u � v/.�; t /k2� � �
��1M

2
EV2.ˇ; 	; 2; v; #; y/: (9.3.24)

The proposition below shows that the majorant M 2
EV2 generates a variational prob-

lem the exact lower bound of which is attained on the solution of our problem.

Proposition 9.12. For any ı 2 .0; 2�, 	 � 1, and ˇ 2 L1
� .0; T /, the variational

problem

inf
v2H1

0
.QT /

w2H1
0 .QT /;

y2Ydiv.QT /

M 2
EV2.ˇ; 	; ı; v; #; y/; (9.3.25)

has a solution. The exact lower bound of this problem is equal to zero and is attained
if v D u, w D 0, and y D ru.
Proof. Obviously, the infimum in (9.3.25) is majorated by M 2

EV2.ˇ; 	; ı; v; 0; y/,
which coincides with M I

EV.ˇ; ı; v; y/. Therefore, the result follows from Propo-
sition 9.7.

9.3.4 Equivalence of the deviation and majorant

Now we focus on another property of the majorant M 2
EV2. Suppose v.x; 0/ D �.x/

and consider the quantity

M 2˚.	; ı; v/ WD inf
ˇ2L1

� .0;T /

#2H1
0 .QT /

y2Ydiv.QT /

M 2
EV2.ˇ; 	; ı; v; #; y/;
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which is an upper bound of the error (see (9.3.21)). We are aimed at showing that this
bound is realistic, i.e., it does not lead to a large overestimation of the actual value of
the norm of the true error. For this purpose, we estimateM˚.	; ı; v/ from above and
show that this estimate is equivalent to the error.
Since u 2 H

1;

0 .QT /, one can put y D ru 2 Ydiv.QT /. Moreover, we set

# D u � v. Then
f � vt � #t C divy D f � ut C�u D 0;

and we find that

M 2˚.	; ı; v/ � 	k.u � v/.�; T /k2� C 2F .v; u � v/C
4

ı

Z T

0

.1C ˇ/kr.u � v/k2� dt:

Note that

F .v; u � v/ D
Z

QT

.rv � r.u � v/C vt .u � v/ � f .u � v// dx dt

D
Z

QT

.ru � r.u � v/C ut .u � v/ � f .u � v// dx dt

�
Z

QT

�jr.u � v/j2 C .u � v/t .u � v/
�

dx dt:

The first integral on the right-hand side is equal to zero. Hence,

M 2˚.	; ı; v/ �
Z T

0

.4
1C ˇ
ı
� 2/kr.u � v/k2� dt

C 	k.u � v/.�; T /k2� � 2
Z

QT

.u � v/t .u � v/ dx dt

�
Z T

0

.4
1C �
ı
� 2/kr.u � v/k2� dt C .	 � 1/k.u � v/.�; T /k2�:

Set ı0 D 2 � ı. Then, we obtain

M 2˚.	; ı; v/ �
2

ı
.ı0 C 2�/kr.u � v/k2QT C .	 � 1/k.u � v/.�; T /k2�:

Recall (9.3.21). We observe that for any v 2 H 1
0 .QT /

jku � vjk2.� 0;ı 0/ �M 2˚.	; ı; v/ � jku � vjk2.� 00;ı 00/ � �jku � vjk2.� 0;ı 0/;

where 	 0 D ��1
�
, ı00 D 2

ı
.ı0 C 2�/, 	 00 D 	 � 1, and � D max

˚

	; 2
ı

�

1 C 2�
ı 0

��

.
This relation means that the quantityM˚.	; ı; v/ is equivalent to a certain measure of
u � v.
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9.3.5 Comments

Generalizations. The derivation method considered above is extendable to other
parabolic equations of the form

ut �ƒ�
Aƒu D f in QT ; (9.3.26)

u.x; 0/ D �; x 2 �; (9.3.27)

u.x; t/ D 0; .x; t/ 2 ST ; (9.3.28)

which are generated by the elliptic operator ƒ�
Aƒ (cf. Section 7.1). Generalized

solutions of such problems are defined by the integral identitiy

Z T

0

.Aƒu;ƒw/ dt �
Z

QT

uwt dx dt C
Z

�

.u.x; T /w.x; T / � u.x; 0/w.x; 0// dx

D
Z

QT

f w dx dt; 8w 2 V.QT /; (9.3.29)

where .� ; �/ is the scalar product associated with the spatial part of the operator and
V.QT / is a suitable space of trial functions. Then, an upper bound of u� v is derived
by a procedure close to that used for the diffusion equation. Below we give a sketch
of it. Let v be an approximation of u (which satisfies the boundary conditions and
belongs to the corresponding energy space). We have

Z T

0

.Aƒ.u � v/;ƒw/ dt �
Z

QT

.u � v/wt dx dt

C
Z

�

.u.x; T / � v.x; T //w.x; T / dx �
Z

�

.u.x; 0/ � v.x; 0//w.x; 0/ dx

D
Z T

0

Z

�

�

f w � vtw
�

dx dt �
Z T

0

.Aƒv;ƒw/ dt:

Set w D u � v and note that
Z

QT

wwt dx dt D 1

2

�kw.�; T /k2� � kw.�; 0/k2�
�

:

We arrive at the relation
Z T

0

jkƒ.u � v/jk2 dt C 1
2
ku.�; T / � v.�; T /k2�

D
Z T

0

Z

�

�

f w � vtw
�

dx dt �
Z T

0

.Aƒv;ƒw/ dt

C 1
2
ku.�; 0/ � v.�; 0/k2�: (9.3.30)
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Further transformations are based on spatial properties of the operator ƒ and its con-
jugate counterpart ƒ�. Suppose y is such that we can represent ƒ�y as an integrable
function and write

Z T

0

.y;ƒw/ dt D
Z T

0

Z

�

ƒ�y w dx dt;

where w 2 V . Then, we have
Z T

0

jkƒ.u � v/jk2 dt C 1
2
ku.�; T / � v.�; T /k2�

D
Z T

0

.y �Aƒv;ƒ.u � v// dt C
Z

QT

.f �ƒ�y C vt /.u � v/ dx dt

C 1
2
k� � v.�; 0/k2�; (9.3.31)

where (as in Chapter 7) jk � jk denotes the spatial energy norm generated by A. Note
that
Z

QT

.f �ƒ�y C vt /.u � v/ dx dt � C
Z T

0

kf �ƒ�y C vtk�jkƒ.u � v/jk dt;

where C is the constant in the inequality kwk� � Cjkƒwjk.
Define ˛1 and ˛2 by (9.3.10) and use the estimates
Z

QT

.f �ƒ�y C vt /.u � v/ dx dt

�
Z T

0

˛1.t/

2
C2kf �ƒ�y C vtk2� dt C

Z T

0

1

2˛1.t/
jkƒ.u � v/jk2 dt

and
Z T

0

.y �Aƒv;ƒ.u � v//

�
Z T

0

˛2.t/

2
jky �Aƒvjk2� dt C

Z T

0

1

2˛2.t/
jkƒ.u � v/jk2 dt:

Then, we obtain an estimate analogous to (9.3.14) in which ky � rvk2� is replaced
by jky �Aƒvjk�, CF� by C, and divy by ƒ�y. We note that the above-discussed
method can be applied to other evolutionary problems (see [162, 301]).

Practical applications. Finally, we briefly comment on possible applications of
the estimates derived. As for elliptic problems, the simplest way for the practical
exploitation of the above estimates consists of using post-processed fluxes of ap-
proximate solutions. Let v be an admissible approximation. Set y D Rrv, where
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R W Y.QT / ! Ydiv.QT / is a post-processing operator (which performs necessary
regularization of y). Then the quantity M 2

EV1.ˇ; ı; v; Rrv/ yields a directly com-
putable bound of the respective error norm, provided that ı and ˇ lie in admissible
sets.
Usually, the numerical analysis of evolutionary problems is based on using a se-

quence of consequently refining meshes. In this case, a directly computable error
estimate can be obtained in the same way as for elliptic problems (cf. Section 3.6.2).
Suppose v is an approximate solution of the heat equation computed on a coarse mesh
with mesh-size � for the time variable and h for spatial variables. Let vref be an-
other approximate solution computed on a finer mesh .�ref; href/ and Rref denote a post-
processing operator on the refined mesh. Then, the estimates (9.3.14) and (9.3.21)
provide guaranteed and easily computable bounds of the approximation errors related
to v:

jku � vjk2.1;ı 0/ �M 2
EV1.ˇ; ı; Rref.ruref// (9.3.32)

and

jku � vjk2.� 0;ı 0/ �M 2
EV2.ˇ; 	; ı; v; vref � v;Rref.ruref//: (9.3.33)

These estimates can be viewed as justified quantitative forms of the Runge’s rule.
Minimization with respect to ˇ.t/ 2 L1

� .0; T / (which is not difficult to perform) will
make the above estimates sharper.
If a more accurate error bound is required, then the majorant M 2

EV1.ˇ; ı; v; y/ (or
M 2

EV2.ˇ; 	; ı; v; #; y/) should be minimized with respect to ˇ, 	 , ı, y (and #). Cer-
tainly, such a procedure needs additional computational efforts. A rational way con-
sists of using the majorants on each step of time integration (instead of the whole inter-
val .0; T �/. For example, if ı D 2, then we rewrite (9.3.14) for the interval .tk; tkC1�
and obtain

e2kC1 D e2k C
1

2

Z tkC1

tk

.1C ˇ/
Z

�

�

jy � rvj2 C C 2F�
ˇ
jf � vt C divyj2

�

dx dt;

where ek denotes the error at t D tk . This formula gives a way for controling the
accumulation of errors on time-steps. If the minimization with respect to y and ˇ does
not reduce the estimate below an acceptable level, then the corresponding interval (or
even several neighboring intervals) should be diminished.

9.4 A posteriori estimates for optimal control problems

Functional a posteriori error estimates open new ways of error estimation for some
classes of optimal control problems. Let  2 L1.�/, �d 2 L2.�;Rd /, and
f 2 L2.�/ be given functions, and

U WD fv 2 L2.�/ j v �  a:e: in �g:
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Our goal is to find a control function u 2 U and a state function �u
1 defined by the

boundary value problem

���v D vC f a.e. in �; (9.4.1)

v D 0 on� (9.4.2)

such that the cost functional

J1.�; v/ WD 1

2
kr� � �dk2 C a

2
kv � udk2; a > 0;

attains its minimal value J.�u; u/. Another version of such a problem is generated by
the functional

J2.�; v/ WD 1

2
k�v � �dk2 C a

2
kv � udk2;

where �d 2 L2.�/.
It is well known that under the above assumptions, the optimal control problem

(with the functional J1 or J2) has a unique solution (e.g., see J.-L. Lions [221]). In this
section, we show that functional a posteriori estimates allow us to obtain guaranteed
and computable bounds for the cost functional and for errors of approximations of the
state and control functions. First, we deduce an upper bound for the cost functional,
which leads to an unconstrained minimization problem. In this problem, the differ-
ential equation (9.4.1) (whose presence is the major difficulty of the above optimal
control problem) does not appear explicitly. This new minimization problem can be
solved by well-known methods (e.g., by means of direct minimization). We prove that
the sequence of the so-obtained upper bounds converges to the exact value of the cost
functional and that the associated states and controls converge to the exact state and
control, respectively. These results have been established in the papers A. Gaevskaya,
R. Hoppe, and S. Repin [142, 143], where the reader will also find numerical results
illustrating the reliability and efficiency of the approach.

9.4.1 Two-sided bounds for cost functionals

Upper bounds. Assume that v 2 U is an admissible control function computed by
some numerical procedure and �v is the corresponding state function. Since the latter is
a solution of the state boundary value problem, we do not know it exactly and instead
must operate with a certain approximation � 2 VH 1.�/ (which may not satisfy the

1In the literature devoted to optimal control problems, the control function is traditionally denoted by
u. However, in other parts of the book this letter was used to denote the exact solution of a boundary
value problem. We try to follow the style accepted and, at the same time, to avoid a collision of notation.
For this reason, in this section, we use special fonts (u, v) for the denotation of control functions.
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differential equation). By the triangle inequality, we obtain the following upper bound
for the cost functional:

J1.�v; v/ � 1

2

�

kr� � �dk C kr.�v � �/k
�2 C a

2
kv � udk2: (9.4.3)

Now, we estimate the term kr.�v � �/k by (4.1.13) and find that
kr.�v � �/k � k� � r�k C CF�kdiv � C vC f k;

where � is an arbitrary function inH.�; div/.
In view of (9.4.3) and (9.4.4), we have

J1.�v; v/ � J 1.�; �; v/ WD a

2
kv � udk2 C 1

2

�

kr� � �dk C k� � r�k

C CF�kdiv � C vC f k
�2
: (9.4.4)

The functional J 1.�; �; v/ is directly computable and provides an upper bound of the
cost functional for any � 2 V0 WD VH 1.�/, � 2 H.�; div/, and v 2 U. It is easy to
see that (9.4.4) has no gap between its left- and right-hand sides. Indeed, set v D u,
� D r�u, and � D �u. Then,

J 1.�; �; v/ D a

2
ku � udk2 C 1

2
kr�u � �dk2;

i.e., J 1.�; �; v/ coincides with the value of the cost functional computed for the exact
solution.
Using Young’s inequality with positive parameters ˛ and ˇ, we can represent this

bound in terms of a quadratic functional:

J1.�u; u/ � J1.�v; v/ � J 1.˛; ˇI �; �; v/; (9.4.5)

where

J 1.˛; ˇI �; �; v/ WD 1C˛
2
kr�� �dk2C .1C˛/.1Cˇ/

2˛
k� �r�k2

C .1C˛/.1Cˇ/
2˛ˇ

C 2F�kdiv � C vC f k2C 1
2
kv� udk2: (9.4.6)

Setting v D u, � D r�u, and � D �u and letting ˛ go to zero, we find that
J 1.˛; 0I �; �; v/ also tends to J1.�u; u/.
Hence, we conclude that

J1.�u; u/ D inf
�2V0; v2U;

�2H.�;div/; ˛;ˇ2RC

J 1.˛; ˇI �; �; v/: (9.4.7)
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The majorants J 1.�; �; v/ and J 1.˛; ˇI �; �; v/ can be used for finding guaranteed
upper bounds for the cost functional. For example, we can take � and v as approximate
solutions computed by a certain optimization procedure and additionally minimize the
majorant with respect to � (and to the parameters ˇ and ˛). In the simplest case, we can
take � as a post-processed flux rv and perform a simple minimization with respect to
˛ and ˇ. The respective value J gives an upper bound of the cost functional. It should
be outlined that the quantity J1.v; �/ may not provide such a guaranteed upper bound
because � is not the exact solution of (9.4.1).
For the functional J2, the majorant can be easily derived by applying the same

method. We have

J2.�; v/ D 1

2
k� � �dk2 C a

2
kv � udk2 � J 2.˛; ˇI �; �; v/; (9.4.8)

where

J 2.˛; ˇI �; �; v/ WD 1C ˛
2
k� � �dk2 C .1C ˛/.1C ˇ/

2˛
C 2F� k� � r�k2

C .1C ˛/.1C ˇ/
2˛ˇ

C 4F� kdiv � C vC f k2 C a

2
kv � udk2:

Finding the sharpest upper bound for cost functionals requires the minimization of
J 1 (or J 2) over �, � , v, ˛, and ˇ, where the variables are taken in the above-stated sets
and are formally independent. Below, we show (with the paradigm of the majorant
J 1) that the amount of independent variables can be reduced.
It is easy to observe that the minimization of J 1 with respect to v is equivalent to

the problem

inf
v2U

M.˛; ˇI �; v/ D bM.˛; ˇI �/;

where

M.˛; ˇI �; v/ WD C˛ˇ

2
kdiv � C vC f k2 C 1

2
kv � udk2

and C˛ˇ D C 2F�
.1C˛/.1Cˇ/

˛ˇ
. This problem is reduced to the minimization of the

integrand of M at almost all x 2 �. If no constraints are imposed on the control
function (i.e., U D L2.�/), then the respective minimizerbv is easy to find. It satisfies
the relation

bv.x/ D 1

C˛ˇ C a
�

aud .x/ � C˛ˇ .div �.x/C f .x//
�

;

which implies

bM.˛; ˇI �/ D C˛ˇ a

2.C˛ˇ C a/kdiv � C ud C f k2: (9.4.9)
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If U contains a finite constraint  , then

bv.x/ D
	

bv.x/ if x 2 �0;
 .x/ if x 2 � ;

where � WD fx 2 � jbv.x/ >  .x/g and �0 WD � n� . In this case,

bM.˛; ˇI �; v/ D C˛ˇ a

2.C˛ˇ C a/kdiv � C ud C f k2�0

C C˛ˇ

2
kdiv � C  C f k2� C

a

2
k � udk2� : (9.4.10)

Hence,

inf
v2U

J 1.˛; ˇI �; �; v/ D bJ 1.˛; ˇI �; �/; (9.4.11)

where

bJ 1.˛; ˇI �; �/ D 1C ˛
2
kr� � �dk2 C .1C ˛/.1C ˇ/

2˛
k� � r�k2 C bM.˛; ˇI �; v/:

Then, we conclude that the problem of finding the sharpest upper bound for the cost
functional can be formally reduced to the following minimization problem:

inf
�2V0;�2H.�;div/;

˛;ˇ2RC

bJ 1.˛; ˇI �; �/: (9.4.12)

Lower bounds. Suppose �d D r�d , where �d 2 V0. Then J1 has the form

J1.�; v/ WD 1

2
kr.� � �d /k2 C a

2
kv � udk2: (9.4.13)

We note that if �d does not have such a form, then the optimization problem can be
reduced to the above-considered case. Indeed, letb�d be the projection of �d onto V0,
i.e.,

Z

�

.rb�d � �d / � rw dx D 0; 8w 2 V0:
Then

kr� � �dk2 D kr� � rb�dk2 C krb�d � �dk2

and

J.�; u/ D 1

2
kr� � rb�dk2 C a

2
ku � udk2 C c;

where c D krb�d��dk2 is the distance from �d to the set V0. Thus, the cost functional
can be reduced to the form (9.4.13).
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We derive a lower bound for the functional J1.�v; v/. For any � 2 V0, we have

J1.�v; v/ WD 1

2
kr.�v � �/k2 C 1

2
kr.� � �d /k2

C
Z

�

r.�v � �/ � r.� � �d / dx C a

2
kv � udk2

D 1

2
kr.�v � �/k2 C 1

2
kr.� � �d /k2 C

Z

�

.f C v/.� � �d / dx

�
Z

�

r� � r.� � �d / dx C a

2
kv � udk2:

Hence,

J1.�u; u/ D inf
v2U

J1.�v; v/

� 1

2
kr.� � �d /k2 C

Z

�

.f .� � �d / � r� � r.� � �d // dx

C inf
v2U

	

Z

�

v.� � �d / dx C a

2
kv � udk2

�

: (9.4.14)

Note that

inf
v2U

	

Z

�

gv dx C a

2
kv � udk2

�

D
Z

�

H .a; ud ;  ; g/ dx;

where

H .a; ud ;  ; g/ dx WD

8

ˆ

<

ˆ

:

udg � 1

2a
g2 ifbv WD ud � g

a
�  ;

 g C a

2
. � ud /2 ifbv >  :

Now we obtain the following lower bound for the cost functional, which involves only
known functions:

J1.�u; u/ � J 1.�/ WD
1

2
kr.� � �d /k2 C

Z

�

.f .� � �d / � r� � r.� � �d // dx

C
Z

�

H .a; ud ;  ; � � �d / dx: (9.4.15)

Assume that U D L2.�/. Then, it is easy to show that the minorant is sharp. Indeed,

sup
�2V0

J 1.�/ � J 1.�u/ D 1

2
kr.�u� �d /k2C

Z

�

.f .�u� �d /�r�u � r.�u� �d // dx

C
Z

�

H .a; ud ;  ; �u� �d / dx;
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where

H .a; ud ;  ; �u� �d / D ud .�u� �d /� 1

2a
j�u� �d j2:

It is easy to prove (e.g., see [221]) that the corresponding solution of the optimal
control problem satisfies the necessary condition

u D ud C 1

a
.�d � �u/: (9.4.16)

Therefore,

Z

�

.f .�u � �d / � r�u � r.�u � �d // dx C
Z

�

H .a; ud ;  ; �u � �d / dx

D
Z

�

�

.ud � u/.�u � �d / � 1

2a
.�u � �d /2

�

dx D a

2
ku � udk2:

Thus, J1.�u; u/ D J 1.�u/.
To find a more accurate lower bound for the cost functional, we estimate the first

term on the right-hand side of (9.4.13) with the help of (3.1.13), which reads

1

2
kr.�v� �/k2 �

Z

�

�

�1
2
jrwj2�rw � r�C .vC f /w

�

dx; 8w 2 V0: (9.4.17)

This way results in a more complicated estimate:

J1.�u; u/ � J 1.�; w/ WD �
1

2
krwk2 C 1

2
kr.� � �d /k2

C
Z

�

.f .w C � � �d / � r� � r.w C � � �d // dx

C inf
v2U

	

Z

�

v.w C � � �d / dx C a

2
kv � udk2

�

; (9.4.18)

where the last term is equal to
R

� H .a; ud ;  ;w C � � �d / dx.
Remark 9.13. It should be noted that this estimate contains an additional function
w, which makes computations of the lower more expensive with respect to (9.4.15).
Numerical experiments performed (in part they are cited in [142, 143]) have shown
that in most cases, specifications computed with the help of w are not very essential.

9.4.2 Estimates for state and control functions

Now our goal is to derive guaranteed upper bounds for the errors of v and � measured
in terms of a combined norm

jŒu � v�j2 WD 1

2
kr.�u � �v/k2 C a

2
ku � vk2:
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Our analysis is based upon the following result, which can be viewed as a generaliza-
tion of the Mikhlin estimate (2.3.1) for the class of optimal control problems that we
consider.

Theorem 9.14. Let U D L2.�/. For any control function v 2 U,

jŒu � v�j2 D J1.�v; v/ � J1.�u; u/: (9.4.19)

Proof. We have

J.�v; v/ � J.�u; u/ D 1

2
kr.�v � �u/k2 C a

2
kv � uk2

C
Z

�

r.�u � �d / � r.�v � �u/ dx

C a
Z

�

.u � ud /.v � u/ dx: (9.4.20)

Note that
Z

�

r.�v � �u/ � r.�u � �d / dx D
Z

�

.v � u/.�u � �d / dx:

By (9.4.16), we know that

.�u � �d /C a.u � ud / D 0: (9.4.21)

In view of this relation,
Z

�

r.�v � �u/ � r.�u � �d / dx D �a
Z

�

.v � u/.u � ud / dx

and the last two terms in (9.4.20) vanish. Hence, we arrive at (9.4.19).

Corollary 9.15. From (9.4.6), (9.4.14), and (9.4.19), it follows that

jŒv � u�j2 �M opt.˛; ˇ; �; �; v/ WD J 1.˛; ˇI �; �; v/ � J 1.�/; (9.4.22)

where v is an arbitrary control function in L2.�/, � 2 H.�; div/, ˛ and ˇ are arbi-
trary positive numbers, and

M opt.˛; ˇ; �; �; v/ WD ˛

2
kr.� � �d /k2 C .1C ˛/.1C ˇ/

2˛
k� � r�k2

C .1C ˛/.1C ˇ/
2˛ˇ

C 2F� kdiv � C vC f k2 C 1

2
kv � udk2

�
Z

�

..f C ud /.� � �d / � r� � r.� � �d // dx

C 1

2a
k� � �dk2 dx:
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Proposition 9.16. The majorant M opt.˛; ˇ; �; �; v/ attains the exact lower bound on
the exact solution of the optimal control problem, i.e.,

inf
˛;ˇ>0

M opt.˛; ˇ; �u;r�u; u/ D 0:

Proof. In view of (9.4.21),
Z

�

..f C ud /.�u � �d / � r�u � r.�u � �d // dx

D
Z

�

..u � ud /.�d � �u/ D 1

a
k�d � �uk2 (9.4.23)

and

1

2
ku � udk2 D 1

2a
k�d � �uk2:

For this reason, the last three terms of M opt.˛; ˇ; �; �; v/ vanish. The second term is
also equal to zero, as well as the third one. Thus,

M opt.˛; ˇ; �u;r�u; u/ D ˛

2
kr.�u � �d /k2

and the result follows if we let ˛ go to zero.

Remark 9.17. Finally, we note that it may be useful to represent the basic problem in
another (but equivalent) form. For a function � 2 V0, consider the following problem:
Minimize

J1;� .�;u/ WD 1

2
kr.� � �/k2 C a

2
ku �eud .�/k2 (9.4.24)

over .�; u/ 2 V0 � L2.�/ such that
��� D uC f a.e. in �; (9.4.25)

whereeud .�/ D ud C 1

a
.�d � �/.

In [143], it is shown that for any � 2 V0,
J1.�; u/ D J1;� .�;u/C C� ; (9.4.26)

where

C� WD C.�I �d ; f; ud / D 1

2
kr� �r�dk2C a

2
keud .�/� udk2

C
�

Z

�

r� � r.�d � �/ dx �
Z

�

.eud .�/C f /.�d � �/ dx
�

:
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We outline that C� depends only on � and known functions �d ; f , and ud . This
constant gives a quantity, which is contained in the upper bound of the cost functional,
as well as in the lower one. In practice, it is convenient to reformulate the problem in
such a way that this a priori known constant is sufficiently large. Then the estimates
based on the comparison of upper and lower estimates of the cost functional would
become more efficient (see [143] for details and numerical experiments).

9.4.3 Estimate in a combined norm

Introduce the following combined norm:

jŒvI q�j2� WD jŒv�j2 C
1

2
kqk2 C 
kdiv qk2;

where .v; q/ 2 L2.�/ � H.�; div/ and 
 2 .0; a/. This norm can be regarded as a
full primal-dual norm associated with the problem under consideration.

Proposition 9.18.

jŒ.v � u/I .� � p/�j2� � c˚M opt.˛; ˇ; �; �; v/; (9.4.27)

where p WD r�u and

c˚ WD 3C 2˛
.1C˛/.1Cˇ/ max

	

6; ˇ

C2F�

�

4C 2F� C �a
a��

�

�

:

Proof. By the obvious inequality

1

2
k� � pk2 D 1

2
k� � r�uk2 � kr.�v � �u/k2 C kr�v � �k2

D 2jŒv � u�j2 � akv � uk2 C kr�v � �k2 (9.4.28)

and (9.4.22), we find that

1

2
k� � p k2 � 2M opt.˛; ˇ; �; �; v/ � akv � uk2 C kr�v � �k2: (9.4.29)

For any positive 
 and �, we have


kdiv � � divpk D 
kdiv � C uC f k2

� 

�

.1C �/kdiv � C vC f k2 C 1C �
�
kv � uk2

�

: (9.4.30)

Setting 
1C�
�
D a, we find that � D �

a�� . Now (9.4.29) and (9.4.30) imply the
estimate

1

2
k� � p k2 C 
kdiv .� � p/k2 � 2M opt.˛; ˇ; �; �; v/

C 
a

a � 
kdiv � C vC f k2 C kr�v � �k2;
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which, together with (9.4.22), yields

jŒ.u � u/I .� � p/�j2� � 3M opt.˛; ˇ; �; �; v/

C 
a

a � 
kdiv � C vC f k2 C kr�v � �k2: (9.4.31)

For the last term, we have

kr�v � �k2 � 2kr.�v � �/k2 C 2kr� � �k2
� 2.kr� � �k C CF�kdiv � C vC f k/2 C 2kr� � �k2
� 6kr� � �k2 C 4C 2F�kdiv � C vC f k2:

By (9.4.31), we obtain

jŒ.u � u/I .� � p/�j2� � 3M opt.˛; ˇ; �; �; v/

C
�

4C 2F� C

a

a � 

�

kdiv � C vC f k2 C 6kr� � �k2:

Recalling the structure ofM opt.˛; ˇ; �; �; v/, we arrive at (9.4.27).

Remark 9.19. In the proof, we overestimated the right-hand side of inequalities sev-
eral times. Therefore, in reality the constant c˚ is essentially smaller than it is defined
by Proposition 9.18.

Remark 9.20.With the help of similar arguments, it can be shown that

jŒ.v � u/I .� � p/�j2� � c�M opt.˛; ˇ; �; �; v/;

where c� depends only on the data of the problem.

9.4.4 Generalizations

As we have seen, error majorants of the functional type allow to consider state equa-
tions of optimal control problems in the form of penalty functionals. This method
yields computable upper bounds for cost functionals of many other optimal control
problems (provided that the majorant for the state problem is known). Below we
briefly consider several examples related to nonlinear problems.

1. Consider the problem with the cost functional J1 in which the state function is
defined not by (9.4.1) and (9.4.2) but by the variational inequality (see 8.1.1)

Z

�

r�v � r.� � �v/ dx �
Z

�

.vC f /.� � �v/ dx; 8� 2 K; (9.4.32)

where
K WD f� 2 V0 WD VH 1.�/ j �.x/ � �.x/ �  .x/ a:e: in�g:
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Now the problem is to minimize J1.�v; v/ on .�v; v/ 2 K � U. We use (9.4.3) and
estimate the term kr.�v � �/k by the majorant derived in Section 8.1. Instead of
(9.4.4), we obtain

J1.�v; v/ � J 1.�; �; v/ WD a

2
kv � udk2 C 1

2

�

kr� � �dk C k� � r�k

C CF�kÉ divy C vC f Ê� k
�2
; (9.4.33)

where y 2 H.�; div/. For any .�v; v/ 2 K � U, the quantity J1.�v; v/ is computable
and gives a guaranteed upper bound for the cost functional.
Also, we can derive a computable lower bound. Suppose �dDr�d , where �d 2K.

Let v 2 U be an approximation of u and � be an approximation of �v. Then,

J1.�v; v/ WD 1

2
kr.�v � �/k2 C 1

2
kr.� � �d /k2

C
Z

�

r.�v � �/ � r.� � �d / dx C a

2
kv � udk2

� 1

2
kr.� � �d /k2 C a

2
kv � udk2 � kr.�v � �/kkr.� � �d /k

� 1 � ˇ
2
kr.� � �d /k2 C a

2
kv � udk2

� 1

2ˇ

�k� � r�k C CF�kÉ div � C vC f Ê� k
�2
: (9.4.34)

The right-hand side of (9.4.34) can be maximized with respect to v 2 U by the same
method, which we applied to the optimal control problem with linear state equation.
Then we obtain a computable lower bound for the cost functional. The quality of this
lower bound depends on the value of approximation error for the state function.

2. The method is extendable to optimal control problems with convex cost function-
als and also to those that have the control function in the main part of the differential
operator (in the latter case, the existence of u requires a special investigation). If the
cost functional J.�; v/ is convex with respect to the first variable for any admissible v,
them we have the relations

J.�v; v/ � 
J
��



; v
�

C .1 � 
/J
��v � �
1 � 
 ; v

�

; (9.4.35)

J
��v



; v
�

� 1



J.�; v/ � .1 � 
/



J
�� � �v

1 � 
 ; v
�

; (9.4.36)

where 
 2 .0; 1/. Assume that J satisfies the growth condition

J.�; v/ � C.v/k�k˛V ; (9.4.37)
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where C > 0 does not depend on � and V is the energy space of the boundary value
problem (which defines the state function)

A.v/�v D f .v/ (9.4.38)

generated by an elliptic operator A. If for the problem (9.4.38) we have a computable
upper bound of the deviation from �v

k�v � �kV �M .�; A.v/; f .v/;D/; (9.4.39)

then (9.4.35), (9.4.37), and (9.4.39) imply a computable upper bound for the cost func-
tional, namely,

J.�v; v/ � inf
�2.0;1/

n


J
��



; v
�

C .1 � 
/1�˛C.v/M ˛.�; A.v/; f .v/;D/
o

: (9.4.40)

A lower bound follows from (9.4.36). However, in general, getting computable lower
bounds for cost functionals is a more difficult task. Usually it requires a deeper analy-
sis, which attracts specific properties of the problem considered.

9.4.5 Comments

For the reader interested in other approaches to a posteriori estimation for optimal con-
trol problems (and in the adaptive numerical methods developed for such problems),
we recommend the papers by R. Becker and R. Rannacher [49], R. Becker, H. Kapp,
and R. Rannacher [47], M. Hintermüller [173], R. H.W. Hoppe, Y. Iliash, C. Iyyunni,
and N.H. Sweilam [177], A. Gaevskaya, R. H.W. Hoppe, Y. Iliash, and M. Kieweg
[141], D. Meidner and B. Vexler [230], and R. Becker and B. Vexler [50]. These
papers also contain an overview of the results in the area and many references.

9.5 Estimates for nonconforming approximations

Let � be divided into a collection of subdomains�i , i D 1; 2; : : : ; N , and
� D

[

i

�i :

We consider nonconforming approximations that may violate the continuity on the
boundaries of subdomains �i and the boundary conditions on �1. The corresponding
functions are marked by “hats” and form a broken Sobolev space

bH 1 WD ˚bw 2 L2.�/jbw 2 H 1.�i /; i D 1; 2; : : : ; N � ;
the norm of which is defined by the relation

jŒw�j2D
X

i

kwk21;2;�i :
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Also, we define the following norms:

jkqjk2�i WD
Z

�i

Aq � q dx; jkqjk2�;�i WD
Z

�i

A�1q � q dx;

kŒq�k2 WD
X

i

jkqjk2�i ; kŒq�k2� WD
X

i

jkqjk2�;�i :

Guaranteed bounds of approximation errors generated by nonconforming approx-
imations can be derived by two methods. The first method projects a nonconform-
ing approximation into the energy space (with the help of a suitable post-processing
procedure) and applies the functional error majorant to the post-processed approxima-
tion. Since the majorant is valid for any conforming approximation, this procedure
implies computable and guaranteed error bounds. The second method is based on the
Helmholtz decomposition of the error. Below we briefly discuss both methods with
the paradigm of the problem (4.1.1)–(4.1.3).

9.5.1 Estimates based on projecting to the energy space

Let bv 2 bV be a nonconforming approximation of u 2 u0 C V0 (we recall that V0
contains functions vanishing on �1). Probably the simplest modus operandi is to define

ev WD P.bv/;

where P W bV ! u0 C V0 is a projection operator. In particular, one can use the or-
thogonal projection to a certain finite-dimensional subspace of u0CV0. If P produces

~
0+

ba

~

P

P
0u V

u uv

v

v

v
u0+V0

V
^

V
^

^

^

Figure 9.5.1 Projection to u0 C V0.

almost orthogonal projection (see Figure 9.5.1 a), thenev is a better approximation of
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u thanbv. In this case, it is logical to considerev as an approximate solution and use the
estimates

jkru � revjk �M DF.ev; y/; y 2 H.�; div/;
jkru � revjk �M DF.ev;w/; w 2 V0;

to evaluate the respective error. Similar estimates can easily be obtained for noncon-
forming approximations of other boundary value problems, where the corresponding
functional error majorants are known.
However, orthogonal projection is equivalent to solving of an auxiliary problem,

which may lead to essential expenditures. On the other hand, cheap post-processing
procedures may destroy approximation properties ofbv, so thatev is less accurate thanbv
(see Figure 9.5.1 b). In this case, we should estimate the error in terms of the “broken”
norm kŒbrbv � ru�k, in which brbv is defined at almost all points of� by the relation

brbv.x/ WD rbv.x/; x 2 �i ; i D 1; 2; : : : ; N:
The simplest way to obtain such an estimate is as follows. For any v 2 u0CV0, we

have the triangle inequality

kŒru � brbv�k � kŒr.u � v/�k C kŒbrbv � rv�k; 8v 2 u0 C V0: (9.5.1)

Remark 9.21. It should be noted that kŒbrbv�k is a seminorm on bV . One can view this
quantity as a factor norm defined for the class of functions that differ from each other
by a constant, so that in (9.5.1) we can write v 2 u0 C V0 C R.

Consider the first term on the right-hand side of (9.5.1). Since u � v 2 V0, the
broken norm kŒr.u � v/�k coincides with the usual energy norm jkr.u � v/jk, which
is estimated from above by the error majorant. Moreover, the value of this norm does
not change if we replace v by v C c (where c 2 R). For this reason, we arrive at the
estimate

kŒru � brbv�k � inf
v2u0CV0
y2H.�;div/

˚

M DF.v; y/C kŒbrbv � rv�k
�

: (9.5.2)

If v D u and y D Aru, thenM DF.v; y/ D 0. Therefore, (9.5.2) holds as the equality.
Letev WD P.bv/. Then, (9.5.2) is replaced by

kŒru � brbv�k � inf
y2H.�;div/

M DF.ev; y/C kŒbrbv � rev�k; (9.5.3)

where y 2 H.�; div/ should be used to minimize the right-hand side of (9.5.2).
Lower bounds of approximation errors are derived analogously. By the obvious

inequality

kŒru � brbv�k � kŒr.u � v/�k � kŒbrbv � rv�k; 8v 2 u0 C V0; (9.5.4)
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we find that

kŒru � brbv�k � sup
v2u0CV0
w2V0

n

M DF.v; w/ � kŒbrbv � rv�k
o

(9.5.5)

and, therefore,

kŒru � brbv�k � sup
w2V0

M DF.ev;w/ � kŒbrbv � rev�k: (9.5.6)

If the term kŒbrbv � rev�k (related to the “nonconformity error”) is large, then the
estimates (9.5.3) and (9.5.6) may be not sharp. In this case, estimates of a somewhat
different type can be helpful. They are obtained if instead of the triangle inequality we
use another representation of the error.

9.5.2 Estimates based on the Helmholtz decomposition

Consider the error function

� WD ru � brbv:
Since brbv is defined at almost all points of� and rbv 2 L2.�i ;Rd / for i D 1; : : : ; N ,
we can regard � as a vector-valued function in L2.�;Rd /, for which the well-known
Helmholtz decomposition takes place. For our purposes, it is more convenient to use
a similar decomposition of A�, namely,

A� D Aru� C ��; (9.5.7)

where u� is a function in V0 and

�� 2 S�2 WD
	

� 2 L2.�;Rd / j
Z

�

� � rw dx D 0; 8w 2 V0
�

:

If � 2 S�2 then div � D 0 and � � n D 0 on �2 (these relations should be understood
in a generalized sense; they hold in the classical sense if � is a sufficiently regular
function).
The decomposition (9.5.7) is motivated by the problem: Find u� 2 V0 such that

Z

�

Aru� � rw dx D
Z

�

A� � rw dx; 8w 2 V0; (9.5.8)

which is uniquely solvable. From (9.5.8) it follows that
Z

�

�� � rw dx D 0; 8w 2 V0; where �� WD A.� � ru�/; (9.5.9)

which means that �� 2 S�2 and we obtain (9.5.7).
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By the definition of S�2 , �� is orthogonal to rw for any w 2 V0. Therefore, we
arrive at the important relation

kŒ��k2 D
X

i

Z

�i

A� � � dx

D
Z

�

�

Aru� � ru� C A�1�� � �� � 2ru� � ��
�

dx

D jkru�jk2 C jk��jk2�: (9.5.10)

A posteriori estimates based on the Helmholtz type decomposition of �were studied
in E. Dari, R. Duran, C. Padra, and V. Vampa [113] and M. Ainsworth [4, 5]. In those
papers, �� is represented as curl and  is defined by the relation

Z

�

A�1curl � curl� dx D
Z

�

� � curl� dx; 8� 2 H ;

where H is the subspace of H 1=R that consists of functions having zero tangential
derivatives on �2. Hence, the overall error is represented by (9.5.10), where u� and ��
are defined as solutions of auxiliary boundary value problems.
Below we discuss a somewhat different modus operandi, which was suggested and

numerically tested in S. Repin and S. Tomar [317]. First, we estimate u� with the help
of the same method as we used for deriving a posteriori error estimates (for conforming
approximations) in previous chapters. This method provides computable two-sided
bounds for the term jkru�jk. After that, we show that the value of jk��jk is estimated
from above by the broken norm of the difference rv � brbv (i.e., by a “penalty for
nonconformity”). The sum of these two estimates yields a directly computable bound
of the error, expressed in terms of the broken energy norm.

Upper bound of kŒ��k. First we find computable upper bounds for the norms
jkru�jk. Note that

Z

�

Aru� � rw dx D
X

i

Z

�i

A� � rw dx �
Z

�

�� � rw dx

D
Z

�

Aru � rw dx �
X

i

Z

�i

Arbv � rw dx

D
Z

�

f w dx C
Z

�2

Fw ds

�
X

i

Z

�i

Arbv � rw dx; 8w 2 V0: (9.5.11)
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Now, we rearrange the right-hand side of (9.5.11) by introducing a vector-valued func-
tion y 2 H.�; div/ and obtain

Z

�

Aru� � rw dx D
Z

�

.divy C f /w dx C
Z

�2

.F � y � n/w ds

C
X

i

Z

�i

.y � Arbv/ � rw dx: (9.5.12)

From (9.5.12), it follows that

jkru�jk � kŒy � Abrbv�k� C C
�kdivy C f k2 C ky � n � f k2�2

�1=2
: (9.5.13)

For the function ��, we have
Z

�

A�1�� � �� dx D
X

i

Z

�i

� � �� dx D
X

i

Z

�i

.ru � rbv/ � �� dx

D
X

i

Z

�i

.rv � rbv/ � �� dx; 8v 2 u0 C V0: (9.5.14)

Hence,

jk��jk2� �
 

X

i

Z

�i

A.rv � rbv/ � .rv � rbv/ dx
!1=2

jk��jk�;

and we find that

jk��jk� � kŒrv � brbv�k: (9.5.15)

By (9.5.10), (9.5.13), and (9.5.15), we deduce the estimate

kŒru � brbv�k2 � inf
v2u0CV0

kŒrv � brbv�k2 C
�

kŒy � Abrbv�k�

C C �kdivy C f k2 C ky � n � F k2�2 ;
�1=2

�2
; (9.5.16)

which provides an upper bound of the error in terms of the broken energy norm.

Remark 9.22. The right-hand side of (9.5.16) presents a natural decomposition of the
overall error into three terms: the error owing to nonconformity, the error in the duality
relation for fluxes, and the error in the equilibrium equation and boundary condition
for fluxes.

Remark 9.23. If y is subject to the boundary condition y � n D F , then (9.5.16) takes
a simplified form

kŒ��k2 � kŒrv � brbv�k2 C
�

kŒy � Abrbv�k C C kdivy C f k
�2
; (9.5.17)
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where v is an arbitrary function in u0 C V0. We set v D P.bv/ (i.e., define v as a
projection onto u0 C V0). Then,

kŒ��k2 � �2P C .1C ˇ/kŒy � Abrbv�k
2 C C2

�

1C 1

ˇ

�

kdivy C f k2 ; (9.5.18)

where ˇ is an arbitrary positive number and �P WD kŒrP.bv/ � brbv�k is the projection
error (which is directly computable). Minimization with respect to y is now reduced
to a quadratic problem.

Finally, we consider a modification of (9.5.16). Let �ij D @�i \ @�j and nij
denote the unit normal vector to �ij external to �i if i < j . In (9.5.16), we assume
that y belongs toH.�; div/ (which means that y �nij is continuous on �ij ). However,
Abrbv is a vector-valued function that may have jumps on �ij . For this reason, it may
be useful to have another form of the upper bound, which operates with y from a
wider set. To deduce such an estimate, we transform the right-hand side of (9.5.11) as
follows. Let

by 2 bY WD
n

by D y.i/ in �i ; y.i/ 2 H.�i ; div/; i D 1; : : : ; N
o

:

Denote the “broken” divergence bybdiv (i.e.,bdiv y.i/ D divy.i/ in �i ).
For any � 2 H.�; div/, we have

Z

�

.wbdivbyCrw �by/ dx D
X

i

Z

�i

.w divy.i/Crw � y.i// dx

D
Z

�

.wbdiv .by � �/Crw � .by � �// dxC
Z

�2

.� �n/w ds:

Substitute this identity into (9.5.11). We have
Z

�

Aru� � rw dx D
Z

�

.f Cbdivby/w dx C
Z

�2

.F � � � n/w ds

C
X

i

Z

�i

.by � Arbv/ � rw dx

�
Z

�

.wbdiv .by � �/Crw � .by � �// dx:

Since
ˇ

ˇ

ˇ

ˇ

Z

�

.wbdiv .by � �/Crw � .by � �// dx
ˇ

ˇ

ˇ

ˇ

� �CF �1kbdiv .by � �/k C kby � �k
�krwk;

we find that

jkru�jk � c�1
1

�

CF �1kf Cbdivbyk C CT�2kF � � � nk�2
C CF �1kbdiv .by � �/k C kby � �k

�C kŒby � Abrbv�k�:
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Now, by (9.5.10) and (9.5.13) we obtain

kŒru � brbv�k2 � inf
v2u0CV0

kŒrv � brbv�k2

C
�

c�1
1

�

CF �1kf Cbdivbyk C CT�2kF � � � nk�2

C CF �1kbdiv .by � �/k C kby � �k
�C kŒby � Abrbv�k�

�2
; (9.5.19)

whereby is any vector-valued function in bY .
From (9.5.19), we deduce the estimate

kŒru � brbv�k2 � inf
v2u0CV0

kŒrv � brbv�k2

C
�

c�1
1 CF �1kf Cbdivbyk C kŒby � Abrbv�k�

C c�1
1 inf

�2H.�;div/
� �nDF on �2

�

CF �1kbdiv .by � �/k C kby � �k
��2

; (9.5.20)

which operates with piecewise continuous approximations and fluxes. We note that
the last term on the right-hand side of the above estimate can be viewed as a penalty
for “nonconformity” ofby.

Lower bound of kŒ��k. To derive a lower bound of the error we again use (9.5.10).
Now, our goal is to find lower bounds for the norms on the right-hand side of (9.5.10).
To estimate the first term, we rewrite (9.5.11) in the form

Z

�

Aru� � rw dx D `.w/; (9.5.21)

where ` W V0 ! R is a linear functional defined as

`.w/ D
Z

�2

Fw ds C
Z

�

f w dx �
X

i

Z

�i

Arbv � rw dx: (9.5.22)

Note that (9.5.21) is the Euler’s equation of the variational problem

min
w2V0

J`.w/; where J`.w/ D 1

2
jkrwjk2 � `.w/: (9.5.23)

From (9.5.21) it follows that

jkru�jk2 D h`; u�i; (9.5.24)

and, therefore,

J`.u�/ D �1
2
jkru�jk2: (9.5.25)
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From (9.5.24) and (9.5.25), we obtain

jkru�jk2 D �2J`.u�/ D �2 inf
w2V0

1

2

n

jkrwjk2 � `.w/
o

D sup
w2V0

n

2`.w/ � jkrwjk2
o

:

Hence,

jkru�jk2 � 2`.w/ � jkrwjk2; 8w 2 V0: (9.5.26)

For the second term in (9.5.10), we proceed analogously. In view of (9.5.7), ��
meets the identity

Z

�

A�1�� � �0 dx D
Z

�

.� � ru�/ � �0 dx

D
Z

�

.ru � brbv � ru�/ � �0 dx; 8�0 2 S�2 : (9.5.27)

Introduce the functional � W S�2 ! R,

�.�0/ WD �
X

i

Z

�i

.ru0 � brbv/ � �0 dx: (9.5.28)

Then, �� is a minimizer of the variational problem

min
�02S�2

I�.�0/; where I�.�0/ WD
	

1

2
jk�0jk2� � �.�0/

�

: (9.5.29)

By the arguments similar to those used before, we conclude that

jk��jk2� D �2I�.��/ D sup
�02S�2

n

2�.�0/ � jk�0jk2�
o

� 2�.�0/ � jk�0jk2�; 8�0 2 S�2 : (9.5.30)

Combining (9.5.26) and (9.5.30), we obtain the following lower estimate of the error

kŒ��k2 � 2`.w/C 2�.�0/ � jkrwjk2 � jk�0jk2�: (9.5.31)

In (9.5.31), w and �0 are arbitrary functions in V0 and S�2 , respectively. Certainly,
getting a realistic estimate requires a proper selection of these functions.

Remark 9.24. Ifbv 2 u0CV0, then �.�0/ 
 0 and we should take �0 D 0 to make the
right-hand side of (9.5.31) maximal. In this case, (9.5.31) is transformed to the lower
bound that was derived for conforming approximations in Chapter 4.
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9.5.3 Accuracy of approximations obtained by the Trefftz method

Approximate solutions to boundary value problems can be constructed as series
P

i ˛i�i .x/, where the �i exactly satisfy the differential equation. The coefficients
˛i are selected in order to approximate the Dirichlet boundary condition as accurately
as possible (in the sense of least squares). Numerical methods of this type originate
from the Trefftz method (e.g., see S. Mikhlin [232]). For the problem (4.1.1)–(4.1.3),
the respective approximate solutionbu satisfies the equation

divArbuC f D 0 in �;

but violates the condition u D u0 on �1. We can view such a function as a noncon-
forming approximation of u and apply (9.5.16). In this case,

bV D H 1.�/ and kŒru � brbu�k D jkr.u �bu/jk:
Set y D Arbu. Then, (9.5.16) implies the estimate

jkru � rbujk2 � inf
v2u0CV0

jkr.v �bu/jk2 C C2kArbu � n � f k2�2 : (9.5.32)

If �2 D ;, then we arrive at a simple projection estimate
jkru � rbujk � inf

v2u0CV0
jkr.v �bu/jk � jkr.Pbu �bu/jk: (9.5.33)

Since

`.w/ D
Z

�2

Fw dsC
Z

�

f w dx �
Z

�

Arbu � rw dx D
Z

�2

.F �Arbu � n/w ds

and

�.�0/ D
Z

�

.ru0 � rbu/ � �0 dx;

we find that

jkr.u �bu/jk2 � 2
Z

�2

.F � Arbu/w ds C 2
Z

�1

.bu � u0/�0 � n ds

� jkrwjk2 � jk�0jk2�; 8w 2 V0; �0 2 S�2 : (9.5.34)

If �2 D ;, then the right-hand side of (9.5.34) does not have the corresponding bound-
ary integral. In this case, the best choice of w is the zero function. Then, the lower
bound is given by a simple relation:

jkr.u �bu/jk2 � 2
Z

�

.bu � u0/�0 � n ds � jk�0jk2�; �0 2 H0: (9.5.35)
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The vector-valued functions in S�2 can be represented in the form ˛ N�0, where ˛ is a
real number and jk N�0jk� D 1. Take

˛ D
Z

�

.bu � u0/ N�0 � n ds:
Then,

jkr.u �bu/jk � sup
N�02H0;jkN�0jk�D1

Z

�

.bu � u0/ N�0 � n ds: (9.5.36)

Remark 9.25. Consider the special case in whichbu D u C c, c 2 R. The left-hand
sides of (9.5.33) and (9.5.36) are equal to zero. If we take v D u, then the right-hand
side of (9.5.33) is also zero. On � we havebu�u0 Dbu�u D c. Since

R

� N�0 �n ds D 0;
we conclude that the right-hand side of (9.5.36) is also equal to zero.

Similar estimates are easily obtained for different generalizations of the method.
For example, the differential equation may be satisfied in subdomains�i only approx-
imately, i.e.,

divArbuC f D �i .x/; x 2 �i ; (9.5.37)

where �i .x/ is a small residual. For this case, we have the following upper bound of
the error

kŒ��k � inf
v2V0Cu0

kŒrv�brbu�k2CC2
 

X

i

k�i .x/k2�i CkArbu � n� f k2�2
!

: (9.5.38)

9.5.4 Comments

A rapidly developing group of methods is related to nonconforming finite element ap-
proximations. Here, a posteriori error estimation methods are much less developed
than for classical (conforming) finite element methods. Concerning a posteriori esti-
mates for Discontinuous Galerkin (DG) approximations of elliptic type equations, we
refer to R. Becker, P. Hansbo, and M.G. Larsson [46] and R. Bustinza, G.N. Gatica,
and B. Cockburn [83], where a modification of the residual based estimate for the en-
ergy norm of the error was suggested. In P. Castillo [101] a posteriori estimates in
the L2-norm were derived for the so-called “local DG method” applied to an elliptic
boundary value problem. A posteriori error estimates for DG approximations were
also obtained for other classes of problems. In particular, in S. Sun and M. F. Wheeler
[346] time-dependent (transport) equations were considered and in P. Houston, I. Peru-
gia, and D. Schotzau [181] the authors investigated elliptic problems of the Maxwell’s
type. The paper by J. Ma and H. Brunner [224] deals with a posteriori error estimates
for DG approximations of integral equations. In A. Ern and J. Proft [127] a posteriori
estimates were obtained for DG approximations of the convection-diffusion equation.
In A. Ern, A. F. Stephensen, and M. Vohralik [128] advanced a posteriori estimates
using constants in Poincaré inequalities for elements were derived for DG approxima-
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tions. Error reduction and convergence analysis of an adaptive nonconforming finite
element method was studied in C. Carstensen and R.H.W. Hoppe [94].
Finite Volume (FV) method is another nonconforming scheme, which is widely used

in modern numerical analysis. Various approaches to a posteriori error control of
FV approximations can be found in, e.g., Y. Achdou, C. Bernardi and F. Coquel [1],
A. Bergam, Z. Mghazli, and R. Verfürth [51], C. Carstensen, R. Lazarov, and S. Tomov
[98], R. Lazarov and S. Tomov [219], V. Jovanovic and C. Rohde [191], D. Kröner and
M. Ohlberger [196], K.W. Morton and E. Süli [238], S. Nicaise [247], and M. Vohralı́k
[365].
A consequent discussion of an a posteriori error estimation method based on (9.5.3)

and (9.5.6) is presented in R. Lazarov, S. Repin and S. Tomar [218], where it is stud-
ied with the paradigm of the Discontinuous Galerkin method (also see [350], which
includes a discussion of numerical experiments and practical efficiency of the error es-
timation method). In the context of the Finite Volume method, functional a posteriori
estimates were studied in S. Cochez-Dhondt, S. Nicaise, and S. Repin [109].

9.6 Uncertain data

In practice, the data of a problem are always defined with certain indeterminacy. This
fact should be taken into account in constructing approximation and error control
methods that must be stable with respect to small variations in the coefficients and
other data caused by indeterminacy. Also, it is necessary to compare the approxima-
tion errors and the errors caused by indeterminacy in the data. There are three major
sources of the latter errors related to indeterminacy in

(a) coefficients of a PDE;
(b) boundary (initial) conditions;
(c) the configuration of �.

In what follows, we discuss the cases (a)–(c) and apply a posteriori estimates derived
in previous chapters to the analysis of such errors. As everywhere, in this chapter
we demonstrate new possibilities arising on this way, using linear diffusion problem
as a basic example. Generalizations to other problems are rather transparent and can
be done by the thoughtful reader without big difficulties. However, we begin with a
concise introduction to general principles underlying error control theory in the case
of uncertain data.

9.6.1 Introduction

Take a boundary value problem in abstract form

Au D `; (9.6.1)

where the operatorA and the functional ` are defined with indeterminacy. In this case,
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instead of concreteA and `, it is only known that

A 2 UA and ` 2 U`; (9.6.2)

where UA and U` are certain (bounded) sets of “possible” data. In the simplest case,
we assume that all pairs

.A; `/ 2 UA �U`

are of equal probability. In order to guarantee the solvability of problems, we must
assume that for anyA, the problem (9.6.1) is correct and has a unique solution. More-
over, we must assume that variations of A are sufficiently small, so that all problems
belong to the same type (e.g., the operator remains elliptic and bounded).
Exact solutions of (9.6.1) with data satisfying (9.6.2) form a set in the respective

energy space V , which we call the set of possible solutions and denote S . Formally,
this set is defined as follows:

S WD
n

u 2 V
ˇ

ˇ

ˇ

Au D ` for some A 2 UA and ` 2 U`

o

:

Let v 2 V be an approximation of the exact solution (which is an unknown element of
S ). Since the data are indeterminate, the error estimation problem takes two different
forms. The first form is defined by the quantity

e.v;S / D inf
u2S

kv � ukV (9.6.3)

that measures the distance between v and the set S in terms of a certain norm k � kV
selected for this purpose. The quantity e.v;S / is equal to zero ifAv D ` for some pair
.A; `/ 2 UA �U`: This quantity provides the lowest possible bound of the true error
or the error in the best-case situation (cf. Figure 9.6.1). Another important quantity is

e.v;S / D sup
u2S

kv � ukV : (9.6.4)

It compares v with the most remote element of S and yields the error in the worst-case
situation. Obviously,

e.v;S / � e.v;S / and e.v;S / > 0: (9.6.5)

If the problem (9.6.1) is uniquely solvable and the data are exactly determined, then S
contains only one element, which is the exact solution u. In this case,

e.v;S / D e.v;S / D kv � ukV ;
and the accuracy of v can be evaluated by the error norm. However, if the data are not
fully determined, then the error estimation problem is more complicated, and we need
at least two different quantities to have an idea of the quality of v.
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ee

S

diam S

v

Figure 9.6.1 The set of solutions S and errors e and e.

κ

dominates
error

Approximation

Indeterminacy
error

dominates

0 1

Figure 9.6.2 The indicator �.v;S /.

In addition, we introduce the quantity

�.v;S / WD e.v;S / � e.v;S /
e.v;S /C e.v;S / 2 Œ0; 1�; (9.6.6)

which is easily computable provided that e.v;S / and e.v;S / (or bounds of them) are
known.
This quantity could be used as an indicator that predicts the efficiency of expendi-

tures spent on decreasing approximation errors. Indeed, if �.v;S / is close to zero, then
approximation errors provide the major part of the overall error and the impact of inde-
terminacy is not significant. In the special case of fully determined data, �.v;S / D 0,
and we have only the error of approximation. However, if �.v;S / is close to 1, then

e.v;S /� e.v;S /;

which means that v is quite close to S . If �.v;S / D 1, then e.v;S / D 0, i.e.,
v 2 S . In this case, further attempts at reducing approximation errors are obviously
meaningless. These observations are schematically depicted in Figure 9.6.2.
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Hence, guaranteed and computable estimates of e.v;S / and e.v;S /, are indeed
required in practice because they could provide important information for an efficient
organization of the computational process.
If a boundary value problem is analyzed with account of the data indeterminacy,

then one more important quantity should be determined. It is the diameter of S , which
henceforth is denoted by the symbol diam. The quantity diamS gives an insight into
the accuracy limit caused by the indeterminacy in the data. By definition,

diamS WD sup
u1;u22S

ku1 � u2kV : (9.6.7)

We outline that diamS does not depend on v. It characterizes a particular boundary
value problem under the indeterminacy conditions imposed. The generation of ap-
proximate solutions that have approximation errors less than diamS has no practical
sense.
In general, the exact values of e, e, and diamS cannot be found. However, func-

tional a posteriori estimates supply a method for finding their computable bounds,
which we shortly discuss below.
First, we note that a computable lower bound of diamS stems from the relation





ui � uj






V
� 

vi � vj







V
� kui � vikV �





uj � vj






V
; (9.6.8)

where vi and vj are conforming approximations of two exact solutions ui and uj
(which belong to the set 2 S ), respectively. The functions vi , i D 1; : : : ; m, can be
constructed by solving the boundary value problems withAi 2 UA and `i 2 U` with
the help of some numerical method. Their accuracy is controlled by error majorants,
which furnish relevant error bounds (e.g., see (7.1.20))

kui � vikV � �i WDM A.vi ; y/;

where the functions yi are properly selected to avoid significant overestimation. Then

diamS � sup
i;jD1;2;:::;m

˚





vi � vj






V
� �i � �j

�

: (9.6.9)

The right hand side of (9.6.9) is computable, because it contains only approximate
solutions and known functions. The larger is m, the sharper lower bound of diamS is
given by (9.6.9) (provided that the �i are sufficiently small).
However, such a straightforward procedure may be rather expensive. To simplify

computations, we can use another method that we discuss with the paradigm of prob-
lem (7.1.1)–(7.1.3). Let A and ` 2 V be certain (“central”) elements of the sets UA

andU`, respectively. Consider the quantity

�.S /2 WD sup
eu2S

jkƒ.u �eu/jk2;
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where u is the solution generated by A and ` (we assume that it is either known or
computed with a high accuracy confirmed by the the corresponding error majorant),
jk � jk denotes the energy norm associated with A, and eu is the exact solution of the
problem with eA ande`. It is easy to see that

diamS D sup
u1;u22S

jkƒ.u1 � u2/jk

� sup
u1;u22S

�jkƒ.u1 � u/jk C jkƒ.u2 � u/jk
�D 2�.S /:

On the other hand, diamS � �.S /. Thus, the quantity �.S / characterizes the diameter
of S . We can estimate �.S / from below by (7.1.28), which reads as follows:

jkƒ.u �eu/jk2
eA
� sup
w2V0

n

�.eAƒw;ƒw/ � 2.eAƒu;ƒw/ � 2
D

e`; w
Eo

D sup
w2V0

n

�.eAƒw;ƒw/ � 2..eA �A/ƒu;ƒw/ � 2
D

e` � `; w
Eo

:

From this relation, it follows that

�.S /2 D sup
eA2UA;e`2U`

sup
w2V0

jkƒ.u �eu/jk2

D sup
w2V0

sup
eA2UA;e`2U`

n

� .eAƒw;ƒw/

� 2..eA �A/ƒu;ƒw/ � 2
D

e` � `; w
E o

: (9.6.10)

Computable lower bounds follow from (9.6.10) if V0, UA, and U` are replaced by
some finite-dimensional subsets.
Further simplifications can be made if we assume that


A 2 UA for all 
 2 Œ1 � �1; 1C �2�;

where �1 and �2 are some known nonnegative numbers, and there exists ı > 0 such
that

B.`; ı/ WD
n

e` 2 V j ke` � `kV � ı
o

� U`:

Set eA D eA� WD 
A. Then

jkƒ.u �eu/jk2
eA�
D 
jkƒ.u �eu/jk2;



270 Chapter 9 Other problems

and we find that

�.S /2 D sup
eA;e`

jkƒ.u �eu/jk2 � 1



sup
e`

sup
w2V0

jkƒ.u �eu/jk2
eA�

� sup
w2V0

n

� .Aƒw;ƒw/ � 2
�

1 � 1



�

.Aƒu;ƒw/

C 2



sup
e`2U`

D

e` � `; w
E o

: (9.6.11)

Since

sup
e`2U`

D

e` � `; w
E

� sup
e`2B.`;ı/

.e` � `; w/ D ıkwkV ;

we have

�.S /2 � sup
w2V0

	

�.Aƒw;ƒw/ � 2
�

1 � 1



�

.Aƒu;ƒw/C 2ı



kwkV

�

; (9.6.12)

where 
 2 Œ1��1; 1C�2�. Taking the supremum with respect to w 2 V0h � V0 and

, we obtain a lower bound of �.S /.
Finally, consider the special case in which u0 D 0. Then we set w D ˛u and obtain

�.S /2 � 1



sup
˛2R

n

.�
˛2 � 2˛
C 2˛/jkƒujk2 C 2j˛jıkukV
o

� .1 � 
/2

2

jkƒujk2 C 2 ı

2
j1 � 
jkukV : (9.6.13)

If ı D 0, then (9.6.13) implies the estimate

�.S / � max
�2Œ1��1;1C�2�

j1 � 
j


jkƒujk; (9.6.14)

which (for this special case) can be derived in a simpler way.

9.6.2 Errors caused by indeterminacy in coefficients

Indeterminacy in coefficients of a boundary value problem that models a certain phys-
ical object is quite typical. For example, the coefficients of diffusion, elasticity con-
stants, and viscosity are usually known only approximately. Functional a posteriori
estimates provide a way for estimating these errors and comparing them with approx-
imation errors. In this section, we consider this question by using again the problem
(4.1.1)–(4.1.3) as a basic example. Assume that the indeterminacy in the coefficients
of the differential equation (4.1.1) is described by fixing some “mean” elements

A0 2 L1.�IM d�d
s /; .f0; F0/ 2 L2.�/ � L2.�2/;
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and by defining bounds of possible variations. In this case, the elements of the sets
UA andUl are represented by elements of the following two functional sets:

UA WD
n

A 2 L1.�IM d�d
s / j A D A0 C �E; E 2 E

o

;

U` WD
n

.f; F / j f D f0 C ı1'1; F D F0 C ı2'2; 'i 2 F i ; i D 1; 2
o

;

where

E WD
n

E 2 L1.�IM d�d
s /

ˇ

ˇ k jEj k1;� � 1
o

;

F 1 WD
˚

'1 2 L2.�/
ˇ

ˇ k'1k2;� � 1
�

;

F 2 WD
˚

'2 2 L2.�2/
ˇ

ˇ k'2k2;�2 � 1
�

:

Here, � and ıi are small parameters characterizing the range of indeterminacy. Hence-
forth, we assume that � < c21 , where c1 is the ellipticity constant for A0:

c21 j
j2 � A0
 � 
 � c22 j
j2; 8
 2 R
d : (9.6.15)

Since jE
 � 
j � jEj j
j2, we find that
A
 � 
 � A0
 � 
 � �jEj j
j2 � .c21 � �/j
j2; (9.6.16)

A
 � 
 � A0
 � 
 C �jEj j
j2 � .c22 C �/j
j2 (9.6.17)

and analogous estimates for the inverse matrix are

c�2
2 j
j2 � A�1

0 
 � 
 � c�2
1 j
j2; (9.6.18)

.c22 C �/�1j
j2 � A�1
 � 
 � .c21 � �/�1j
j2: (9.6.19)

Let the energy norm jkr.u � v/jkA0 generated by the mean matrix A0 be selected as
the energy norm. Our goal is to find estimates of the quantities

e.v;S / D inf
u2S

jkr.v � u/jkA0 and e.v;S / D sup
u2S

jkr.v � u/jkA0 ;

where

S .UA;U`/ WD
n

u 2 V
ˇ

ˇ

ˇ

Z

�

Aru � rw dx D
Z

�

f w dx C
Z

�2

Fw ds;

8w 2 V0; for A 2 UA and ` 2 U`

o

:

The idea behind the derivation of computable bounds of e.v;S / and e.v;S / is to
use the majorants and minorants discussed in Chapter 4 that explicitly depend on the
coefficients. Then, taking the supremum (infimum) over u 2 S is reduced to a mini-
mization (maximization) problem for the coefficients of a majorant (minorant).



272 Chapter 9 Other problems

By (4.1.12), we know that

jkr.u � v/jk2A0 � .1C c	/jkr.u � v/jk2A
�
Z

�

�

Arv � rv C A�1y � y � rv � y� dx

C 1

c1

�

CF �1kf C divyk C CT�2kF � y � nk�2
�

; (9.6.20)

where c	 D 	

c21�	 . Analogously, by (4.1.13) we obtain

jkr.u � v/jk2A0 � .1 � c	/jkr.u � v/jk2A
� .1 � c	/

�

Z

�

.�Arw � rw � 2Arv � rw C 2f w/ dx

C 2
Z

�2

Fw ds

�

: (9.6.21)

Below we use (9.6.20) and (9.6.21) to find the desired error bounds.

Upper bound of e.v; S /. Let u.A;f;F / denote the solution of the problem generated
by A, f , and F . Then,

jkr.v � u.A;f;F //jkA0
� jkr.v � u.A;f0;F0//jkA0 C jkr.u.A;f0;F0/ � u.A;f;F //jkA0 : (9.6.22)

Also, we have
Z

�

Aru.A;f;F / � rw dx D
Z

�

f w dx C
Z

�2

Fw ds; 8w 2 V0; (9.6.23)

Z

�

Aru.A;f0;F0/ � rw dx D
Z

�

f0w dx C
Z

�2

F0w ds: (9.6.24)

From (9.6.23) and (9.6.24), we conclude that

jkr.u.A;f0;F0/ � u.A;f;F //jk2A
� �CF �1kf � f0k� C CT�2kF � F0k�2

�kr.u.A;f0;F0/ � u.A;f;F //k: (9.6.25)
Hence,

jkr.u.A;f0;F0/ � u.A;f;F //jkA0
�
p

1C c	jkr.u.A;f0;F0/ � u.A;f;F //jkA
� c1

c21 � �
�

CF �1ı1k'1k� C CT�2ı2k'2k�2
�

: (9.6.26)
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By (9.6.22) and (9.6.26), we obtain

jkr.v � u.A;f;F //jkA0
� jkr.v � u.A;f0;F0//jkA0 C

c1

c21 � �
�

CF �1ı1 C CT�2ı2
�

: (9.6.27)

Here,

jkr.v � u.A;f0;F0//jkA0 � .1C c	/jkr.v � u.A;f0;F0//jkA
� .1C c	/

�jkArv � yjkA�1 C CF �1kdivy C f0k
C CT�2ky � n � F0k�2

�

: (9.6.28)

We must estimate the term

jkArv � yjk2A�1 D .Arv;rv/C .A�1y; y/ � 2.rv; y/:
Since A 2 UA, we have

A�1 D �A0.IC �A�1
0 E/

��1 D .IC �B/�1A�1
0 ;

where B D A�1
0 E and

�jBj � �jA�1
0 j jEj � �c�2

1 < 1:

Thus, the absolute values of all eigenvalues of the matrix �B are less than one and we
can use the representation

.IC �B/�1 D IC
1
X

jD1
.�1/j �jBj :

Hence,

A�1y � y D .I C �B/�1A�1
0 y � y

D A�1
0 y � y � �BA�1

0 y � y C
1
X

jD2
.�1/j �jBjA�1

0 y � y:

Estimate the last term as follows:

BjA�1
0 y � y � jBjA�1

0 j jyj2 � jA�1
0 jjC1 jEjj jyj2 � c�2.jC1/

1 jyj2

and
Z

�

A�1y � y dx �
Z

�

.A�1
0 y � y � �BA�1

0 y � y/ dx

C
0

@

1
X

jD2
.�1/j �j c�2.jC1/

1

1

A kyk2:
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In view of (9.6.1) and the relation
Z

�

Arv � rv dx D
Z

�

.A0rv � rv C �Erv � rv/ dx;

we find that

jkArv � yjk2A�1 D jkA0rv � yjk2A�1
0

C �
Z

�

.Erv � rv � BA�1
0 y � y/ dx

C 1

c21
kyk2

1
X

jD2

 

� �
c21

!j

: (9.6.29)

Since A0 is symmetric, we have

Erv � rv � A�1
0 EA�1

0 y � y D E.rv � A�1
0 y/ � .rv C A�1

0 y/:

To find an upper bound of e.v;S /, we note that

sup
E2E

Z

�

E W �.rv � A�1
0 y/˝ .rv C A�1

0 y/
�

dx � I1Iı;	;

where

I1Iı;	.v; y/ WD �
Z

�

jrv � A�1
0 yjjrv C A�1

0 yj dx:

Define

I2I	 WD
 

�

c21

!2
1

.� C c21/
kyk2:

Then,

jkArv � yjkA�1 � jkA0rv � yjkA�1
0
CpI1Iı;	 C I2I	; (9.6.30)

and by (9.6.28), we conclude that

jkr.v � u.A;f0;F0//jkA0 �
p

1C c	
�

M A0;f0;F0.v; y/C
p

I1Iı;	 C I2I	
�

; (9.6.31)

where

M A0;f0;F0.v; y/ WD jkA0rv � yjkA�1
0
C CF �1kdivy C f0k C CT�2ky � n � F0k�2 :

Now (9.6.27) and (9.6.31) imply the estimate

jkr.v � u.A;f;F //jkA0 �
c1

q

c21 � �
M A0;f0;F0.v; y/CMı;	; (9.6.32)
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where

Mı;	 WD c1
q

c21 � �
p

I1Iı;	 C I2I	 C 1
q

c21 � �
�

CF �1ı1 C CT�2ı2
�

:

We note that the right-hand side of (9.6.32) contains only known functions and para-
meters. It gives an upper bound of the error for any u 2 S . Hence,

e.v;S / � c1
q

c21 � �
M A0;f0;F0.v; y/CMı;	: (9.6.33)

In (9.6.33), the termM A0;f0;F0.v; y/ is related to the approximation error of a solution
to the “mean” problem andMı;	 reflects the impact of data indeterminacy.

Lower bound of e.v;S /. In view of (9.6.16), we have

jkr.u � v/jk2A0 � .1 � c	/jkr.u � v/jk2A
� .1 � c	/

�

Z

�

.�Arw � rw � 2Arv � rw C 2f w/ dx C 2
Z

�2

Fw ds

�

D .1 � c	/M 2
.A0;f0;F0/

.v; w/C .1 � c	/�
Z

�

.�Erw � rw � 2Erv � rw/ dx

C 2.1 � c	/
Z

�

.f � f0/w dx C 2.1 � c	/
Z

�2

.F � F0/w ds; (9.6.34)

where w is an arbitrary function in V0 and

M 2
.A0;f0;F0/

.v; w/ WD
Z

�

.�A0rw � rw � 2A0rv � rw C 2f0w/ dxC 2
Z

�2

F0w ds:

Therefore,

e2.v;S / D inf
u2S

jkr.v � u/jk2A0
� .1 � c	/ inf

E2E;
�12F1;�22F2

sup
w2V0

�

M 2
.A0;f0;F0/

.v; w/

� �
Z

�

.Erw � rw C 2Erv � rw/ dx

C 2
Z

�

ı1�1w dx C 2
Z

�2

ı2�2w ds
�

� .1 � c	/ sup
w2V0

�

M 2
.A0;f0;F0/

.v; w/

C � inf
E2E

Z

�

.Erw � rw C 2Erv � rw/ dx � 2ı1kwk � 2ı2kwk�2
�

:
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Here,

inf
E2E

Z

�

.Erw � rw C 2Erv � rw/ dx D �
Z

�

ˇ

ˇ

ˇ

.rw C 2rv/˝rw
ˇ

ˇ

ˇ

dx:

Now, we obtain

e2.v;S / � .1 � c	/ sup
w2V0

�

M 2
.A0;f0;F0/

.v; w/ � S	;ı.w/
�

; (9.6.35)

where the term

S	;ı.w/ WD �
Z

�

ˇ

ˇ

ˇ

.rw C 2rv/˝rw
ˇ

ˇ

ˇ

dx C 2ı1kwk C 2ı2kwk�2
depends on the indeterminacy parameters.
To obtain a computable lower bound, we replace V0 by a finite-dimensional sub-

space V0k and solve a finite-dimensional maximization problem

sup
w2V0k

�

M 2
.A0;f0;F0/

.v; w/ � S	;ı.w/
�

:

9.6.3 Errors owing to uncertain�

In practice, the domain� may be also not completely defined. For example, it may be
only known that

�� � � � �C; (9.6.36)

where �� and �C are given domains with Lipschitz continuous boundaries �� and
�C, respectively. Henceforth, for the sake of simplicity, we assume that� is a simply
connected domain.
In general, accounting of this type uncertainty imposes a more complicated task.

One way to solve it is to make a proper parametrization that maps � to an etalon do-
main b�. Then the uncertainty is transformed to the coefficients of a modified differen-
tial problem related to the new coordinate system. Then the uncertainty is transformed
to the coefficients of a modified differential problem related to the new coordinate
system. In this case, the influence of uncertain geometry can be estimated by the
above-discussed methods.
Below we consider another (simpler) way the applicability of which is, however,

restricted to the case of Dirichlet boundary conditions.
Consider the problem

divAruC f D 0 in �

with homogeneous Dirichlet boundary conditions. We assume that f 2 L2.�C/ and
the matrix A is defined and positive definite in �C. Let us denote the exact solutions
of the boundary value problems in �C and �� by uC and u�, respectively.
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A function v 2 VH 1.�/ can be extended to VH 1.�C/ if we set v D 0 in �C n �.
Similarly, u� can be viewed as a function in VH 1.�C/ or VH 1.�/ with zero values
outside ��.
By analogy with the estimate (2.3.1), we deduce the relation

1

2
jkr.uC � u/jk2�C

D J�C.u/ � J�C.uC/; (9.6.37)

where

J�C.v/ WD
Z

�C

.Arv � rv � f v/ dx:

Since

J�C.u/ D J�.u/ � J�.u�/

we find that

1

2
jkr.uC � u/jk2�C

� J�.u�/ � J�C.uC/ D J�C.u�/ � J�C.uC/

D 1

2
jkr.u� � uC/jk2�C

;

On the other hand,

1

2
jkr.u� � u/jk2� D J�.u�/ � J�.u/ D J�C.u�/ � J�C.u/

� J�C.u�/ � J�C.uC/ D 1

2
jkr.u� � uC/jk2�C

;

Hence, we conclude that

jkr.u˙ � u/jk�C
� jkr.uC � u�/jk�C

: (9.6.38)

This estimate leads to an upper bound of

diamS WD sup
u1;u2

jkr.u1 � u2/jk�C
;

where u1 and u2 are the exact solutions related to �1 and �2, respectively (it is
assumed that �� � �i � �C for i D 1; 2). Then,
jkr.u1 � u2/jk�C

� jkr.u1 � u�/jk�C
C jkr.u� � uC/jk�C

C jkr.uC � u2/jk�C

� 3jkr.u� � uC/jk�C

and we find that

jkr.u� � uC/jk�C
� diamS � 3jkr.u� � uC/jk�C

: (9.6.39)
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Let v� 2 VH 1.��/ be an approximation of u� extended by zero to �C. Then
1

2
jkr.u� � uC/jk2�C

D J�C.u�/ � J�C.uC/

� J�C.v�/ � J�C.uC/ D 1

2
jkr.v� � uC/jk2�C

and by (9.6.39) we conclude that

diamS � 3jkr.v� � uC/jk�C
: (9.6.40)

Apply the majorant to the right-hand side of (9.6.40). We have

jkr.uC � v�/jk�C
� jkArv� � yjk�;�C

C CF�Ckdivy C f k�C

DWM�C
.v�; y/; (9.6.41)

where y 2 H.�C; div/.
Remark 9.26. By the same arguments, we can obtain computable estimates of the
error arising from the uncertainty of the Dirichlet part of the boundary in many other
problems, for which the principal relation (9.6.37) holds.

9.6.4 Comments

In the fully reliable mathematical modeling, the errors caused by uncertainties in the
problem data must be measured, as well as the approximation errors. However, this
question has only recently started receiving serious attention. For example, effects
associated with uncertainty in the boundary conditions was considered in the papers
by I. Babuška and J. Chleboun [23, 24]. Also, we refer to the papers by I. BabuLska,
F. Nobile, and R. Tempone [29] and J. T. Oden, I. BabuLska, F. Nobile, Y. Feng, and
R. Tempone [250]. A study of mathematical models generated by uncertain input
data and the worst scenario method is the main subject of the book by I. HlavKaLcek,
J. Chleboun, and I. BabuLska [175].
In [290] (see also P. Neittaanmäki and S. Repin [244]), a posteriori estimates dis-

cussed in Chapter 4 were used to evaluate errors induced by indeterminacy in coef-
ficients of elliptic problems. Subsequent investigations of this problem and results
of numerical tests are presented in O. Mali and S. Repin [225]. Recently, estimates
of diamS for linear diffusion problems has been derived by a different method (see
O. Mali and S. Repin [226, 227]).
It should be noted that the influence of various uncertainties (e.g., roundoff errors)

affecting the accuracy of computations can also be investigated in terms of the so-
called interval analysis. In it, the operations are performed for intervals instead of
numbers. This theory is beyond the scope of the present book. The reader inter-
ested in it is referred to, e.g., G. Alefeld and J. Herzberger [11], B. S. Dobronets and
V.V. Shaı̆durov [115], Y.V. Matijasevich [228], R. E. Moore [237] and to the literature
cited therein.
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9.7 Error estimates in terms of functionals and
nonenergy norms

A posteriori estimates are intended to present a computable measure of the difference
between an exact solution of a certain boundary value problem and an approximate
one obtained by some numerical technology. In most cases, a posteriori estimates are
derived in global (e.g., energy) norms and, therefore, justify the overall accuracy of an
approximation considered. However, such information may be not sufficient because
numerical analysts are often interested in local errors and in errors expressed in terms
of special problem-oriented functionals. In other words, it may be desirable to have
estimates of the type

ˆ.u � v/ �M ˆ .v; y;D/;

where ˆ W V ! RC is a given functional and RC denotes the set of nonnegative real
numbers. In this section, we derive computable estimates in terms of local norms and
other quantities, which may be used to obtain a comprehensive presentation on the
error structure.

9.7.1 General framework

It is often required to measure the accuracy of approximate solutions in terms of func-
tionals other than the energy norm. If the basic error control problem stated at the
beginning of Section 4 is solved and we have certain M and M satisfying (8.5.5),
then on can to construct computable and sharp error estimates for any error functional
subject to the energy norm.
Assume that we are interested in the value of ˆ.v � u/, where ˆ W V ! R is a

given functional such that

jˆ.v1 C v2/j � �1 .jˆ.v1/j C jˆ.v2/j/ ; 8v1; v2 2 V; (9.7.1)

jˆ.v1/j � �2jkv1jk; (9.7.2)

where �1 � 1 and �2 > 0.
Set v1 D � and v2 D u � v � �, where � 2 V0. From (9.7.1) it follows that

jˆ.u � v/j � �1jˆ.�/j C �1jˆ.u � v � �/j
� �1jˆ.�/j C �1�2jku � v � �jk: (9.7.3)

Consider v C � 2 u0 C V0 as an approximation of u and apply the majorant to the
second term. We have

jˆ.u � v/j � �1jˆ.�/j C �1�2M .v C �;D/; (9.7.4)

whereD stands for the problem data and free functions.
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Set v1 D u � v and v1 C v2 D �. Then,

jˆ.u � v/j � 1

�1
ˆ.�/ � �2M .v C �;D/: (9.7.5)

Since M .u;D/ D 0, we observe that, by choosing � D u � v the right-hand side of
(9.7.4) is equal to jˆ.u � v/j. If �1 D 1, then the lower bound (9.7.5) is also sharp.
Also, from (9.7.4) we observe that an upper bound of jˆ.u� v/j can be obtained if

M is additionally minimized on the kernel of ˆ, i.e.,

jˆ.u � v/j � �1�2 inf
�2Kerˆ

n

M .v C �;D/
o

: (9.7.6)

9.7.2 Estimates in local norms

Consider the diffusion problem (4.1.1)–(4.1.3). Let ! be a subdomain of � with Lip-
schitz continuous boundary @!. Set

ˆ.u � v/ D jkr.u � v/jk! WD
�

Z

!

Ar.u � v/ � .u � v/ dx
�1=2

:

In this case, �1 D �2 D 1 and we have the following estimates:
jkr.u � v/jk! � jkr�jk! CM DF.v C �; y/ DWM DF!.v; �; y/; (9.7.7)

jkr.u � v/jk! � jkr�jk! �M DF.v C �; y/ DWM DF!.v; �; y/; (9.7.8)

where � 2 V0. It is easy to see that the estimates (9.7.7) and (9.7.8) have no gaps (if
y D Aru and � D u � v, they hold as equalities).
In particular, from (9.7.7) it follows that an upper bound of jkr.u � v/jk! is ob-

tained if M DF.v C �; y/ is minimized over functions � such that r� D 0 in ! (see
[291, 295, 294]).
Square both parts of (9.7.7) and use (4.1.14). Then, we obtain

jkr.u � v/jk2! � .1C 	/jkr�jk2! C
.1C ˇ/.1C 	/

	
jkAr.v � �/ � yjk2�

C .1C ˇ/.1C 	/
ˇ	

C
�kdivy C f k2 C kF � y � nk2� ;

(9.7.9)

where ˇ and 	 are positive numbers, y 2 H.�; div/, and � is an arbitrary function
from V0! . If y, ˇ, and 	 are defined, then optimization of the upper bound is reduced
to minimization of the quadratic functional

J!.�/ WD �jkr�jk2 C jkr�jk2! � 2�
Z

�

r� � .Arv � y/ dx (9.7.10)
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on the set V0. In (9.7.10), � D 1Cˇ
�
. This problem can be approximately solved if J!

is minimized on a sufficiently reach subspace V0h 2 V0.
It should be noted that the last term on the right-hand side of (9.7.9) does not depend

on �, so that the quality of y states an accuracy limit for the local norm. Therefore,
an efficient evaluation of jkr.u � v/jk2! requires not only finding � but also needs a
vector-valued function y such that kdivy C f k is sufficiently small. However, such
difficulties are quite predictable and it is natural to await that getting guaranteed and
accurate estimates for local norms (which provide a more detailed information on the
quality of an approximate solution) should be more expensive than for the global en-
ergy norm.

Remark 9.27. If y is equilibrated, then we can set � D w, where w is obtained by
maximization of the minorantM DF.v; w/. The same choice is valid for any error func-
tional ˆ that satisfies (9.7.1)–(9.7.2). Thus, we conclude that if the global upper and
lower bounds computed by the majorant and minorant are sufficiently close, then the
corresponding w provides a good image of u�v and, therefore, it can also be used for
estimation of local errors and other quantities of interest without noticeable increasing
in the computational cost. In fact, these observations mean that the expenditures spent
for a careful control of global errors can be utilized for other purposes.

9.7.3 Estimates in terms of linear functionals

In Section 2.6.4, we discussed some error estimation methods used to evaluate the
quantity

E`.u � v/ WDj h`; u � vi j;
where ` 2 V �

0 is a given linear functional and h�; �i denotes the duality pairing of
the spaces V �

0 and V0. The functional ` is usually taken in such a way that its value
characterizes some especially important properties of a solution. It is necessary to note
that E` is only a seminorm on V , so that small values of this indicator do not guarantee
small values of the error. Indeed, if u 6D v, but e WD u�v 2 Ker `, then E`.u�v/ D 0.
Thus, indicators of this type are meaningful only if e contains a significant component
orthogonal to Ker `. Despite of this fact, error indicators of such a type are often used
in error control methods in combination with global error estimates. Guaranteed upper
bounds of jh`; u � vij can be derived in several different ways discussed below.

1. The simplest way is to use the inequality

jh`; u � vij � jjjjjj ` jjjjjj jkr.u � v/jk; (9.7.11)

which implies the estimate

jh`; u � vij � jjjjjj ` jjjjjj M DF.v; y/; (9.7.12)
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where

jjjjjj ` jjjjjj WD sup
w2V0

jh`; wij
jkrwjk :

However, the right-hand side of (9.7.11) may essentially overestimate the left-hand
one and, in general, the upper bound given by (9.7.12) may be very coarse.

2. Another upper bound follows from (2.6.34). Since

E2.u; uh; u`; u`� / � jkr.uh � u/jkjkr.u`� � u`/jk;
we find that

jh`; u � uhij �
ˇ

ˇ

ˇ

Z

�

.f u`� � Aruh � ru`� / dx

CM f;DF.uh; y1/ M `;DF.u`� ; y2/
ˇ

ˇ

ˇ

; (9.7.13)

where y1 and y2 are two (different) functions in H.�; div/. By M f;DF and M `;DF we
denote the majorants related to the diffusion problems with source terms f and `, re-
spectively. This upper bound is sharper than in (9.7.12). Regrettably, its computation is
rather expensive, because, in addition to u`� , it requires finding y1 and y2 sufficiently
close to exact fluxes of solutions to the original and adjoint problems, respectively.

3. Another method is based upon the relation

jh`; u � vij D jh`; u � v � �ij; 8� 2 V0`.�/; (9.7.14)

where

V0`.�/ WD f� 2 V0.�/ j h`; �i D 0g:
By (9.7.14) we obtain

jh`; u � vij � jjjjjj ` jjjjjj inf
�2V0`

jku � v � �jk: (9.7.15)

We show that (9.7.15) holds as equality. Indeed, let u` 2 V0 be a function such that
Z

�

Aru` � rw dx D h`; wi; 8w 2 V0: (9.7.16)

Since ` is a bounded linear functional (on V0), the solution u` exists, is unique, and
satisfies the relation jkru`jk D jjjjjj ` jjjjjj .
Set

N� D u � v � h`; u � vijjjjjj ` jjjjjj 2 u`:
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Then,

h`; N�i D h`; u � vi
�

1 � h`; u`ijjjjjj ` jjjjjj 2
�

D 0;

so that N� 2 V0`. Hence,

inf
�2V0`

jku � v � �jk � jku � v � N�jk

D jh`; u � vij jkru`jkjjjjjj ` jjjjjj 2 D
1

jjjjjj ` jjjjjj jh`; u � vij ;

and we see that the left-hand side of (9.7.15) is equal to the right-hand one.
Estimate the right-hand side of (9.7.15) by the error majorant. Then, we find that

jh`; u � vij � jjjjjj ` jjjjjj M DF.v C �; y/: (9.7.17)

It is easy to see that

jh`; u � vij � jjjjjj ` jjjjjj inf
y2H�2

.�;div/

�2V0`

M DF.v C �; y/ � jjjjjj ` jjjjjj M DF.v C N�;Aru/

D jjjjjj ` jjjjjj jkAr.u � v � N�/jk� D jjjjjj ` jjjjjj jku � v � N�jk D jh`; u � vij:

Thus, additional minimization of the majorantM DF over the set V0` is sufficient to get
a sharp upper bound of jh`; u � vij.

4. An estimate of the quantity jh`; u � vij follows from (9.7.4) if we set

ˆ.u � v/ D `.u � v/:

In this case, �1 D 1 and �2 D jjjjjj ` jjjjjj . Therefore, we have the estimate

jh`; u � vij � jh`; �ij C jjjjjj ` jjjjjj M DF.v C �; y/; (9.7.18)

where y and � are arbitrary functions in H�2.�; div/ and V0, respectively. Usually,
the value of jjjjjj ` jjjjjj is not difficult to estimate. For example, if

h`; u � vi D
Z

�


.u � v/ dx; where 
 2 L2.�/; (9.7.19)

then jjjjjj ` jjjjjj � k
kCF�
c1
. If

h`; u � vi D
Z

�

� � r.u � v/ dx; (9.7.20)
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where � 2 L2.�;Rd / is a given vector-valued function, then
ˇ

ˇ

ˇ

ˇ

Z

�

� � rw dx
ˇ

ˇ

ˇ

ˇ

� jk� jk�jkrwjk

and jjjjjj ` jjjjjj � jk� jk�.
In another frequently encountered case, the functional is defined by the integral

h`; u � vi D
Z

@!

	 � .u � v/ ds; (9.7.21)

where 	 2 L2.@!/ is a given weight function. In this case, the value of jjjjjj ` jjjjjj is esti-
mated by the constant in the trace inequality associated with @!.

9.7.4 Estimates based on the Poincaré inequality

In Sections 3.5.3, 4.1.3, and 4.2 we used the Poincaré inequality for deriving error
estimates in terms of energy norms. Below we shortly discuss one other application of
this inequality.
Let ! be again a connected subset of � with a Lipschitz boundary. In view of the

Poincaré inequality, we have

ku � vk22;! � CP!
 

kr.u � v/k22;! C
�

Z

!

.u � v/ dx
�2
!

; (9.7.22)

where u is the exact solution of (4.1.1)–(4.1.3) and v 2 u0 C V0 is an approximation.
For some subdomains (simplexes, circles, squares, cubes, etc.), the constants CP! can
be evaluated analytically. For example, if

! D …l WD fx j 0 < xi < li ; i D 1; 2; : : : ; dg;
then (see (1.4.31))

ku � vk2…l �
1

j…l j
�

Z

…l

.u � v/ dx
�2

C d

2
max
i
fl2i g kr.u � v/k2…l : (9.7.23)

Thus, if the error in the local energy norm is evaluated, then adding the error in terms
of the linear functional

R

…l
.u � v/ dx provides an upper bound of the local error in

L2. Also, (9.7.23) implies a special characteristic of the error. Introduce the quantity

Os!.u � v/ WD inf
˛2R

ku � v � ˛k! ;
which characterizes the oscillatory part of the error u � v related to !. Obviously

Os!.u � v/ � ku � v � N̨k! ;
where N̨ D fu � vg! . Therefore, (9.7.23) implies the estimate

Os…l .u � v/ �
r

d

2
max
i
flig kr.u � v/k…l : (9.7.24)

Hence, by (9.7.7) we can also evaluate certain part of the local error.
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9.7.5 Estimates based on multiplicative inequalities

To derive estimates in Lp norms, we can use well-known embedding inequalities
analogous to (9.7.22). However, these estimates involve new constants (in place of
CP!). The multiplicative inequality (e.g., see O.A. Ladyzhenskaya and N.N. Uralt-
seva [214]) opens a way for avoiding the necessity of computing new constants. It has
the form

kwkp;! � Cp;˛ krwk˛2;! kwk1�˛
2;! ; 8w 2 VH 1.!/; p > 2; (9.7.25)

where

˛ D
�

1
2
� 1
p

� �

1
2
� d�2

2d

��1
:

If d D 2, then we can take p 2 Œ2;C1/, and the constant is defined by the relation
Cp;˛ D max

˚p
2
; 2
�˛
: If d D 3, then p 2 Œ2; 6� and Cp;˛ D 4˛ .

Let � 2 W 1;1.!/ be a function such that

0 � �.x/ � 1; supp� � !; and �.x/ D 1 in !0 � !:
By (9.7.25), we conclude that

k�.u � v/kp;! � Cp;˛ kr.�.u � v//k˛2;! k�.u � v/k1�˛
2;! :

Since

kr.�.u � v//k22;! � .1C ı/ k� jr.u � v/jk22;! C
1C ı
ı
kjr�j .u � v/k22;! ;

where ı is an arbitrary positive number, we obtain

ku � vkp;!0 � k�.u � v/kp;!
� Cp;˛

�

.1C ı/ kr.u � v/k22;!

C 1C ı
ı










jr�j2







1;!
ku � vk22;!

�˛=2 ku � vk1�˛
2;! : (9.7.26)

Thus, having estimates of the local errors in terms of L2-norms, we obtain an upper
bound of the error in any Lp-norm without computing new global constants.

9.7.6 Estimates based on the maximum principle

Pointwise estimates of approximation errors can be derived with the help of known
estimates for partial differential equations, which follow from the maximum prin-
ciple (e.g., see D. Gilbarg and N. S. Trudinger [151] and O.A. Ladyzhenskaya and
N.N. Uraltseva [214]). In the simplest case, it reads as follows:
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Theorem 9.28. Let A be a uniformly elliptic operator of the second order, which
is defined in a bounded domain � with Lipschitz boundary � . Assume that
uC 2 C 2.�/TC 0.�/ and

AuC � 0: (9.7.27)

Then, the function uC attains its maximum on � , i.e.,

sup
�

uC D sup
�

uC: (9.7.28)

This principle holds for many elliptic operators. In particular, it holds for the opera-
torAv WD divArvCb �rvCcv provided that c � 0, the coefficients are bounded, and
jbj is small with respect to the ellipticity constant c1 (so that the ellipticity condition
is satisfied).
The function uC in Theorem 9.28 is called a sub-solution associated with A. A

function u� 2 C 2.�/
T

C 0.�/ that satisfies the condition Au� � 0 is called a
super-solution. If A is the operator �, then sub- and super-solutions are presented by
sub- and super-harmonic functions, respectively.
Consider the problem Au D f in � with homogeneous Dirichlet boundary condi-

tions. Assume that we have an approximate solutioneu 2 C. N�/\C 2.�/ that satisfies
the condition

Aeu � f in �:

Then A.eu � u/ � 0 and by the maximum principle we conclude that
sup
�

.eu � u/ � sup
�

.eu � u/ D sup
�

eu: (9.7.29)

The estimate (9.7.29) shows that the (pointwise) error is bounded by the quantity
sup�eu. Ifeu satisfies the relation Aeu � f , then we find that inf�.eu � u/ � inf�eu.
Also, one can apply a more sophisticated estimate that based upon the following

theorem (e.g., see [151]):

Theorem 9.29. Let Aeu � f andeu 2 C. N�/ \ C 2.�/. Then
sup
�

eu � sup
�

.eu/C C � sup
�

j .f /� j=
: (9.7.30)

If Aeu D f , then
sup
�

jeuj � sup
�

j .eu/C j C � sup
�

jf j=
; (9.7.31)

where 
.x/ is the lowest eigenvalue of A.x/ and the constant � depends only on
diam� and on the ratio ˇ D sup jbj=
. In particular, if � lies between two parallel
surfaces and d is the distance between them, then � D expf.ˇ C 1/dg � 1.
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Theorem 9.29 implies estimates of the difference between u and any approximation
eu 2 C. N�/ \ C 2.�/. Set e D u �eu. We have

Ae D Au � Aeu D f � Aeu DW ef :

By (9.7.31), we obtain

sup
�

jej � sup
�

j .u �eu/C j C � sup
�

jef j=
; (9.7.32)

where we can estimate 
 by (4.1.4). If the residual ef D Av � f is of constant sign
in �, then we can apply (9.7.30). The maximum principle and the estimate (9.7.30)
can be extended to a wider class of functions. However, these functions must have
second generalized derivatives summable in any subdomain of�, so that the regularity
conditions that we must impose oneu are rather strong. This fact may lead to certain
technical difficulties in practical applications.

9.7.7 Estimates in weighted norms

Estimates in weighted norms can be useful if the significance of errors in different parts
of � is different. We consider a way of deriving such estimates with the paradigm of
the problem

�uC f D 0 in �; (9.7.33)

u D u0 on �: (9.7.34)

Let � be a smooth (or piecewise smooth) positive weight function. We wish to measure
the error in terms of the norm

kr.u � v/k2Œ�� WD
Z

�

�jr.u � v/j2 dx:

From the corresponding integral identity, we find that

Z

�

r.u � v/ � r.�w/ dx D
Z

�

.f �w � rv � r.�w// dx; 8w 2 V0; (9.7.35)

where V0 D VH 1.�/ and v 2 u0 C V0 is an approximate solution. Set w D u � v and
rewrite (9.7.35) in the form

Z

�

�jr.u � v/j2 dx C 1

2

Z

�

r� � r..u � v/2/ dx

D
Z

�

..f � � r� � rv/.u � v/ � �rv � r.u � v// dx: (9.7.36)
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By the identity

Z

�

.�y � r.u � v/C .u � v/y � r� C �.u � v/ divy/ dx D 0;

we obtain
Z

�

�jr.u � v/j2 dx C 1

2

Z

�

r� � r..u � v/2/ dx

D
Z

�

�

.f C divy/� Cr� � .y � rv//.u � v/

C �.y � rv/ � r.u � v/� dx: (9.7.37)

If � is sufficiently regular, then we integrate by parts in the second term and deduce
the estimate

Z

�

�jr.u � v/j2 dx � 1
2

Z

�

�� .u � v/2 dx

D
Z

�

�

.f C divy/� Cr� � .y � rv//.u � v/

C �.y � rv/ � r.u � v/� dx: (9.7.38)

If � is a harmonic (or superharmonic) function, then (9.7.38) implies the estimate

Z

�

�jr.u � v/j2 dx

�
Z

�

..f C divy/� Cr� � .y � rv//.u � v/C �.y � rv/ � r.u � v// dx:

It is easy to see that a constant C�� exists such that

kwk � C��krwkŒ��; 8w 2 V0:

In particular, one can set C�� D CF� .�0/�1=2, where �0 D minx2�f�.x/g. Since
Z

�

..f C divy/� Cr� � .y � rv//.u � v/ dx

� C��k.f C divy/� Cr� � .y � rv/kkr.u � v/kŒ��;

we arrive at the estimate

kr.u� v/kŒ�� � C��k.f C divy/�Cr� � .y �rv/kCk�1=2.y �rv/k: (9.7.39)
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Remark 9.30. Let  .x/ 2 C 2.�/ be a superharmonic function and b 2 R
d be a

vector independent of x. Set �.x/ D  .x/C b � x C �, where
� > jmin

x2�f .x/C b � xgj:
Since �� D � , the function � is a nonnegative superharmonic function, which can
be used in (9.7.39).

We can rearrange (9.7.37) without assuming that � is superharmonic. For this rea-
son, we shift the term with r..u � v/2 to the right-hand side of (9.7.38). Let .��/C
denote the positive part of ��. Note that

1

2

ˇ

ˇ

ˇ

ˇ

Z

�

r� � r..u � v/2/ dx
ˇ

ˇ

ˇ

ˇ

D 1

2

ˇ

ˇ

ˇ

ˇ

Z

�

�� .u � v/2 dx
ˇ

ˇ

ˇ

ˇ

� 1

2

Z

�

.��/C .u � v/2 dx

� k .��/C k1ku � vk2
� k .��/C k1C 2��kr.u � v/kŒ��:

Hence, (9.7.37) implies the estimate
�

1 � C 2��k .��/C k1
�

kr.u � v/kŒ��
� C��k.f C divy/� Cr� � .y � rv/k C k�1=2.y � rv/k; (9.7.40)

which has a meaning only if k .��/C k1 is sufficiently small.
Another estimate follows from the relation

Z

�

�jr.u � v/j2 dx D
Z

�

.�.f C divy/Cr� � .y � rv// .u � v/ dx

C
Z

�

�.y � rv/ � r.u � v/ dx

C 1

2

Z

�

.q � r�/ � r..u � v/2/ dx;

where q is an arbitrary function in L1.�;Rd / \ S.�/. Since
1

2

Z

�

.q � r�/ � r..u � v/2/ dx

� kq � r�k1
Z

�

ju � vj jr.u � v/j dx

� kq � r�k1kr.u � v/kŒ��
�

Z

�

��1ju � vj2 dx
�1=2

� CF�

�0
kq � r�k1kr.u � v/k2Œ��
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we find that

�

1 � CF�
�0
kq � r�k1

�

kr.u � v/kŒ��
� CF�k�1=2.f C divy/Cr� � .y � rv//k C k�1=2.y � rv/k: (9.7.41)

Certainly, this estimate makes a sense only if the quantity in parentheses is positive. If
� is a harmonic function, then its gradient is a divergence free vector-valued function
and the term kq � r�k1 vanishes.
Finally, we note that a posteriori estimates in weighted norms can be derived for

other elliptic problems, using transformations of integral identities quite similar to
those we applied to the problem (9.7.33)–(9.7.34) (see [302]).



Bibliography

[1] Y. Achdou, C. Bernardi, and F. Coquel, A priori and a posteriori analysis of finite volume dis-
cretizations of Darcy’s equations, Numer. Math. 96 (2003), pp. 17–42.

[2] A. Agouzal, On the saturation assumption and hierarchical a posteriori error estimator, Com-
put. Meth. Appl. Math. 1 (2001), pp. 125–131.

[3] M. Ainsworth, A posteriori error estimation for fully discrete hierarchic models of elliptic bound-
ary value problems in thin domains, Numer. Math. 80 (1998), pp. 325–362.

[4] ——–, Robust a posteriori error estimation for nonconforming finite element approximation,
SIAM J. Numer. Anal. 42 (2005), pp. 2320–2341.

[5] ——–, A posteriori error estimation for discontinuous Galerkin finite element approximation,
SIAM J. Numer. Anal. 45 (2007), 4, pp. 1777–1798.

[6] M. Ainsworth and J. T. Oden, A posteriori error estimation in the finite element method, Nu-
mer. Math. 60 (1992), pp. 429–463.

[7] ——–, A unified approach to a posteriori error estimation using element residual methods, Nu-
mer. Math. 65 (1993), pp. 23–50.

[8] ——–, A posteriori error estimation in finite element analysis, Wiley and Sons, New York, 2000.

[9] M. Ainsworth, J. T. Oden, and C.Y. Lee, Local a posteriori error estimators for variational in-
equalities, Numer. Methods for PDE 9 (1993), pp. 23–33.

[10] M. Ainsworth, J. Z. Zhu, A.W. Craig, and O. C. Zienkiewicz, Analysis of the Zienkiewicz–Zhu a
posteriori error estimator in the finite element method, Int. J. Numer. Methods Engrg. 28 (1989),
pp. 2161–2174.

[11] G. Alefeld and J. Herzberger, Introduction to interval computations, Academic Press, New York,
1983.

[12] A. Alonso, Error estimators for a mixed method, Numer. Math. 74 (1996), pp. 385–395.

[13] M. Amara, M. Ben Younes, and C. Bernardi, Error indicators for the Navier–Stokes equations in
stream function and vorticity formulation, Numer. Math. 80 (1998), pp. 181–206.

[14] A.M. Arthurth, Complementary variational principles, Clarendon Press, Oxford, 1980.

[15] S. N. Atluri (ed.), Computational methods in the mechanics of fracture, North-Holland, NewYork,
1986.

[16] J. P. Aubin, Behavior of the error of the approximate solutions of boundary-value problems for
linear elliptic operators by Galerkin’s and finite difference methods, Ann, Scuola Norm. Sup. Pisa
21 (1967), pp. 599–637.

[17] G. Auchmuty, A posteriori error estimates for linear equations, Numer. Math. 61 (1992), pp. 1–6.

[18] A. Babin, A. Mahalov, and B. Nicolaenko, Global splitting, integrability and regularity of 3D
Euler and Navier–Stokes equations for uniformly rotating fluids, European. J. Mech. 15 (1996),
pp. 291–300.

[19] ——–, Global regularity of 3D rotating Navier–Stokes equations for resonant domains, Indiana
Univ. Math. J. 48 (1999), pp. 1133–1176.



292 Bibliography

[20] I. BabuLska, Courant element: before and after, Fifty Years of Courant Element, edited by
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Notation

WD equals by definition
8 for all
) implies
R
d space of real d -vectors

M
d�d space of real d � d matrixes

M
d�d
s space of symmetric real d � d matrixes

�, ! open sets in R
d

� , �1, �2 boundary of � and its parts
n exterior unit normal
measd f!g Lebesgue measure of a set ! 2 R

d

diamS diameter of the set S
a � b scalar product of vectors
a˝ b tensor product of vectors
a � b vector product of vectors
� W " scalar product of tensors
tr� trace of �
�D deviator of � ; �D WD � � 1

d
I tr �

fgg! mean value of g on !; fgg WD 1
j!j
R

! g dx

eg! eg! WD g � fgg!
suppg support set of g
Œg�� jump of g on �
.g/� negative part of g
.g/C positive part of g
KerT kernel of the operator T
v;i partial derivative with respect to i -th coordinate; vi WD @v

@xir gradient of a scalar-valued function; r� WD ��;1; : : : ; �;d
�

div divergence of a vector-valued function; div v WDPiD1;d vi;i
Div divergence of a tensor-valued function; .Div �/j WDPiD1;d �ij;i
curl rotor of a vector-valued function;

curl v WD .v3;2 � v2;3I v1;3 � v3;1I v2;1 � v1;2/
� Laplace operator; �v D divrv
M error majorant
M error minorant
e error
E error indicator
Ieff efficiency index of an error estimate
B.x; r/ ball of the radius r centered at x
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‡ set of uncertain data
S set of possible solutions
P projection operator
Lp.!/ space of functions integrable in ! with power p
zL2.�/ set of functions in L2.�/ with integral mean 0
k � kp;! Lp.!/ norm
k � k; k � k� L2.�/ norm
k � k1;� supremum norm
W l;p.�/ Sobolev space of functions having generalized derivatives

up to order l integrable with power p
k � kl;p;� W l;p.�/ norm
jk � jk energy norm
kŒ � �k “broken” energy norm
k � kŒ�� weighted norm with weight �
CF� constant in the Friedrichs inequality for the domain�
CP� constant in the Poincaré inequality for the domain�
†.�/ space L2.�;Md�d / of tensor-valued functions

with square summable components
†s.�/ space L2.�;Md�d

s / of symmetric tensor-valued functions
with square summable components

S.�/ subspace of L2.�;Rd / formed by divergence-free functions
VS1.�/ the closure of smooth solenoidal functions with

compact supports in � with respect to the norm ofH 1.�;Rd /

H�1.�/ space dual to VH 1.�/

H.�; div/ WD fv 2 L2.�/ j div v 2 L2.�/g
k � kdiv norm ofH.�; div/
H.�;Div/ WD f� 2 L2.�;Md�d / j Div � 2 L2.�;Rd /g
k � kDiv norm ofH.�;Div/
L.X; Y / space of linear bounded operators acting from X to Y
hv�; vi duality pairing between v� 2 V � and v 2 V
F � polar functional (Young–Fenchel conjugate of F ),

F �.v�/ WD supvfhv�; vi � F.v/g
F �� bipolar functional

F ��.v/ WD supv�fhv�; vi � F �.v�/g
D.v; v�/ compound functional,

D.v; v�/ WD F.v/C F �.v�/ � hv�; vi
@F.v/ subdifferential of F at v
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Banach theorem, 27
Boundary condition

Dirichlet–Robin, 189
friction, 209
mixed, 75
Neumann, 80, 208
nonlinear, 201
Robin, 85
Winkler, 210

C
Céa lemma, 59
Clément’s interpolation estimates, 33
Clarkson’s inequality, 198
Coincidence set, 179
Compound functional, 189
Contractive mapping, 27
Convex set, 17
Cost functional, 243

majorant, 245
minorant, 247

D
Discontinuous Galerkin method, 264
Dual-weighted residual method, 42
Duality pairing, 18
Duality relation, 160

E
Efficiency index, 56, 169
Equilibration, 41
Error indicator, 22, 65, 70

Error majorant, 6, 49, 50, 128, 132, 152,
163, 168

decomposition of �, 62
modifications, 59

Error minorant, 6, 49, 52, 148, 165
Error reduction property, 163

F
Finite volume method, 265
Fixed point, 27
Fixed point problem, 30
Friedrichs inequality, 16
Functional

affine, 18
bidual (bipolar), 19
characteristic, 18
compound, 21
conjugate, 187, 203
convex, 17
dual (polar), 18
forcing, 187
Gâteaux differentiable, 21
nondifferentiable, 185
strictly convex, 17
uniformly convex, 187

Functional a posteriori estimate
biharmonic problem, 219
data indeterminacy errors, 270
diffusion problem, 77
domain decomposition, 62, 166
equilibration of fluxes, 64
general form, 188
generalized Stokes problem
models with polymerization, 148

generalized Stokes problem, 141
models with rotation, 149

in terms of functionals, 279
linear elasticity
estimates for displacements, 107
estimates for stresses, 109
isotropic media, 111
modeling error, 114

Maxwell’s problem, 225
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minimization of the error majorant, 66
nonconforming approximations, 254
nonvariational method, 50
optimal control problems, 242
principal structure, 215
reaction-convection-diffusion problem,

96
reaction-diffusion problem, 83
regularization of fluxes, 65
Runge’s type estimate, 66
stationary Oseen problem, 152
stationary Stokes problem, 123
estimates for combined norms, 128
estimates for pressure, 127
estimates for stress, 128
estimates for velocity, 125
lower bounds of errors, 130
mixed boundary conditions, 131

structure, 52
variational method, 45

G
Galerkin approximation, 59, 65, 78
Galerkin orthogonality, 33
Gradient averaging, 40

H
Helmholtz decomposition, 11, 23, 257
Hooke’s law, 108
Hypercircle method, 23

I
Inf-Sup condition, 118
Interpolation constants, 33

K
Kirchhoff–Love plate model, 221
Korn’s inequality, 16

L
LBB condition, 118
Limit density, 54

M
Main error control problem, 6
Maximum principle, 285, 286
Mikhlin estimate, 25
Minkovski inequality, 15
Mixed approximations, 170

Modeling error, 112
Monotone operators, 30

N
Nonconforming approximations, 254

O
Ostrogradski formula, 10
Ostrowski estimate, 26

P
Poincaré inequality, 16
Post-processing, 37
Prager–Synge estimate, 23
Primal-dual error norm, 57, 168
Problem

biharmonic, 222
convection-diffusion, 88
dual, 159, 188
evolutionary, 229
general elliptic, 186, 191
generalized Stokes, 140
linear diffusion, 75
linear elasticity, 104
linear elliptic
fourth order, 218
general form, 158
on a subspace, 173
with lower terms, 171

Maxwell, 224
Navier–Stokes, 153
nonlinear elliptic, 196
optimal control, 242
Oseen, 151
plane strain, 113
plane stress, 111
primal, 159
reaction-convection-diffusion, 93
reaction-diffusion, 81
stationary Stokes, 123
Stokes, 117
saddle point statement, 119

with subquadratic growth, 200
with superquadratic growth, 198

Projection operator, 255

R
Regularization, 37
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Runge estimate, 22

S
Saddle point, 176
Sobolev space, 13
Solenoidal field, 10
Space

bidual, 18
of rigid deflections, 17
of solenoidal functions, 122
topologically dual, 18

Sturm–Liouville operator, 86
Sub-solution, 286
Subdifferential, 19
Subgradient, 19
Super-solution, 286
Superconvergence, 40

U
Uncertain data, 265, 278

V
Variational inequality, 178

first kind, 179
fourth order problems, 222
second kind, 185

Y
Young’s inequality, 8, 194
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