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Preface

Pure mathematicians sometimes are satisfied with show-
ing that the non-existence of a solution implies a logical
contradiction, while engineers might consider a numer-
ical result as the only reasonable goal. Such one sided
views seem to reflect human limitations rather than ob-
jective values. In itself mathematics is an indivisible or-
ganism uniting theoretical contemplation and active ap-
plication. R. COURANT [112]

Partial differential equations (PDE’s) were introduced as mathematical models of var-
ious physical phenomena. In the 20th century, the theory of differential equations was
mainly developed in the context of an a priori conception that can be expressed by
the triad: existence, regularity, and approximation. In it, the accent is made on a pri-
ori mathematical analysis, and numerical experiment is often regarded as the very last
(and in a sense technical) step, which is more related to practical applications than to
theory.

A certain revision of views has started 20-30 years ago. It was stimulated by rapid
development of numerical methods for PDE’s. The experience accumulated in this
area shows that a priori methods provide only one part of the information necessary
for a comprehensive analysis of models based on PDE’s. If differential equations are
considered not as a self-contained branch of pure mathematics but as tools consigned
to serve natural sciences, then the imperfection of purely a priori analysis is easy to
observe. For example, almost all results of regularity theory and asymptotic analysis
have a qualitative meaning and are addressed to the whole class (or a subclass) of
boundary value problems considered. However, in the numerical experiment we al-
ways deal with an approximate solution of a particular problem the quality of which
must be certified by a certain quantitative criterion. The latter task calls for further
development of different mathematical methods focused on a posteriori analysis of
approximate solutions.

The need for new mathematical approaches to the analysis of PDE’s is motivated
not only by “routine” arguments (such as getting accurate numerical approximations).
There is a more fundamental problem: validation of mathematical models. Certainly,
it can be solved only by joint efforts of mathematicians and specialists in a particular
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natural science and a posteriori error control methods able to guarantee the reliability
of mathematical experiments must play an essential role in such research.

This book can be viewed as an introduction to a posteriori error estimation theory
for PDE’s, which is now in the process of formation and development. It includes
an extended version of the lecture course “A posteriori estimates and adaptivity in
continuum mechanics” that was prepared for the Special Radon Semester organized
in 2005 by the Radon Institute of Computational and Applied Mathematics in Linz.
That course was based on earlier lectures delivered in 2000-2001 for students of the
St. Petersburg Polytechnical University (Russia) and in 2003 for students and scientific
researchers of the University of Jyviskyld (Finland) and the University of Houston
(USA). In 2006, I read a modified version of the course at the Helsinki University of
Technology (Finland) and in 2007 at the University of Valenciennes (France). The
work with lectures was also supported by the DAAD program of Germany and FIM
(Switzerland) during long-term visits to the University of Saarbriicken (Germany) and
the Swiss Federal Institute of Tecnology (ETH, Zurich).

For these years, the content and structure of the text varied. However, the main
line of it remains the same: for each class of boundary value problems, a posteriori
estimates are derived by purely functional methods, which are used in the theory of
PDE’s for analysis of the corresponding differential equations. In other words, the
method suggested for deriving a posteriori error estimates (as well as methods, which
study existence and regularity) exploits specific features of a particular mathematical
problem, but does not attract properties of approximate solutions, mesh, and numerical
method used (the latter information can be utilized later). As a result, we obtain esti-
mates that contain no mesh-dependent constants and are valid for any approximation
from the corresponding energy space. This new functional approach to the a posteriori
error estimation developed in the last decade is the main subject of the book.

A posteriori estimates of the functional type came about from two sources. The
variational statement of the problem (if it has variational form) generates the first
derivation method, which is well exposed in many papers and in the book [244]. The
second method is based on transformations of integral identities that define general-
ized solutions. Most results exposed in Chapters 3—9 are obtained with the help of this
“nonvariational” method. The main idea of it is briefly as follows:

An integral identity (variational inequality) that defines a generalized solution is a
source of guaranteed and computable bounds of the difference between this solution
and any function from the corresponding energy space.

Chapter 2 contains a concise overview of various a posteriori error estimation meth-
ods developed in the 20th century, which are different from those considered in sub-
sequent chapters. Its purpose is to give only a general presentation and to discuss
several approaches to the error control problem. The reader interested in their detailed
investigation is referred to relevant literature.

In Chapter 3, the basic ideas of the functional approach are explained with the
paradigm of a simple elliptic problem. The next chapters are devoted to particular
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classes of problems: diffusion, linear elasticity, variational inequalities, etc. Their goal
is not only to present new estimates, but to demonstrate the method used for deriving
them. The latter problem is even more important because the understanding of basic
ideas would allow the reader to derive a posteriori estimates for a concrete problem of
interest.

The book rests upon a moderate background in functional analysis and the theory
of PDE’s. I hope that it will be useful for advanced specialists in the mathematics
of computations, as well as for students specialized in applied mathematics, and for
numerical analysts.

I wish to express my deep gratitude to Prof. O. A. Ladyzhenskaya for comments and
advice she gave me in 2000-2003. During the last decade I has had fruitful discussions
of problems related to the topic with many colleagues in Europe and USA; sincere
thanks to all of them. Some of these discussions have resulted in joint works presented
on the reference list.

I thank Dr. R. Plato and Dr. N. Lebedinskaya for their kind help in editing the book.

My special gratefulness is to the Radon Institute for Computational and Applied
Mathematics (RICAM) in Linz, where the idea of this book appeared and was actively
supported. Also, I am very grateful to the University of Jyvésyld and the Academy of
Finland for a long-term support of my research.

Sergey Repin Saint Petersburg, 2008






1 Introduction

1.1 A priori and a posteriori methods of error estimation

Partial differential equations (PDE’s) were divised as mathematical models of various
physical phenomena. Over the 20th century, mathematical models based on PDE’s
have been intensively investigated as part of the new rapidly developing science Math-
ematical Modeling'.

Originally, the analysis of models generated by differential equations was performed
in the framework of an a priori method the main steps of which are as follows:

» proving existence and uniqueness of a solution;
» studying higher differentiability of a solution and deriving regularity estimates;
* establishing rate convergence estimates for sequences of approximations.

Proving the fact that the problem considered possesses a (unique) solution is the first
principal step. The second step is focused on qualitative properties of exact solutions
(the existence of higher derivatives, the continuity and smoothness of a solution, or
the behavior in the vicinity of special points, the type of possible singularities). This
a priori information can be further utilized in approximation methods. The third step
started receiving serious attention in the 50-60s when first systematic results in the er-
ror control theory for PDE’s were obtained. Classical convergence theory is perfectly
presented, e.g., in P. Ciarlet [107] and G. Strang and G. Fix [344]. It is focused on
asymptotic estimates of approximation errors. The ultimate aim of this theory is to
prove that the difference between an exact solution v and an approximation v found
in a finite-dimensional subspace of dimension k tends to zero as k — oo. In a sense,
proving such a convergence can be viewed as a formal justification of the approxima-
tion method used. More exact estimates show the convergence rate, i.e., they establish
the relation

] m
v —uglly SC(%) . (1.1.1)

where V is an appropriate space and ¢ and m are some positive real numbers inde-
pendent of k. The value of the constant ¢ depends on the exact solution u and on the
type of approximations used. These estimates give the most general information on
the behavior of approximation errors and are often called a priori error estimates.
Usually, a priori error estimates establish the asymptotic behavior of an upper bound
of the approximation error for the whole set of solutions and their approximations of
a certain type. However, they are generally unable to evaluate efficiently the error

UIn recent years, Mathematical Modeling has come under consideration as part of the Computational
Science that “constitutes the third pillar of the scientific enterprize, peer alongside Theory and Physical
Experiment” [267].
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related to a particular approximate solution computed on a particular mesh. Moreover,
they possess other features that make their practical exploitation rather difficult. First,
they are valid only for Galerkin approximations. In practice, it is often difficult to
guarantee that an approximate solution computed by a numerical procedure is indeed
the exact solution of a respective finite-dimensional problem. Second, such estimates
require the extra regularity of exact solution. However, in many practically important
cases exact solutions do not have such regularity.

These drawbacks stimulated efforts focused on new error estimation methods able to
characterize explicitly the accuracy of approximate solutions. In the late 70s and early
80s, it became clear that successful numerical methods for PDE’s should be based
on the so-called mesh-adaptive procedures that modify finite-dimensional spaces (and
meshes) using the information comprised in the approximate solution computed at
the previous step”. In fact, at that time it was understood that a priori methods in
the theory of PDE’s should be combined with a posteriori ones. In the a posteriori
method, getting an approximate solution is not the final step but a starting point of
a new analysis, which is aimed at (a) estimating the accuracy of the solution and (b)
indicating the distribution of errors over the domain. Obviously, (a) gives a stopping
criterion and (b) provides information needed for a correction of the finite-dimensional
subspace.

A posteriori error estimates, together with other related topics (such as “mesh refine-
ment” and “adaptivity”), have attracted much attention in the last decades. The above
problems create the basis for a new wave of investigations in numerical analysis united
by the common name “reliable modeling”. Nowadays, Fully Reliable Mathematical
Modeling based on advanced methods of computer simulation forms one of the most
challenging scientific directions the development of which is of great importance for
many applied sciences. Fully reliable modeling consists of

« efficient computation of a sequence of approximate solutions that converges to the
desired exact solution and

« reliable verification of the accuracy of the approximation obtained.

The second problem is discussed in the present book.

1.2 Book structure

Throughout Chapter 1, we discuss the error control problem in general terms and
present a short summary of mathematical notions and notation necessary for the un-
derstanding of the material.

2 An interesting discussion on the reliability of different computer simulation methods in nonlinear
mechanical problems is contained in [15]. It reflects early observations of the fact that approximations
of strongly nonlinear problems (and not just them) may seriously depend on the structure of the finite-
dimensional space (mesh) used.
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Chapter 2 contains a concise overview of a posteriori error estimation methods. We
discuss the very first error indicators suggested by Runge, Prager and Synge, Mikhlin,
and Ostrowski. After that, we briefly present another group of a posteriori error esti-
mates that follow from the monotonicity of operators. In the application to PDE’s, the
methods of this group are close to the theory of positive solutions and the maximum
principle. Theoretically, they could give a posteriori error estimates of the strongest
(pointwise) type. A short discussion of them presented in the chapter is intended to
give preliminary knowledge (and to generate an interest in further study) rather than
to expose a complete theory.

The subsequent material is devoted to error indication methods created in the 70s—
90s for finite element approximations. We consider the classical explicit residual
method, methods based on the post-processing of approximate solutions, and the dual-
weighted residual method, which have gained high popularity in the computational
community in the last decade. The purpose of this overview is to give only a general
idea of various a posteriori error indicators, which are usually used in adaptive numer-
ical methods. The reader interested in a detailed investigation of them is referred to
relevant literature.

In Chapter 3, we start the study of functional a posteriori estimates. To express the
main ideas in the most transparent form throughout the chapter we consider only one
problem: Poisson’s equation with Dirichlet boundary conditions. For this problem, we
explain both derivation methods (variational and nonvariational) and show that they
lead to exactly the same a posteriori error estimates. Further, we discuss properties,
modifications, and practical implementation of the estimates.

Chapter 4 is devoted to diffusion problems. We begin with the linear stationary
problem, which can be viewed as the first generalization of the problem treated in
Chapter 3. A posteriori estimates are now derived for mixed, Neumann, and Robin
boundary conditions. Further, we find error estimates for reaction-diffusion and
convection-diffusion problems. In the last part of the chapter, we consider the case
where the stationary diffusion equation involves both reaction and convection terms.
A posteriori estimates for nonstationary diffusion equations are obtained in Chapter 9.

Chapter 5 deals with elliptic systems arising in linear elasticity theory. We obtain
error estimates in terms of displacements and stresses and especially discuss the case
of isotropic elasticity, which is typical of applications.

In Chapter 6, we present the error estimation method for models in the theory of
viscous fluids. Among them we examine the stationary Stokes problem and its gener-
alizations, the Oseen problem, and the stationary Navier—Stokes equation (for a suffi-
ciently small velocity). Models related to generalized Newtonian fluids are discussed
in Chapter 8.

The experience gained by studying Chapters 3—6 will help the reader to look at the
theory from general positions. This is what Chapter 7 is intended for. Here, we evolve
the variational and nonvariational methods of a posteriori error estimation in operator
form. Using the material of this chapter it is easy to obtain a posteriori estimates for a
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particular class of problems that fits the general conditions imposed on the operators.
In the last section of Chapter 7, we discuss mixed formulations of elliptic problems and
show that the a posteriori estimates can also be derived by transforming the relations
that define the saddle point of the corresponding Lagrangian.

The book is mainly focused on linear problems. A concise excursion to the theory of
a posteriori error estimation for nonlinear problems is presented in Chapter 8. First, we
deal with elliptic variational inequalities (of the first and second type) and show that
proper transformations of variational inequalities also lead to computable estimates
of approximation errors. It is of interest that the same estimates have earlier been
derived by the variational method, which we also discuss in the chapter. Further, we
consider generalizations of the variational and nonvariational methods to a wide class
of nonlinear elliptic problems. A posteriori estimates of the functional type for various
nonlinear problems have intensively been studying during the last decade. However, a
consequent exposition of the corresponding results is beyond the scope of this book.
Instead of this, in the last section of the chapter we give an overview of the results and
a deeper discussion of the estimates derived for the «-Laplacian, for problems with
nonlinear boundary conditions, and for generalized Newtonian fluids.

Chapter 9 is concerned with applications of error estimation theory to some other
problems. It starts with equations of higher order and a class of problems associated
with the operator curl. Certainly, the estimates presented follow from the general
theory of Chapter 7. However, it seems pertinent to give a more transparent discussion
of these (practically important) problems. A method that yields a posteriori functional
estimates for evolutionary problems is given in the third section. Section 4 is devoted
to a posteriori error estimates of the new type derived for optimal control problems
with the help of functional error majorants. In the next section, we examine two error
estimation methods for nonconforming approximations (they also follow from error
estimation theory presented in Chapters 3—4). Another important topic concerns the
influence of errors caused by indeterminacy of data, which always exists in real-life
problems. In Section 6, we show that using new error estimation methods opens a
way for measuring the errors that arise owing to data uncertainty. Finally, we discuss
the problem of error estimation in terms of quantities other than the (global) energy
norm. We show that with the help of functional error majorants one can obtain errors in
local and weighted norms, in goal-oriented functionals, and in some other (nonenergy)
norms.

In conclusion, it is worth adding a comment on practical applications of the a pos-
teriori estimates presented in the book. In the last decade, serious efforts were concen-
trated on the study of this subject. The estimates were numerically tested for diffusion
(elliptic and parabolic), stationary Stokes and Oseen problems, linear elasticity and
thermoelasticity, variational inequalities, optimal control problems, and nonconform-
ing approximations of elliptic problems. A posteriori estimates of the functional type
were used together with standard software packages (such as MATLAB and ANSYS)
and compared with a posteriori error estimates of other types. Summarizing the ex-
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perience accumulated, we can say that new a posteriori estimates are more expensive
(e.g., if we compare them with error indicators based on gradient averaging). How-
ever, they have two serious advantages: the error bounds are guaranteed and are valid
for conforming approximations of all types. The latter property is especially impor-
tant in practical computations where it is difficult to guarantee that the true solution
is indeed regular, the approximate solution satisfies the Galerkin orthogonality condi-
tion, and it may be necessary to adapt quickly the error estimation method to approx-
imations of new types. In addition, functional a posteriori estimates do not contain
mesh-dependent constants and can be computed with the help of a unified numerical
technology (and one computer code, which is a checker independent of a solver).

The reader will find references to publications including numerical results and their
discussion in respective sections of the book. However, a systematic exposition of all
these results would make the book unreasonably large. For this reason, it is concen-
trated on the explanation of key ideas, methods, and algorithms. Studying them would
allow the thoughtful reader to implement easily the estimates in his/her own code and
check how the error estimation technology works.

1.3 The error control problem

If we wish to use differential equations as mathematical models of real-life objects
and processes, then the main question is how to solve them reliably. By the word
“solve” we mean the ability to get detailed quantitative information on the exact solu-
tion. Regrettably, analytic methods yield solutions to a restricted amount of problems.
Therefore, in the vast majority of cases “solving” is reduced to a numerical proce-
dure resulting in an approximate solution. Thus, a mathematical experiment should
be regarded as the crucial step that provides information, which is either difficult or
impossible to get by other methods. The general principle of scientific objectivity
suggests that

the mathematical experiment must obey the same strict authenticity rules

as those commonly accepted in natural sciences.
In other words, mathematical modeling cannot be confident without answering the
question:

What is the guaranteed accuracy of an approximate solution?

A priori rate convergence estimates supply a rather philosophical answer to this
question, namely: “If the dimension of subspaces increases in a certain proportion
(and if all subspaces are regular in some sense), then the upper bound of the error es-
tablished for the whole class of approximations decreases with a certain rate”. Such an
answer cannot be accepted as a sufficient one. An a priori estimate may be unable to
give a realistic estimate for a particular approximate solution. Moreover, there are sev-
eral other questions that convincingly call for a different approach to the error control



6 Chapter 1  Introduction

problem. For example:

¢ Which part of the difference between computed solutions and observable (physical)
data is related to approximations (numerical method) and which is generated by the
mathematical model used?

* How accurately do we know the coefficients, domain, boundary and initial condi-
tions and how does the indeterminacy in this knowledge affects the solution?

* How sensitive is the solution with respect to changes in the mathematical model
(e.g., with respect to adding (removing) lower terms to the equation, changing
boundary conditions or using other modifications)?

These are difficult questions, and very often they are ignored in engineering and scien-
tific computations. However, if they are not answered, then computer simulation is but
a producer of more or less probable conjectures (which sometimes may lead to wrong
conclusions).

Reliable answers to these and other questions cannot be found unless the following
main error control problem is solved:

Given the data (coefficients,a domain, boundary conditions) of a bound-
ary value problem having the exact solution u and a function v from the
corresponding (energy) space V', compute the radii r1 and ry of two balls
B(v,r1) and B(v, rp) centered at v such that

ud B, r) and uec B, r). (1.3.1)

We say that a method used to solve the above problem is sharp if one can find r; and
rp such that rp — r; < € for any given € > 0.
Obviously, this problem is solved if we have the estimate

M (v, D) < |u—v|ly <M (v.D), Yv eV, (1.3.2)

where || - |y stands for the norm of V, D denotes the set of known data and the func-
tionals 9 (error majorant) and 9 (error minorant) are directly computable. This es-
timate establishes two-sided guaranteed error bounds for conforming approximations
of all types.

Throughout the book, the functionals that give upper and lower bounds of approxi-
mation errors are denoted by 9t and 901, respectively. Subscripts are used to specify
such a functional and relate it to a particular problem: for example, 9 g7 is the majo-
rant for the Stokes problem.

Estimate (1.3.2) has a practical significance if the functionals 90t and 90 satisfy an
additional consistency condition:

M (v, D) — 0, m (v,D)—>0 asv—>uinl, (1.3.3)

which guarantees that the majorant (minorant) vanishes on any sequence converging
(in the energy space) to the exact solution. The majorants discussed in the book satisfy
this condition.
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Another important requirement imposed on 99t and 9 is that (1.3.2) must hold
without extra regularity assumptions on the exact solution u (which in a priori error
estimates are usually required). From the practical point of view, such a property of
an error estimate is very useful, because the regularity (smoothness) of exact solutions
is unstable with respect to small variations in data (coefficients of a PDE and the ge-
ometry of a domain). In real life problems, these data are never known exactly, so that
numerical analysts and engineers should use approximation and error control methods
that do not exploit (explicitly or implicitly) higher regularity of exact solutions and are
stable with respect to small variations in problem data.

In Chapters 3-9 we derive the functionals 90t and 91 for various classes of boun-
dary-value problems. In addition to v, they also include the known data O and “free”
function(s) y, which can be viewed as approximations of certain differential opera-
tor(s) applied to u. For example, in diffusion problems they are associated with Vu
or AVu (where A is the diffusion matrix) and in linear elasticity with Le(u) (where
L is the elasticity tensor and £(u) is the tensor of small strains). These differential
complexes have a physical meaning and are often called “dual” variables. We consider
them as arguments and rewrite (1.3.2) in the form

M ,y, D) <|u—-v|y < m (v, y,D), YveV,yel, (1.3.4)

where Y is a certain set (usually it is a space) that contains admissible y.

Also we derive computable functionals that provide reliable bounds for the er-
rors estimated in terms of combined (primal-dual) norms (e.g., in terms of the norm
l(u —v)|lv + l[(p — q)|ly, where p denotes the exact dual function and ¢ is an ap-
proximation of p).

Once the estimate (1.3.4) has been derived for a class of boundary value problems,
the computer simulation methods for this class are fully controllable. Therefore, such
estimates should be derived for each mathematical model used for the quantitative
analysis. The aim of this book is not only to present M and 90t for particular classes
of boundary value problems but to explain the basic principles that will help the reader
to derive similar estimates for a particular mathematical model he/she studies.

Finally, we note that (1.3.4) generates the variational statement

in‘f M (v, y, D).

yey

In principle, a sequence of approximations converging to the exact solution can be
computed by a certain minimization procedure applied to 90t (v, y, D). The values of
M indicate the quality of v and y as approximations of the exact solutions u and p,
so that the efficiency of an approximation process is explicitly controlled. However,
in practice such a minimization procedure may be rather expensive, and it is more
efficient to find v and y by other (e.g., mixed) methods.
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1.4 Mathematical background and notation

It is assumed that the reader is familiar with basic facts in functional analysis and the
theory of differential equations and understands such notions as “generalized deriva-
tive”, “weak solution”, Lebesgue and Sobolev space. Those feel necessary to study the
mathematical background are advised to use, e.g., [151, 197, 234, 211]. The content

of these books is quite sufficient for the understanding of the material.

1.4.1 Vectors and tensors

By R? and M?*4 we denote the spaces of real d-dimensional vectors and d x d
matrixes (tensors), respectively. The scalar product of vectors is denoted by -, and for
the product of tensors we use the symbol :, i.e.,

U-v=1u;v;, T:0 = T1ij0jj,

where summation (from 1 to d) over repeated indices is implied. The norms of vectors
and tensors are defined with the help of the products introduced above:

la| == Va-a, lo| :=+o 0.

Henceforth, the symbol := means “equals by definition”. The multiplication of a
matrix A € M9%4 and a vector b € R? is the vector, which we denote Ab. In the
book, matrixes are usually denoted by capital Latin letters or by Greek letters (e.g., o,
7,¢). AT and A~! denote the transposed and inverse matrixes, respectively.

Any tensor 7 is decomposed into the deviatoric part t° and the trace tr v := t;;, S0
that 7 := t® + %H tr 7, where [ is the unit tensor. It is easy to check that

t:l=trz, °:01=0, (1.4.1)
1
7% = |°]® + E(trt)z, (1.4.2)

so that we have an orthogonal decomposition of t into two parts (which sometimes are
called deviatorical and spherical).

In the book, we use various inequalities for scalars, vectors, and tensors. First, we
recall the algebraic Young’s inequality

2ab < Ba® + %bz, (1.4.3)

which is valid for any 8 > 0. For a pair of vectors a and b we have a similar estimate

1
2a-b §ﬂ|a|2+g|b|2, (1.4.4)
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which implies the inequalities

+
la +b1* < (1+B)lal* + 7 ﬁ|b|2 (1.4.5)
1
a+b)? > ——la* - <|b|. 1.4.6
a+bP = ol = o (146)
Similarly, for a pair of tensors ¢ and T we have
2, Lo
27 10 < Bl7| +E|O| , (1.4.7)
1+5
e ol < A+ Pl + —5= ol (1.4.8)
If H is a Hilbert space with scalar product (-,-) and norm || - || associated with the

product, then it is easy to extend (1.4.4)—(1.4.6) to the elements of H.
The inequality (1.4.1) is a particular form of the more general Young’s inequality

1 1 P 11
ab < —(Ba)? + — (9) ., —t+==L (1.4.9)
p P \B p D

Differential operations for vectors and tensors are introduced with the help of a sym-

bolic vector V = i 88 where is (s = 1,...,d) denote the init vectors of the Carte-

sian system. We recall ‘that i is ix = Osk, where Ok = 0ifs # k and S = 1.

If ¥ is a differentiable scalar-valued function then Vi is the vector { g;/’ , 3711’2 g)‘é

which is the gradient of ¥. For a vector-valued function a = agiy we have the follow-
ing differential operations:

0 da .
Vea=iy— ~akik=—s=as,s :=diva,
0xg 0xg
Vxa=curla :=(asz2—az3;a1,3 —as1;az,1 —ai,2) (ford = 3),
day .
Va=V®a= Qi = g gis  Ig.

0xg

Let ¥ and a be a differentiable function and vector-valued function, respectively. It is
easy to see that

; da
V- (00) = i (anin) = 5 G5 van) = 2+ 52ty

and we arrive at the relation

divyya = a-Vy 4+ ydiva. (1.4.10)
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Other differential relations, namely,

Vigy) = ¢Vy + ¥V,
VWa)=Vy ® a+ v¥Va,
Vx@ra)=1y(curl a) + V¢ x a,
V-(axb)y=b-curl a—a-curl b,
V-(@a®b)=bdiva+ a-Vb
are also often used in the analysis of boundary value problems.

Differential operations of the second order are not always defined. Some others lead
to a trivial result. We recall that

V x (V) =0, V-(Vxa)=0,
divVy =V.-Vy = (V- V)y = Ay,
and
Vx(Vxa)=V(V-a)—(V-V)a =graddiva — V?a.

A vector-valued function a is called solenoidal if it can be represented as curl b, where
b of another vector-valued function. In this case, diva = 0, so that solenoidal fields
are divergence-free.

Similar relations hold for tensors. For example, if 7 is a tensor-valued function with
differentiable components, then

Div(ta) =a-Divt + 1" : Va. (1.4.11)

By Div t we denote the divergence of a tensor-valued function r, which is a vector-
valued function with components {z;;,; }.

In subsequent chapters, we use several known integral relations. The first of them
is the Ostrogradski formula:

/divadx:/ a-nds, (1.4.12)
Q r

where I' is a closed surface of Q2.
By (1.4.10) and (1.4.12), we obtain

/ div (Ya) dx = / (ydiva + VY -a)dx = / Ya-nds (1.4.13)
Q Q r
If ¢ vanishes on I', then from (1.4.13) it follows that

/ (Ydiva + V- a)dx = 0. (1.4.14)
Q
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Another integral relation is

/curla~vdx=/ a-curlvdx—/(axn)~vds. (1.4.15)
Q Q r

In the above relations, we assume that the functions are sufficiently regular so that the
corresponding volume and surface integrals exist.

Finally, we recall the Helmholtz’s theorem, which is known as the fundamental
theorem of vector calculus. It states that any sufficiently smooth, rapidly decaying
vector-valued function can be resolved into curl-free and divergence-free (solenoidal)
components, i.e.,

q =Vy +cutl a. (1.4.16)

For a bounded domain €2, Helmholtz decomposition states that ¢ can be resolved into
a solenoidal vector-valued function g¢ and Vi, where ¢ € jag (2) (e.g., see [232]).
Another version (which is often used in mathematical hydrodynamics) resolves ¢ into
qo and V¢ such thatdivgg = 0, go -» = 0 on I', and V¥ is a scalar-valued function
having (generalized) derivatives of the first order (e.g., see [210] or [348]).

1.4.2 Spaces of functions

We denote a bounded connected domain in R¥ by 2 and its boundary (which is as-
sumed to be Lipschitz continuous) by I'. Usually, @ stands for an open subset of €2.
The closure of sets is denoted by a bar and the Lebesgue measure of a set w € RK
by meas;w. If @ is a domain in R and y € R s its boundary, then we also use
simplified notation |w| and |y| for the corresponding d and d — 1 measures.

By L?(w) we denote the space of functions summable with power p with norm

1/p
P = (/ |w|pdx) .
w

The vector-valued functions with components that are square summable in €2 form
the Hilbert space L2(Q2,R?). Analogously, L%($2, M¥4*4) is the Hilbert space of
tensor-valued functions (sometimes we use the special notation X for this space). If
tensor-valued functions are assumed to be symmetric, then we write Mstd (and X
instead of L2(Q2, M&*?)),

Forv € L%(Q2,R?) and t € L2(Q2, M ?*%), the norms are defined by the relations

lv]? :=/ lv|>dx and ||0||2:=/ lo|? dx.
Q Q

Since no confusion may arise, we denote the norm of L2(£2) and the norm of the space
L2(2,R?) by || - ||. The space of measurable essentially bounded functions is denoted
by L°°(£2). It is equipped with the norm

[[w]

[u]loo,2 = ess sup |u(x)|.
xeQ
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By ¢ °(2) we denote the space of all infinitely differentiable functions with compact
supports in Q. The spaces of k-times differentiable scalar- and vector-valued func-
tions are denoted by C¥(Q2) and C¥ (2, R¥), respectively; Ck (2) is the subspace of
C* () that contains functions vanishing at the boundary; P¥(£2) denotes the set of
polynomial functions defined in Q@ C R?, i.e., v € P¥(Q) if

loe|<m
where o := («y,...,a4) is the so-called multi-index,
lo| =01 +a2 +... +ag, o = dgy,...aq»

and x%* = x%1x%2 .| x%,

Solenoidal vector-valued functions the components of which are square summable
in © form the space S(£2).

For partial derivatives we keep the standard notation and write

S or fi.

0x;

Usually, we understood them in a generalized sense: a function g = f; is called the
generalized derivative of f € L1(S2) with respect to the x; if it satisfies the relation

/ fw,;dx = —/ gw dx, Yw € Cy (R). (1.4.17)
Q Q

Generalized derivatives of higher orders are defined by similar integral relations (see
S. Sobolev [336]).
By {g}s we denote the mean value of a function g on S, i.e.,

1
gls == E/Sgdx

and gs := g — {g}s. The functions with zero mean form the space
2@ :={ge0|lalo =0}

The space H(S2, div) is a subspace of L2(€2, R?) that contains vector-valued func-
tions with square-summable divergence, and H (€2, Div) is a subspace of X that con-
tains tensor-valued functions with square-summable divergence, i.e.,

H(Q,div) ;= {v € L*(Q.,R%) | divv € L*(Q)},
H(Q.Div) := {r € L>(Q,M%*?) | Divt € L*(Q,R%)}.
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Both spaces H(€2,div) and H (€2, Div) are Hilbert spaces endowed with scalar prod-
ucts

(U, v)giy := / (u-v+divudive)dx
Q
and
(0, T)piv := / (0 : 17+ Divo -Divr)dx,
Q

respectively. The norms || - |lgiv and || - ||piv are associated with the above-defined
scalar products.

Similarly, H(S2, curl) is the Hilbert space of vector-valued functions having square-
summable curl or, i.e.,

H(Q,curl) := {v e L2(,R?) | curlv € L?(Q)}.
This space can be defined as the closure of smooth functions with respect to the norm
) 1/2

. 2 2
[wllew == (lwl + llcurl w|§

The Sobolev spaces WP () (where m and p are positive integer numbers) con-
tain functions summable with power p the generalized derivatives of which up to order
m belong to L?. For a function f € W™-P(Q), the norm is defined as usual:

1/p
1S llm,p.2 = (/Q > D £ dx) .

lo|<m
Here o« = {1, ...,a4} is the multi index and
o
Dy — glely
[0 g
dxy' ... 0xy

is the derivative of order |«|. The Sobolev spaces with p = 2 are denoted by the letter
H,ie.,

H™Q):={ve L*(Q) | D*v e L*(Q), Vm: |a| <m}.

These spaces belong to the class of Hilbert spaces. A subset of H™(£2) formed by the
functions vanishing on I is denoted by il ().

The functions in Sobolev spaces have counterparts on I" (and on other manifolds of
lower dimensions) that are associated with spaces of traces. Thus, there exist some
bounded operators mapping the functions defined in 2 to functions defined on the



14 Chapter 1  Introduction

boundary. For example, the operator y : H1(Q2) — L2(T") is called the trace operator
if it satisfies the following conditions:

yv = v, Vv e CY(Q), (1.4.18)
(1.4.19)

where ¢ is a positive constant independent of v. From these relations, we observe
that yv is a natural generalization of the trace defined for a continuous function (in the
pointwise sense). The image of y is a subset of L2(I"), which is the space H/2(I).
Thus, y € éC(Hl(Q), Hl/z(l")) and the space ﬁl(Q) is the kernel of y. The func-
tions from other Sobolev spaces are also known to have traces in Sobolev spaces with
fractional indices.

Also, forany ¢ € H 1/ 2(T"), one can define a continuation operator

we LHYAT), HY(Q)

such that
up = w, we HY(Q), yYw = ¢ onT

and (e.g., see J.-L. Lions and E. Magenes [222])
|

Using the operator y, we define subspaces of functions vanishing on I" or on some part
I'; of I'. Usually, such subspaces are marked by the zero subindex, e.g.,

(1.4.20)

Ipllg1r2r <

Vo:={veV | yv =0a.e.on 'y},

Henceforth, we understand the boundary values of functions in the sense of traces, so
that the phrase “u = ¢ on I'” means that the trace yu of a function u defined in €2
coincides with a given function ¢ defined on I' (for the sake of simplicity, we usually
omit y). If for two functions u and v defined in 2 we say that ¥ = v on I, then we
mean that y(u —v) =0on .

For f € L?(R2), the functional

(fir @) : /f 29 ax (1.4.21)
0x;

is linear and continuous not only for functions in ¢ 2°(£2) but also for all functions of
the space H 1(Q) (this fact follows from the density of smooth functions in H Q)
and known theorems on the continuation of linear functionals). Such functionals can
be viewed as generalized derivatives of square summable functions. They form the
space H~1(Q) dual to H! (£2). It is easy to see that the quantity

| fil == sup K-l (1.4.22)
we]ﬁ’]l(g) || 90”9
©#0

is nonnegative and finite. It can be used to introduce the norm for H~1(Q).



Section 1.4 Mathematical background and notation 15

1.4.3 Inequalities

In the subsequent chapters, we use several inequalities well known in functional anal-
ysis (e.g., see [336, 214]). For convenience of the reader, we collect and discuss them
below.

First, we recall the inequality

d d

1/a , 1/a’
Ia-bIS(Zlail"‘) (ZIbiI“) , (1.4.23)

i=1 i=1

where & + é = land a,b € R?. It is known as the discrete Holder inequality. The
Holder inequality in functional form is as follows:

/g wvdx < Jullaglvle.g. (1.4.24)
Let u and v be two functions in L%(£2). Then

/sz(u-kv)“dx:/Qu(u-i-v)“_l dX-l-/Q v(u 4 v)* dx

, 1/0[’ , 1/0[’
< Il ([ 00+ 0@ ax) ol ([ @ 0@ )

, (a—1)/a
Q) (/ (u 4 v)@~De dX)
Q

and we arrive at the Minkowski inequality

1/a
(/ (u +v)“dx) < Jlul
Q

that states the triangle inequality for the norm. The Holder and Minkowski inequalities
also hold for spaces of vector- and tensor-valued functions.

For the functions in A ! (£2), we have the Friedrichs inequality

lwlle < CrelVwla, Ywe HY(Q), (1.4.26)

= ([ful

e + v

a2 + [V]le,0: (1.4.25)

where CFq is a positive constant independent of w. It is not difficult to observe that
the constant in (1.4.26) satisfies the relation

1 v
LN A (1.4.27)
Cra weﬁ;ész) |wl|

Let @ C Q. Forany w € Ifll(Q), we can define W = w in  and w(x) = O for any
x € Q\ Q. Obviously, W € H!(Q). Therefore,

vl _,
Tu\e/lfll(gz\) W]l 2 CF
w#0

Ag >

Q)
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and Crpq < CF§. Assume that
QcO:={xeR? |a;<x<bi, bj—aj=I}
Then,
1
XQ > )&1—[ =T Z 17’
i 1
and we obtain an explicit upper bound for Crgq.
For w € H'(R), the Friedrichs inequality has a more general form
Il < cko (IVul + [ wpds). (14.28)
For w € H'(Q), the Poincaré inequality reads
2 2 2 2
lwllg = Cpq (IIVwIIQ +(/ wdx) ) (1.4.29)
Q
From (1.4.29) it follows that
lwle < CpallVuwla,  Vwe L*(Q). (1.4.30)
If
Q=1;:={xeR? | x; €(0,1;), l; > 0},
then the Poincaré inequality takes the form (e.g., see [217])
1 2 a0 &
w3 < — (/ wdx) +—/ 12w? dx. (1.4.31)
@ |H1| I, 2 II Z o

lij=1

In S. Mikhlin [234, 233], the reader will find more information concerning the con-

stants in the Poincaré and Friedrichs inequalities.

In continuum mechanics, of importance is the following assertion known as the
Korn’s inequality. Let € be an open, bounded domain with Lipschitz continuous

boundary. Then

/ (I + le@)P) dx > Callwl?, 0. Ywe H'(Q.RY),
Q

(1.4.32)

where Cggq is a positive constant independent of w and e(w) denotes the symmetric

part of the tensor Vw, i.e.,

_ 1 [ Jdw; Bwj
1j (W) = 2 (axj + ax; )
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It is not difficult to verify that the left-hand side of (1.4.32) is bounded from above by
the H!-norm of w. Thus, it represents a norm equivalent to | - ||1.2.. The kernel of
e(w) is called the space of rigid deflections and is denoted by R(2). If w € R(£2), then
it can be represented in the form w = wo + wex, where wy is a vector independent of
x and wy is a skew-symmetric tensor with coefficients independent of x. It is easy to
understand that the dimension of R(€2) is finite and equals d + @

For the functions in H ! (€2), the Korn’s inequality is easy to prove. Indeed,

1
—(wj,j + wj i) (wi; +wj;)

ew)? = 5

1 1
= Z(wi,jwi,j + wjwj; + 2w jw;;) = E(IVWI2 + wi, jwji),

o]
where the summation over repeated indices is implied. Therefore, for any w € C?(R2)
we have

1 1
/ |8(w)|2dx = —/ (|Vw|2 + w,',jwj,,) dx = —/ <|Vw|2 — wiwj,,'.,) dx
Q 2 Jg 2 Jq
1 1
= 5/;2 (|Vw|2 + w,-,iwj,j) dx = E/Q (|Vw|2 + |wi,i|2) dx

1
SIvel?.

A%

Hence,
IVw| < V2llew)]|  VYw e C3(Q). (1.4.33)

Since € 2(Q) is dense in H! (2), this inequality is also valid for functions in H! ().
The proofs of the Korn’s inequality (1.4.32) are much more complicated (e.g., see
[120]).

1.4.4 Convex functionals

Consider a Banach space V. A set K C V is called convex if A{v1 + Av2 € K for
all vy,v; € K andall 11,4, € Ry suchthat A; + A, = 1. Let K be a convex set. A
functional J : K — R is said to be convex if

J(Av1 + Av2) < A1 J(v1) + A2 (v2) (1.4.34)

for all vi,v, € K and all A, A, € R4 such that A; + A, = 1. A functional J is
called strictly convex if

J(Av1 + Aavp) < A1 J(v1) + AxJ(v2) (1.4.35)

for all v, vy € K (suchthat vy # vp)and A € (0, 1). A functional J is called concave
(resp., strictly concave) if the functional (—J) is convex (resp., strictly convex).
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The functional

o]0 ek
XKW =) 400 ifv K

is called the characteristic functional of the set K. It is clear that it is convex if and
only if the set K is convex.

If J1 and J, are two convex functionals defined on a convex set K then the func-
tionals a1 J1 + a2 Jo (for a1, p € R4) and max{Jy, J»} are also convex. It is worth
noting that the latter fact remains valid for any amount of convex functionals, i.e., the
upper bound taken over any set of convex functionals is a convex functional. There-
fore, convex functionals are often represented as upper bounds of affine functionals.

By definition, the space V* consists of all linear continuous functionals on V. It is
called topologically dual to V. The value of v* € V* on v € V is denoted by (v*, v).
This product generates a duality pairing of the spaces V and V*. If V is a Banach
space, then V* can also be normed by setting

o] s= sup £

(1.4.36)
ver [Vl

Henceforth, we assume that the supremum (or infimum) of a quotient is taken with
respect to all elements of V, except for the zero element Oy .

Any affine functional defined on elements of V has the form (v*,v) — «, where
v* € V* and @ € R. A functional space is called reflexive if it coincides with the
bidual space V** (i.e., if there exists a one-to-one mapping of V to V** and back that
preserves the metric). All Hilbert spaces are reflexive. The same is true for the spaces
L? with 1 < p < +o0.

The theorem of F. Riesz asserts that for Hilbert spaces, any functional v* € V* can
be written in the form of a scalar product introduced in such a space, i.e.,

(u,v) = (v*,v), Yv eV, (1.4.37)

where u is uniquely determined.
The functional J* : V* — R defined by the relation

J*(*) = sup{(v*,v) — J(v)} (1.4.38)
veV

is said to be dual (or conjugate) to J .

Remark 1.1. If J is a smooth function that increases at infinity faster than any linear
function, then J* is the Legendre transform of J. The dual functionals were studied by
Young, Fenchel, Moreau, and Rockafellar (e.g., see [121, 132, 324]). The functional
J* is also called polar to J.
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The functional
J* () = sup {{(v*,v) —J*(")} (1.4.39)
v*eV*
is called the second conjugate to J (or bipolar).

If J is a convex functional attaining finite values, then J coincides with J**,

To illustrate the definitions of conjugate functionals, consider functionals defined
on the Euclidean space E 4 In this case, V and V* consist of the same elements:
d-dimensional vectors (denoted by £ and £*, respectively) and the quantity (§*, ) is
given by the scalar product §* - £.

Let A = {a;;} be a positive definite matrix. We have the following pair of mutually
conjugate functionals:

1 1
J(§) = A8 and J*(EY) = EA—ls* CE* (1.4.40)
Another example is given by the functionals

1 1 /
J() = 18" and THE") = Jlé*la : (1.4.41)

where % + O% = 1. If ¢ is an odd convex function, then (¢ (||u]y))* = ¢*(||[u™|y=*).

Let a functional J : V' — IR takes a finite value at vy € V. The functional J is called
subdifferentiable at vy if there exists an affine minorant / such that J(vg) = [(vp). A
minorant with this property is called the exact minorant at vg. Obviously, any affine

minorant exact at vy has the form
I(v) = (v, v —wo) + J(vo), [(v) < J(v), Yv e V. (1.4.42)

The element v* is called a subgradient of J at vg. The set of all subgradients of J at
vo forms a subdifferential, which is usually denoted by dJ(vo). It may be empty, may
contain one element or infinitely many elements.

An important property of convex functionals follows directly from the fact that they
have an exact affine minorant at any point (at which the functional attains a finite
value). Assume that J is a convex functional and v* € dJ(vg). Then there exists an
affine minorant such that

(v v)—a<J), VveV,
and (v*,vo) —a = J(vg). Hence, we obtain
J(v) = J(vo) = (v*, v —vo). (1.4.43)

The inequality (1.4.43) represents the basic incremental relation for convex function-
als. For proper convex functionals, there exists a simple criterion that enables one
verify whether or not an element v* belongs to the set J(v).
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Proposition 1.2. The following two statements are equivalent:

J) + J*@*) — (v*,v) =0, (1.4.44)
v* € dJ(v), (1.4.45)
v e (v"). (1.4.46)

Proof. Assume that v* € dJ(v). In accordance with (1.4.43), we have
Jw) = J(w)+ (v, w—v), YwelV.

Hence,
w* ) —=Jw) > (v*,w)—-J(w), YweV

and, consequently,

(v*,v) = J(v) > sup {(v*,w) — J(w)} = J*(*). (1.4.47)

weV

However, by the definition of J*, we know that for any v and v*
J**) = (v*,v) — J(v). (1.4.48)

We observe that (1.4.47) and (1.4.48) imply (1.4.44).
Assume that v € 9J*(v*). Then J*(w™*) > J*(v*) + (w™* — v*, v), so that

(v, 0) =TT = sup {(w*v) =TT} =TT ().

w*eV*
On the other hand,
(*,0) = J*@*) = S (v) = J(v),

and we again arrive at (1.4.44).
Assume that (1.4.44) holds. By the definition of J*, we obtain

0=Jw)+J* ") — @W*,v) > Jw)—J(w)— (v*,v—w),
where w is an arbitrary element of V. Thus,
Jw)—J@w) > (v*,w—v), YweV,
which means that J(v) + (v*,v — w) is an exact affine minorant of J (at v) and,

consequently, (1.4.45) holds.
The proof of (1.4.46) is quite similar. O
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Let J and J* be a pair of conjugate functionals. Then
Dy, v*) = J)+ J**) — (v*,v)

is called the compound functional. From Proposition 1.2 it follows that D is non-
negative and vanishes only if the arguments satisfy (1.4.45) and (1.4.46), which are
also called the duality relations and very often represent the constitutive relations of a
physical model. Compound functionals play an important role in the a posteriori error
estimation of nonlinear problems (see Chapter 8). They serve as penalty functionals
that penalize errors caused by dissatisfaction of the duality relations. For this reason,
we denote the compound functionals by the letter D.

Note that the relation D (v, v*) > 0 generates inequalities that can be viewed as
generalizations of the Young’s inequality (cf. (1.4.3)-(1.4.9)):

(w*,v) < J() + J*("). (1.4.49)

*lo/
7

In particular, if V and V* coincide with R¢ and J(v) = %, then J*(v*) = 1!
and (1.4.36) implies the estimate

o

vl v*o/
by <

—. Yo, 0* e RY. (1.4.50)
(07 o

Finally, we recall some basic notions related to the differentiation of convex func-
tionals. We say that J has a weak derivative J'(vg) € V* (at the point vg) in the sense
of Gateaux if

J(vo + Aw) — J(vo)

lim = (J'(vg), w), Yw eV. (1.4.51)
A—+0 A

Assume that J is differentiable in the above sense and v* € dJ(vg). Then for any
v € V we know that J(v) — J(vo) > (v*,v — vg). Set v = vy + Aw, where A > 0.
Now, we have J(vg + Aw) — J(vg) > A{v*, w). Therefore,

(v*, w),

(J'(wo)w) = lim ST AW = (o)
A—>+0 A

and {(J'(vg) — v*,w) > 0 for any w € V. This inequality means that, in such a case,
the Gateaux derivative coincides with v*.
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2.1 Error indicator by Runge

First attempts to formulate accuracy criteria for approximate solutions date back to
the very beginning of the 20th century when C. Runge suggested a heuristic error
indication rule. Originally, it was applied to quadrature formulas, but later the rule
was also adapted to integration procedures that he developed for ordinary differential
equations. In essence, Runge’s rule is based on comparing “coarse” and “refined”
solutions.

Assume that an approximate solution uy has been found on a mesh 7 with mesh
size h and uy, . is a solution on a refined mesh 73, .. Let an asymptotic error estimate

ref ref *

up—u = ¢h™ + O(h™*P), m,p>0, (2.1.1)
be known, where ¢ is a certain (unknown) function. We have

Ui — U = ph™ + O(W"TP),

ref

and, consequently,

up —up. = (K" — ™) + O(K"TP) + O(h™FP).

ref — ref

From here, we conclude that, up to higher order terms,

Unh — Uh

ref

up —u = h™
If h,; = kh with k € (0, 1), then the above relation reads

1
Up — U = T (up —up,,). (2.1.3)

1 —
Certainly, the estimate adequately presents the error only if 4 is small enough (so
that the higher order terms are negligibly small) and if the asymptotic relation (2.1.1)
holds. In general, these (rather strong) a priori requirements cannot be guaranteed,
which means that (2.1.3) should be viewed as a conditional estimate.

Anyway, (2.1.3) partially justifies the following heuristic rule often used in engi-
neering computations:

Ifup —up, is small, then both approximations uy,_ . and uy, are probably

close to the exact solution u.

ref
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Indeed, (2.1.3) shows that for sufficiently small %, the error u; — u is proportional to
up — up,,. Using the modern terminology, we can say that

ER(X) := up(x) = up,(x)

is suggested as an error indicator and a certain measure of Eg as a stopping criterion.
For this purpose, the quantities

max [Er(x)| or [Er(X)lpe. P =1

xeQ

are often used. &g implies a simple error verification method. In many cases, it gives
quite acceptable (and even good) results. For these reasons, it would be logical to
compare any new error indicator suggested for a particular class of problems with &g.

However, & is not fully reliable, because the fact that two subsequent elements of
an approximation sequence are close to each other cannot guarantee that they are close
to the exact solution. For example, &g may be small if a refinement is improperly
performed (i.e., if new degrees of freedom appended to 77, do not correlate with the
error). Also, it is often important to have computable and guaranteed upper and lower
bounds for various norms (seminorms) of u; — u, which cannot be derived by the
above heuristic arguments.

In subsequent chapters, we will present quantities computed by uj, and u,  that do
provide guaranteed bounds of approximation errors (the simplest form is exposed in
the Section 3.6.2). However, their derivation is based on mathematical tools that did
not exist at the time of C. Runge.

2.2 Prager-Synge estimate

In 1947, W. Prager and J. L. Synge [266] presented an a posteriori estimate valid for
approximations of linear elliptic problems. Originally, the proof was motivated by
an orthogonal decomposition of the energy space of a problem and purely geometric
arguments (this approach is often called the hypercircle method [347]).

Let us discuss the idea with the paradigm of the problem

Au+ f =0, in , (2.2.1)
u =20, onI. 2.2.2)

By the Helmholtz decomposition, we know that ¢ € LZ(Q,Rd) is uniquely repre-

sented as go + Vi, where v € ! (2), go belongs to the set S(2) of vector-valued
solenoidal functions, and the orthogonality condition has the form

/ qgo-Vwdx =0, Vweﬁl(ﬁ).
Q
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Figure 2.2.1: “Two blind men and their hypercircle.” Geometric interpretation from
[347]

Let
q€Qy:= {UEH(Q,diV))/ n-dex:/ fwdx Vu)EIfII(Q) .
Q Q

The set Q¢ contains vector-valued functions that satisfy (in a generalized sense) the
relationdivg + f = 0.
Since Vu — g € Q¢ = S(R2), we have the orthogonality relation

/ Vu—-v)-(Vu—¢q)dx =0,
Q

which implies the estimate

IV =)+ [[Vu =g = Vv —ql. (22.3)

Figure 2.2.1 presents a geometric interpretation of the hypercircle formula: if two
blind men walking along two orthogonal roads are able to measure the distance be-
tween them, then they can construct a “hypercircle” and estimate the distance to the
crosspoint.

From (2.2.3) it also follows that

[V(u —v)|| = inf |Vv—gq]|. (2.2.4)
q€Qr
This relation and its analogs for more complicated problems generate various a pos-

teriori estimates that use equilibration of the dual variable (flux). We discuss some of
them in Section 2.6.3.
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2.3 Mikhlin estimate

S. Mikhlin [232] suggested to derive a posteriori estimates for linear elliptic problems
with the help of variational arguments. The main idea of this approach is easy to
explain with the paradigm of the problem (2.2.1)-(2.2.2).

First, we note that

1
EIIV(u—v)II2 =J(v) - J(u), (2.3.1)
where
Jw):= inf J@W), J(@):= l||vv||2 —/ fvdx.
veH(RQ) 2 Q

This fact follows from the identity
J() = J(u) = %IIV(M —v)|? + /Q (Vu-V(@—u)— fv—u))dx
and the relation
/;ZVu-dex=/wadx, VweISII(Q),

that holds for the minimizer u. Regrettably, the right-hand side of (2.3.1) is not com-
putable because the value of J(u) is not known. This difficulty can be bypassed if a
computable lower bound of J(u) is known. A natural quantity that serves this task is
the value of the so-called dual variational functional

1
1*(q) == —=|q?
(9) 5 llall
whose maximum taken over the set of equilibrated fields coincides with J(u), i.e.,

J(u) =1(p) :== sup 1(q).
q€Qr

Thus, we find that for any g € Q¢

1 1 1 1
SIV@= I < 10)+ 3l = 31901 = [ fodx+3lal?
1

1 1
- —||Vv||2—f g-Vodx+ gl = Live—ql?. @32
2 Q 2 2

Later (see, e.g, H. Gajewski, K. Groger, and K. Zacharias [145], S. Mikhlin [234],
P. Mosolov, and V. Myasnikov [239]), similar estimates were derived for some classes
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of convex variational problems. Estimates based on complementary principles were
also obtained in A. M. Arthurth [14].

From the practical point of view estimates (2.2.3) and (2.3.2) have an essential draw-
back: they are valid only for ¢ € Q. However, the set Oy is defined by the differ-
ential relation, which in general is difficult to exactly satisfy. In S. Mikhlin [232], a
strategy close to the known orthogonal projections method (see also M. Vishik [362],
H. Weil [369], S. Zaremba [375]) is discussed. It is based on the construction of an
approximating sequence for the dual problem. However, practical realization of this
approach within the framework of locally supported finite element approximations
may be faced with serious technical difficulties. Certainly, for simple problems (e.g.,
homogeneous Laplace equation in a rectangular domain) it is possible to construct
such approximations but for problems with strongly nonhomogeneous coefficients in
complicated domains, vector-valued problems, problems with nonlinear and convec-
tive terms this task is much more difficult. For example, the so-called equilibrated
finite element approximations for problems in solid mechanics (e.g., see C. Johnson
and B. Mercier [188]) are constructed by means of macroelements.

Sometimes, numerical analysts use “almost equilibrated” approximations that may
not exactly satisfy the differential relation. Substitution of an “almost equilibrated”
function ¢ may give a good error indicator but in this case the reliability of the upper
bound in (2.3.2) is not guaranteed.

Also, it is worth remarking that an upper bound constructed by some g € Qy is
efficient only if g is close to the exact flux p. Since the latter is unknown, the only
way to find a suitable ¢ is to minimize ||Vv — g|| over Qs (or over a certain subspace
of Qr). Note that

1 1 1
SIVo =l = 5190l = [ fodx+ Slal

where the first and second terms on the right-hand side do not depend on ¢. Therefore,
the problem is reduced to
inf g1,
q€Qy 2

which is the dual variational problem. Hence, in the Prager—Synge—Mikhlin method,
getting sharp error bounds requires solving the dual problem with the help of conform-
ing approximations of the set Qs (which is defined by a differential relation). In the
next chapter, we will see that the requirement ¢ € Q is superfluous, and guaranteed
upper bounds can be found using a much wider set for g.

2.4 Ostrowski estimates for contractive mappings

Many problems admit a fixed point formulation: Find x, in a complete metric space
(X, d) such that

Xo = Txo, (2.4.1)
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where T : X — X is a continuous operator. Then approximations are usually con-
structed by the iteration procedure

xi = Txi—1, i=12,..., (2.4.2)

where xo € X is a certain selected element. In this case, it is required

(a) to establish conditions that guarantee convergence of x; to x, and

(b) to find computable estimates of the error e; = d(x;, xo).

Both problems can be effectively solved, provided that T possesses an additional
property.

Definition 2.1. An operator T : X — X is called g-contractive on aset S C X if there
exists a positive real number g such that the inequality

d(Tx,Ty) < gd(x,y) (2.4.3)
holds for any elements x and y of the set S.

The first step in the analysis of (2.4.2) is given by the following well-known theo-
rem.

Theorem 2.2 (S. Banach). Let T be a q-contractive mapping of a closed nonempty set
S C X toitself with g < 1. Then, T has a unique fixed point in S and the sequence x;
obtained by (2.4.2) converges to this point.

Proof. 1t is easy to see that
d(xig1. %) = d(Tx;, Toj—1) < qd(xi. xj—1) < ... < ¢ d(x1. xo).
Therefore, for any m > 1 we have

d(Xi+m. Xi) < d(Xj4m» Xi+m—1) + A(Xj4m—1. Xi4m—2) + ... + d(xi+1, %)

<q'(@" 7+ "+ 4 D, xo0). (2.4.4)
Since
m—1
k 1
> 4" = 1—¢
k=0

(2.4.4) implies the estimate

q
—q
If i — o0, then the right-hand side of (2.4.5) tends to zero, so that {x;} is a Cauchy
sequence. It has a limit y € X. Then, d(x;, y) — 0 and

d(Xi4m,Xi) < 0 d(x1, x0). (2.4.5)

d(Tx;, Ty) < gd(x;,y) — 0,
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so that d(Tx;, Ty) — 0 and Tx; — Ty. Pass to the limit in (2.4.2) asi — +o00. We
observe that Ty = y. Hence, any limit of such a sequence is a fixed point.
Assume that two different fixed points x} and x2 exist. Since

d(xg, x3) = d(Txg, Tx3) < qd(x3,x3)
we arrive at a contradiction, which shows that x, is unique. [}

Theorem 2.2 also implies an a priori convergence estimate.
Let e; = d(x;, xo) denote the error at the jth step. Then

¢j = d(Txj—1. Txo) < gej—1 < ¢’ e
and
ej < q’ eo.

This estimate gives a certain idea of how the error decreases. However, this a priori
upper bound may be rather coarse.

A posteriori error bounds for the iteration method are given by the following theo-
rem.

Theorem 2.3 (Ostrowski [257]). For any x; with j > 1, the following estimate holds:

d(xj+1,x;))
1+¢

qd(x;,x;—1)

Ml =
o 1—g

<ej <M]:= (2.4.6)

Proof. The right-hand side estimate in (2.4.6) follows from (2.4.5). For i = 1 it reads
d(X1+4m,x1) < &d(xuxo)-
Since x14+m — Xo as m — 400, we pass to the limit with respect to m and obtain
d(xo, x1) < 1‘1’qu(x1 . %0).

We may view x;_1 as the starting point of the sequence. Then, in the above relation
Xxo = xj—1 and x1 = x;, and we arrive at the following upper bound of the error:

q
d(xo, xj) < qd(xj’ Xj—1)-
The lower bound of the error follows from the relation

d(xj, xj—1) < d(xj,x0) +d(xj—1,%0) < (1 +q)d(x;—1,%o),

which shows that

1
d(xj—1,Xx0) > dxi, xj—1). ]
(xj 1, Xo) > 144 (xj Xj 1)
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We observe that two-sided estimates of e; are easily computable, provided that g is
estimated from above by a number less than 1.

Remark 2.4. Note that

M_é _I+qgdix-1)  1+g
ML 1-qd(xj41.x) "~ 1—¢

Therefore, the efficiency of the upper and lower bounds in (2.4.6) crucially depends
on the value of 1 — g.

Estimates (2.4.6) and their modifications can be applied to linear and nonlinear al-
gebraic systems, integral equations, and other problems solved by iteration methods
(e.g., see E. Zeidler [376]). The major difficulty in the application of the above a pos-
teriori estimates is that in practice it may be difficult to find a sharp upper bound of ¢
and to establish that it is indeed less than 1.

A posteriori methods for various iteration schemes have been investigated by many
authors. Below we give some references that provide an idea of the results obtained
and will help to find more pertinent information.

In G. Auchmuty [17], two sided p-norm error bounds for solutions of linear sys-
tems are presented. O. Scherzer, H. W. Engl, and K. Kunisch [328] studied a posteriori
choice of the regularization parameter in a Tikhonov scheme for ill-posed problems
(see also H. W. Engl and O. Scherzer [123]). A further study of this strategy is pre-
sented in Jin Qi-nian and Hou Zong-yi [268]. A posteriori estimates for linear ill-posed
problems were investigated in A. Leonov [220]. More information on error estimates
for iteration Newton-type methods can be found, e.g., in K. Braune [75], Jin Qi-nian
[184], P. Meyer [231], F. Potra [263], K. Tsuruta and K. Ohmori [351], T. Yamamoto
[373].

Boundary value problems are often reformulated in terms of integral equations. A
posteriori error estimates for the respective numerical methods (e.g., boundary ele-
ment methods) are usually derived with the help of the techniques that exploits special
properties of the iteration operator. For the readers interested in iteration methods and
a posteriori estimates for integral type formulations of linear and nonlinear boundary
value problems we recommend the papers by C. Carstensen [89], Lin Qun and Shi
Jan [269], M. Schultz and O. Steinbach [330], S. Shaw and J.R. Whiteman [333],
and M. Schulz and W. L. Wendland [331], where they will also find more references
related to the topic.

Finally, we note that the theory of contractive mappings can generate “numerically
based existence theorems” that establish existence of localized solutions to nonlinear
problems in the vicinity of a computed (constructed) approximate solution (see, e.g.,
J. G. Heywood, W. Nagata, and W. Xie [171], where such a method was applied to the
Navier—Stokes equation).
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2.5 Error estimates based on monotonicity

The theory of monotone operators gives another way of constructing explicitly com-
putable error estimates. Such operators are defined on the so-called ordered (or par-
tially ordered) spaces that introduce the relation x < y for all (or almost all) elements
x, y of the space. We recall that the operator T is called monotone if x < y implies
Tx < Ty and antitone if x < y implies Tx > Ty.

Consider an abstract fixed point problem: Find x. in a complete ordered (partially
ordered) space X such that

Xo=Txo+ f. feX 2.5.1)

Assume that T = Tg + Tg, where Tg is monotone and Tg is antitone. Let xg 9, xXo1,
Xg0,and xg1 be such that xg9 < xg1 < Xg1 < Xgo,and

Xo1 = Tgxgo + Texgo + f, xg1 = Texgo + Texeo + /.
Then, we observe that
X2 =Texo1 + Toxeg1 + f = Texeo + Toxeo + f = xo1,
xg2 = Toxg1 + Toxe1 + f = Texgo + Toxeo + f = Xo1.
By continuing the iterations we obtain elements such that

Xok = Xo(k+1) = Yo (k+1) = Xek- (25.2)

If x — Tx + f maps acompact set D C X to itself, then by the Schauder fixed point
theorem x, exists and belongs to D. From (2.5.2) it follows that x, is bounded from
below and above by the sequences {xg } and {xg }, respectively.

Applications of this method are mainly oriented towards systems of linear simul-
taneous equations and integral equations (a detailed discussion of the monotonicity
methods is presented in L. Collatz [110]). As an example, we consider the system of
linear simultaneous equations

x=Ax+ f.
which is supposed to have a unique solution x.. Assume that
A=Ag—Ag, Ao ={ag}eMP,

—_ 9 dxd <) @
Ag = {aij} eM .4 = 0, a;; > 0.

We may partially order the space R by saying that x < y if and only if x; < y; for
i =1,2,...,n. Compute the vectors

Xok+1) = AaXok + AeXgk + f. Xek+1) = AeXgk + AoXek + [.
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Ifxgo0 < xo1 < Xo < Xxg1 < Xgo, then for the components of x, we obtain two-sided
estimates

@) Q)

ok = xe (k+1)

()

<x < x9 O =12,

ok+1) = Ygkr =

It should be noted that the convergence of xg)k and xg)k to Xo (and the convergence
rate) calls for a special investigation, which must use specific features of a particular
problem.

The reader interested in estimates based on monotonicity can find more information
and relevant references in, e.g., E. Geisler, A. Tal, and D. Garg [150] (where they
are discussed in the context of ordinary nonlinear equations), J. Schréder [329], and
M. Plum [262] (where monotonicity methods were used to perform computer-assisted
existence proofs based on Schauder’s fixed point theorem).

x <x L. (2.5.3)

2.6 A posteriori error indicators
for finite element approximations

It is commonly accepted that the mathematical concept of the finite element methods
brings its origin in the paper by R. Courant [112] where the method was introduced as a
variant of the B. Galerkin [147] and W. Ritz [323] methods using locally supported trial
functions. In 60-70s, finite element methods have formed one of the main approaches
to the numerical analysis of PDE’s. The foundations of the finite element method are
exposed in the books by Ph. Ciarlet [107], S. Brenner and R. L. Scott [76], C. Johnson
[185],J. T. Oden and J. N. Reddy [254], G. Strang and G. Fix. [344], O. C. Zienkiewicz
and K. Morgan [381], and many other publications. Achievements and some unsolved
problems of the finite element method are discussed, e.g., in the papers by 1. Babuska
[20] and O. C. Zienkiewicz [379] (see also 1. Babuska and J. E. Osborn [30]).

In the late 70s and early 80s, it became clear that the successive numerical methods
for PDE’s should be based on the so-called mesh-adaptive procedures that modify
finite dimensional spaces with the help of the information contained in an approximate
solution computed at the previous step. This new concept generated an interest to
a posteriori error indicators that provide information for a proper “improvement” of
finite-dimensional spaces. Nowadays, mesh-adaptive methods based on a posteriori
estimates dominate in the numerical analysis of differential equations (e.g., see [261,
7, 8, 35, 40, 41, 100, 117, 124, 178, 187, 190, 322, 356, 383] and the papers cited
therein). The majority of a posteriori methods for FEM are based either on the analysis
of residuals or on special properties (e.g., additional regularity) of exact solutions.

A posteriori error estimation for finite element approximations is the main subject
of the books by M. Ainsworth and J. T. Oden [8], I. Babuska and T. Stroboulis [35],
W. Bangerth and R. Rannacher [40], K. Eriksson, D. Estep, P. Hansbo and C. Johnson
[124], and R. Verfiirth [356]. There, the reader will find detailed expositions of various
approaches, results of numerical experiments, and a wide list of references. Below,
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we shortly discuss several a posteriori error estimation methods developed for finite
element approximations. Certainly, the exposition is not complete. Its goal is to give a
view of the mathematical ideas underlying the methods.

2.6.1 Explicit residual methods

From the mathematical viewpoint, the classical “residual method” is a method for
finding an upper bound of the residual functional evaluated in the topology of the
image space of the respective operator. It leads to the so-called “explicit residual
a posteriori estimate”, which yields an error bound for a Galerkin approximation as a
sum of element-wise residuals and interelement jumps with weights given by constants
in the so-called Clément’s interpolation inequalities (see Ph. Clément [108]).

To present the main idea, we use the problem (2.2.1)—(2.2.2), the generalized solu-
tion of which meets the integral identity

/ Vu'dex=/ fwdx, weVy:= Ifll(Q). (2.6.1)
Q Q
Let v € V be an approximate solution of this problem. Then,
/ Vu—v)-Vwdx = F,(w), w €V, (2.6.2)
Q

where

Fv(w) ::/Q(fw—Vv-Vw)dx

is a linear functional defined on Vj. It is easy to see that this functional is equal to zero
if v coincides with u. In all other cases, the norm of this functional, defined by the
relation
Fu(w
170l = sup LT ] (2.6.3)
wev,, [Vl
w#0
is positive. Therefore, it is natural to call ¥, the error functional. It is easy to show
that | £, | is indeed a measure of the deviation of v from u. By (2.6.2) and (2.6.3), we

note that
fg V=) [P dx = Folu—v) < | Fo | IV = )]l

Hence,
[V —v)| < | Fy]. (2.6.4)

However, | #,(w) |< |[V(u — v)|[||[Vw]|, so that (2.6.3) implies the inequality op-
posite to (2.6.4). Thus, the norm of the norm of the deviation from the exact solution
coincides with the norm of %,,. Here arises the problem of how to compute | %, | prac-
tically for a given v. A straightforward computation of the norm based on (2.6.3) is
hardly possible. A more promising way is to find computable upper bounds of | % | .
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In the papers of I. Babuska and W. C. Rheinboldt [31, 32] and some other publications
of them, a way was suggested for deriving such bounds, which was later called the
explicit residual method.

The explicit residual method is applicable if v is a Galerkin approximation of the
exact solution computed on a finite-dimensional space V € Vj, i.e., if v = uy, where

/ Vuh . th dx = / fwh dx, wy € Vop. (2.6.5)
Q Q
In this case,
/ V(u —up)-Vwpdx =0, wy € Vyp, (2.6.6)
Q

i.e., the error V(u — uy,) is orthogonal to Vwy, for any wy, € V., and we find that

J"7uh(w)=/Q V(u—uh)~dex=/s_Z V(u —up) - V(w—mpw)dx,

where y, : Vo — Vpp is a continuous mapping (typically my is defined by the
Clément’s interpolation operator [108]). Let €2 be divided into a collection of sub-
domains Qf,k = 1,2,..., M, and uj, be a smooth function in each subdomain. Then

M
Fu,(w) = Ay —u)(w — rpw) dx
2,

M

kst L vk Iry,

where 'y, is the common part of the boundaries of €2; and €2;, vg; is the unit normal
vector to this boundary, and [E ]I‘k/ denotes the jump of a quantity £ at the boundary
[y;. If the Qf are simplexes, then for 7, the interpolation estimates are as follows:

lw—mpw|ge, < yixdiam(Qg)|w]

1/2||w

1,2,w1% (267)
|1,2,a)2k , (268)

|lw—mpwlre, < var!Tral

where w1 and w,y are certain domains (patches of neighbor elements) that contain
Qs
diam(Qr) = sup |x1 — x2|,
X1,X2€R
and y;r and y,; are the interpolation constants (which depend not only on 2, but
also on the form of all elements in the patches w1 and w,, respectively). By these
estimates we can represent | ¥, | as the sum of local quantities

2
|:8uh :|
3l)kl Ty, i)

’

M
. 1
T = diam(Q)” [|Aup + flIg, + 5 3 Tkl
1=1
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which are related to the residual on Q4 and the values of the jumps in the normal
component of the gradient on the boundary. The respective estimate of the overall
error is as follows:

M
IV —up)|? < | Fup 1> <Y cxnz (2.6.9)
k=1

where the constants ¢ depend on y;; and y,; associated with the sampling con-
sidered. The quantities 1y are used as error indicators. Comparing their values on
different elements, one can suggest an adequate mesh-adaptation procedure. In this
case, the estimate is used in the form

M
IV —up)|> < C Y i, (2.6.10)
k=1

where the different ¢ are replaced by one common constant C. It should be noted that
often the values of two terms in 7y are quite different. In this case, error indicators for
mesh-adaptation can be constructed with the help of only the dominant part of 7.

Difficulties arise if a guaranteed and sharp upper bound of ||V (v — uy,)|| is required.
Indeed, we must find a large amount of local constants y;; and Y, in (2.6.7)—(2.6.8).
In general, finding such a constant requires solving an infinite-dimensional problem
on each patch. For example,

Yik = diam(Qg)~!  sup Jw = mnwla, (2.6.11)
weH N wyg)
w#0

lwlli 2.0
In general, this problem is of the same level as (2.6.3). In the literature, it is sometimes
recommended to replace H ! in (2.6.11) by a certain set of polynomial functions. This
provides a possibility of computing an approximate value of y1; but, in such a case,
the reliability of the upper bound of the error may be lost. Another unpleasant feature
of the method is that y; and y,j depend on T, and, consequently, all of them must be
recalculated if one sampling is replaced by another one.

Also, it is worth mentioning that the estimate (2.6.9) is derived by formal mathe-
matical transformations that clearly overestimate | %, |. Obviously, in (2.6.10) such
an overestimation may be much larger (especially for nonuniform meshes, where the
constants y1x and y,j are quite different). Thus, such estimates may lead to a con-
siderable overestimation of the total error. This fact was observed in some carefully
performed tests (e.g., see C. Carstensen and S. A. Funken [93]). Nevertheless, the ex-
plicit residual method is widely exploited in practice, and the quantities 7, are often
used not for the computation of a guaranteed upper bound of the total error, but serve
as error indicators that give am idea of the distribution of local errors in 2.

The amount of publications associated with residual based methods is huge. In ad-
dition to the books [8, 35, 124, 356], the reader will find discussions of the method,
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e.g., in M. Ainsworth and J. T. Oden [6, 7], C. Carstensen [87], C. Carstensen and
S. A. Funken [92, 93] (in these papers the authors consider ways of computing bounds
of interpolation constants in the residual based error estimator), C. Carstensen and
R. Vertiirth [100] (the authors show that the “edge component” dominates in the resid-
ual error estimator), K. Eriksson and C. Johnson [125], and C. Johnson and P. Hansbo
[187].

In C. Carstensen and S. Sauter [99], a posteriori error estimates were derived for
elliptic PDEs on domains with complicated structures. Estimates for problems with
biharmonic operator are analyzed in A. Charbonneau, K. Dossou and R. Pierre [102].
Residual-type estimates for linear first order systems of PDE’s were obtained in
P. Houston, J. A. Mackenzie, E. Suli, and G. Warnecke [180].

A posteriori estimates taking into account the influence of the non-discretized part
of the domain on the approximation error are considered in W. Dérfler and M. Rumpf
[117]. Estimates in the L°°-norm can be found, e.g., in S. W. Brady and A.R. Elcrat
[66]. Adaptive methods for convection-diffusion problems are considered in C. John-
son [186] and R. Verfiirth [360]. Papers by R. Verfiirth [359] and K. Eriksson and
C. Johnson [126] are devoted to parabolic type problems. A posteriori error esti-
mates for anisotropic meshes are presented in K. G. Siebert [334] and G. Kunert [203,
204]. Also, we recommend papers by 1. Babuska, R. Duran, and R. Rodriguez [25],
G.F. Carey and D. L. Humphrey [84], J. T. Oden, L. Demkowicz, W. Rachowicz, and
T. A. Westermann, [251], R.E. Ewing [129], D. W. Kelly, J.R. Gago, O.C. Zienkie-
wicz, and 1. BabuSka [195], B.1. Wohlmuth and R. H. W. Hoppe [372], where the
reader will find discussions of various a posteriori estimators and more references.

Finally, we conclude this overview by saying several words about residual a poste-
riori estimates for nonlinear boundary value problems. In an abstract form (for non-
linear mappings) residual type estimates were considered in J. Pousin and J. Rappaz
[264, 265] and R. Verfiirth (e.g., see [355, 356]). The book [356] contains a system-
atic consideration of this question. Certain particular classes of nonlinear problems
were analyzed by many authors. For example, nonlinear diffusion-convection prob-
lems were considered in J. Medina, M. Picasso and J. Rappaz [229] and for nonlinear
parabolic problems in R. Verfiirth [357]. A posteriori estimates for variational inequal-
ities related to problems with obstacles were analyzed in M. Ainsworth, J. T. Oden, and
C.Y. Lee [9], D. Braess [68], Z. Chen and R. H. Nochetto [103], R. H. W. Hoppe and
R. Kornhuber [178], R. Kornhuber [198], and A. Vesser [361].

2.6.2 Implicit residual methods

In the so-called implicit residual methods, the error is represented as the solution of
an auxiliary boundary value problem. For example, let u; € Vj; be a conforming
approximation of the problem (2.6.1). By (2.6.2) we have the relation

[ Vu —up)-Vwdx = Fy,(w), Ywel (2.6.12)
Q
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which shows that e = u — uy, is a solution of the problem

Ae +1(up) =0 in £, (2.6.13)
e=0 onT, (2.6.14)

where r(uy) = f + divVu;, € H™1(Q) and (2.6.13) is understood in the sense of
distributions. Formally, this idea can be extended to a wide class of linear problems.
Indeed, if A4 : X — Y is a linear operator for which we consider the problem

Au—+ f =0 inQ, (2.6.15)
u=0 onT, (2.6.16)
then, for any v € X,
Ae +r1r(v) =0 in Q, (2.6.17)
e=0 onT, (2.6.18)

where r(v) = f + v is the residual.

We note that finding accurate approximate solutions of (2.6.13)—(2.6.14) (and of
(2.6.17)—(2.6.18)) may be a difficult task (because, in general, the error functional is
a distribution so that we have a boundary value problem with rather irregular right-
hand side). Moreover, the accuracy of an approximate solution obviously affects the
accuracy of error estimation, so that a new error estimation problem arises.

In practical applications, several methods are used in order to overcome the above
mentioned difficulties. In particular, it is often suggested to split the residual functional
into a number of functionals defined as solutions of local subproblems. For example,
in R.E. Bank and A. Weiser [42]) error indicators are constructed with the help of
local boundary value problems with data defined by residuals and interelement jumps
(see also R. Duran and R. Rodriguez [119]). In the equilibrated residual method (e.g.,
see M. Ainsworth and J. T. Oden [8]), local boundary value problems are constructed
on each element, using the residuals and suitable Neumann conditions on boundaries
of the elements. Local Dirichlet and Neumann problems on patches are also used in
E. Stein and S. Ohnimus [339] and R. Verfiirth [358, 360]. Applications to nonlinear
problems are discussed, e.g., in C. Carstensen, R. Klose, and A. Orlando [97].

Finally, we note that implicit type methods are often used for the indication of local
errors. Concerning a posteriori methods developed to evaluate local errors of FEM ap-
proximations, we address the reader to the books by M. Ainsworth and T. Oden [8] and
I. Babuska and T. Strouboulis [35]. Also we recommend papers by 1. Babuska, F. Th-
lenburg, A. Mathur, T. Strouboulis, S. K. Gangaraj, C. S. Upadhyay [27, 39, 39, 37],
E. Stein and S. Ohnimus [338], R. Verfiirth [358, 360], and M. Ainsworth, J. T. Oden
and C.Y. Lee [9].
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2.6.3 A posteriori estimates based on post-processing
of approximate solutions

Post-processing methods exploit certain a priori known properties of exact solutions.
In general terms, the situation that typically arises for finite element approximations
is as follows. Consider a conforming approximation uj (which belongs to a finite-
dimensional subspace V},) and the function Auj, where A is a certain linear operator
(e.g., the operator V). Usually, Auy, lies in a rather wide space U. For example, if
approximations of (3.2.1)—(3.2.2) are constructed with the help of piece-wise affine
continuous functions then Vuy, € L?(2). However, in many cases a priori estimates
of the exact solution guarantee that

Aue U,

where U is a subset of U. In particular, if f € L?(Q), then the exact flux Vu of
the problem (3.2.1)—(3.2.2) is a vector-valued function in U = H (2, div). Moreover,
very often we know that Vu € H(Q, Rd) (globally or locally). Another option is to
set U = Q. These observations suggest an idea to post-process Vuy, and find a close
vector-valued function that satisfies some of the above-menioned properties. Formally,
the principal scheme is as follows.

Assume that we have a continuous mapping G such that

(@) G(Avy) €U,
(b) post-processing is a relatively inexpensive procedure,
(¢) G(Avy) is much closer to Au than Avy,.

If G satisfies (a)—(b), then the difference G(Avy) — Avy, generates an efficient indi-
cator of element-wise errors.

Regularization. Usually, elliptic problems with smooth coefficients have regular so-
lutions in internal subdomains, which suggests an idea to project fluxes of approxi-
mate solutions to a set of more regular functions (e.g., see the paper by J. H. Bram-
ble and A.H. Schatz [73], which is one of the earliest publications in this area). If
the error caused by violations of a priori regularity properties dominates and a post-
processing operator efficiently performs regularization of approximate solutions, then
one may hope that the difference between the approximate solution and its regularized
(smoothed) counterpart represents the major part of the error. Typically, regularization
is applied to fluxes Vuy (or AVuy) and to stresses for problems related to continuum
mechanics.
Assume that G performs efficient regularization of fluxes, i.e.,

IGVuy, — Vul|| < o ||Vuy — Vu|, (2.6.19)
where o < 1. In this case,

IVup = Vul| < [GVup — Vup|| + a |[Vup = Vu||
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and
IGVup — Vuyll < @ |Vup — Vul| + | Vuy — Vul .

Hence,

(1 — o) |Vup —Vu| < IGVup, —Vuy| < (1 + o) ||Vup —Vu|. (2.6.20)

If o < 1, then (2.6.20) shows that the image of Vuj computed by a post-processing
operator G is much closer to the exact solution than Vuy,. Thus,

Vup — Vu| =~ |GVuy, — Vuy|, (2.6.21)

and the function |GVuy — Vuy|(x) (which is easily computable) can be used as an
error indicator. Certainly, the quality of such error indicator depends on the smallness
of a.

The regularization of fluxes (or other solution components) leads to a variety of
error indicators. Below we briefly describe some of them.

Local post-processing. In most cases, post-processing is performed by elementwise
averaging procedures. Let O; be a patch of finite elements (see Fig 2.6.1), i.e.,

Figure 2.6.1 Patch O;.

Define g; as a vector-valued function in Pk (0;, Rd) solving the minimization prob-
lem

inf / lg — GVuy|? dx. (2.6.22)
gEPk(Oi:Rd)

i

The minimizer g; can be used to define the values of an averaged flux at some points.
Further, these values are utilized by a prolongation procedure that defines an averaged
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function GVuy, : 2 — R. Consider the simplest case. Let u; be a piecewise affine
continuous function. Then,

Vuy € PO(T3;,RY) VTj; €T,

and Vuy, ¢ H'(Q). Denote the values of Vuy, on T;j by (Vup)i;j. Set k = 0 and find
gi € P9 such that

/ lgi — Vup|* dx = inf / lg — Vuy|* dx
O; geP0(0;) O;

M; M;
= inf  JelP[0il —2¢- Y (Vup)ij |Tij| + Y [(Vup)ij PITij| § . (26.23)
gEPO(Oi) j=1 j=1

It is easy to see that g; is given by a weighted sum of (Vuy,);;, namely,

&, [Tyl
gi = Z |0‘{| (Vup)ij- (2.6.24)
j=17"

Now, we define the value of GVuy,(x;) as g;. Repeat this procedure for all nodes and
define the vector-valued function GV (uy,) by piecewise affine prolongation of these
values.

If the mesh is regular and all the quantities |7;;| are equal, then (2.6.24) reads

M; 1
gi =Y —(Vup)ij. (2.6.25)
j:

Various averaging formulas of this type are represented in the form
M; M;
gi= Y Aij(Vup)ij. > Ay =1, (2.6.26)
i=1 j=1

where the quantities A;; are weight factors. For internal nodes, they may be taken in
accordance with (2.6.24) or defined by the rule

|Vij |
Aij = ,
Y 2
where |y;;| is the radian measure of the angle of 7;; associated with the node i. How-
ever, if a node belongs to the boundary, then it is better to choose special weights.
Their values depend on the mesh and on the type of the boundary. The reader can find
a detailed consideration of this question in I. Hlavacek and M. Krizek [176].
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Another way of defining g; is to solve the problem

mi
inf Y " |g(xs) — GVup(xs))? (2.6.27)
gEPR(0:) (1
where the points x; € O; are the so-called superconvergent points. Evidently, in this
case, the integral type averaging is replaced by a discrete one.

Global averaging. Local minimization problems on patches can be replaced by the
following global problem: Find g5 € Uy such that

18n — Aupll = inf llgn — Aupllg . (2.6.28)
gn€lp

where Uy, is a certain finite-dimensional subspace of U. The function g can be viewed
as GAuy,. Very often gy, is a better image of GAu than the functions obtained by local
procedures. Moreover, mathematical justifications of the methods based on global
averaging procedures can be performed under weaker assumptions what makes them
applicable to a wider class of problems (e.g., see C. Carstensen and S. A. Funken
[92] and C. Carstensen and S. Bartels [90] where it was shown that each averaging
procedure leads to a certain a posteriori estimate).

Estimates based upon global averaging of gradients were also considered in
B.-O. Heimsund, X.-C. Tai and J. Wang [170]. In J. Wang [367], it was suggested
the so-called “least squares surface fitting” procedure that for problems with suffi-
ciently smooth solutions lead to a recovered function with superconvergent properties.
The analysis is based on the presentation

Uu—Quup = w—Qu)+ Q:(u—uyp),

where u is the exact solution of a linear elliptic problem, uy, is the Galerkin approx-
imation computed on a mesh 7}, and @; is the L2-projection operator on the finite-
dimensional space constructed on a mesh 77 with the help of piecewise polynomial
functions of the order r > 0. The key fact is that

1@cu — Qrup || < CRSTIFEmNO2=8Y 1y ) 1, (2.6.29)

where o € (0, 1) is a parameter that relates & and v as T = A%, original problem is
assumed to be H*-regular with 1 < s < k + 1, and k is the degree of polynomials
used in the Galerkin approximation. From (2.6.29) it follows that

I~ @l < C O (fug o+ furlyrg).  630)

provided that u € HKT1(Q) N H"1(Qg) N Vp. In (2.6.30), the rate B depends on
7, h,r and k and is grater than 2 provided that u s is regular enough, and the space V7 is
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selected appropriately (i.e. it is sufficiently rich). Concrete values of the convergence
rate for various k, r, and « are presented in ([367]).

We conclude this short overview of the methods using regularization of approximate
solutions by several literature comments. One of the most well-known post-processing
methods originates from the works of O. C. Zienkiewicz and J.Z. Zhu [382, 383] (in
the literature it is often called ZZ error indicator). Simple and efficient error indicators
based upon gradient averaging were suggested by many authors. Here, we refer to,
e.g., M. Ainsworth, J.Z. Zhu, A. W. Craig and O.C. Zienkiewicz [10], I. Babuska
and R. Rodriguez [33], B. Boroomand and O.C. Zienkiewicz [64], 1. Babuska and
R. Rodriguez [33], R. Duran, M. A. Muschietti and R. Rodriguez [118], R. Rodrigues
[326], O.C. Zienkiewicz and J. Z. Zhu [384, 378], O. C. Zienkiewicz, B. Boroomand
and J. Z. Zhu [380].

Mathematical justifications of the condition @ < 1 (which was used in (2.6.21)) are
based on the so-called superconvergence phenomenon, which states that certain com-
ponents of approximate solutions (Galerkin approximations) converge to the exact val-
ues with rates higher than the rate of the energy norm of the error. Probably, the earli-
est results on superconvergence were established in the papers by L. A. Oganesjan and
L. A. Ruchovets [256] and M. Zldmal [385, 386]. Error indicators and adaptive meth-
ods based upon superconvergence phenomenon are discussed in, e.g., to J. Brandts
[74], S.-S. Chow, G.F. Carey and R.D. Lazarov [106], R.E. Ewing, R.D. Lazarov
and J. Wang [130], I. Hlavacek and M. Ktizek [176], M. Kfizek and P. Neittaanméki
[202, 242], R. Lazarov [217], R. Verfiirth [356], J. Wang [367], J. Wang and X. Ye
[368], N.-E. Wiberg, F. Abdulwahab and S. Ziukas [371], Z. Zhang and A. Naga [377],
and in many other publications. In L. Wahlbin [366] readers can find a detailed expo-
sition of the subject and other references. Surveys on superconvergence are presented,
e.g., in M. Kfizek and P. Neittaanmiki [201], J. R. Whiteman and G. Goodsell [370],
and in the book [200].

Equilibration. Another group of methods exploits differential relations (usually they
follow from conservation laws), which for exact solutions must be exactly satisfied.
Consider again the problem (2.6.1)~(2.6.2) and set U = Q. If G*? is an equilibra-
tion operator that transforms Vuy, into g5, = G®?Vuy € Qp, then we can apply the
estimate (2.2.4) and find that

IV —up)ll < [[Vup —qnl.

If the equilibration is sharp (i.e., div gy, + f = 0), then this method provides a guaran-
teed upper bound of the error. This property is lost if gj, is equilibrated approximately
but usually Vuy, — gj, serves as a good error indicator provided that gy, is sufficiently
close to the set of equilibrated fields.

Various approaches based on equilibration type post-processing of approximate so-
lutions are presented in, e.g, M. Ainsworth and J. T. Oden [8], D. W. Kelly [194],
P. Ladevéze and D. Leguillon [207] (the authors show that if the equilibrium equation
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is exactly satisfied, then the estimate is reduced to the error in constitutive relations;
extensions of the method to some other other problems can be found in P. Ladevéze,
J.-P. Pelle and Ph. Rougeot [208], P. Ladevéze and Ph. Rougeot [209], L. Gallimard,
P. Ladevéze and J.-P. Pelle [148], P. Coorevits, J.-P. Dumeau and J.-P. Pelle [111]),
E. Stein and S. Ohnimus [338], E. Stein, F.J. Bartold, S. Ohnimus, and M. Schmidt
[337]).

Post-processing procedures based upon an equilibration of recovered stresses were
considered in B. Boroomand and O. C. Zienkiewicz [63]. They result in stress fields
that satisfy an equilibrium condition in a weak form. A method of equilibration is
presented in P. Destuynder and B. Métivet [114]. This paper also contain numerical
tests, in which a posteriori error estimates obtained by equilibration are compared with
other estimates.

Recently a new equilibration method was suggested in publications of D. Braess
and J. Schoberl [67, 69]. In it fluxes are projected to a subspace formed by Raviart—
Thomas elements. After that a certain iteration procedure is performed on patches in
which normal components of local fluxes are changed in order to satisfy the respective
integral (balance) relation on each element.

2.6.4 A posteriori methods using adjoint problems

In the recent decades, it was developed a new approach to a posteriori error estimation
based on the attraction of adjoint boundary value problems. Probably, first results in
the error analysis for PDE’s obtained with the help of adjoint problems are related to
the works of J.-P. Aubin [16] and J. A. Nitsche [249] where it was suggested a way of
deriving a priori rate convergence estimates in weaker norms. The idea to use adjoint
problems in order to establish upper bounds for linear functionals of approximation
errors is briefly discussed in the book by S. Mikhlin [232] (with a reference to a paper
by M. Slobodyanskii [335]). Among early publications close to this approach, we also
mention the work of T. Kato [192].

Nowadays, error estimates using adjoint problems are widely used in computer sim-
ulation. Concerning this subject, we first refer to the so-called dual-weighted residual
method. One of the advantages of this method is that the attraction of the adjoint prob-
lem allows one to avoid difficulties with the evaluation of the interpolation constants.

Readers will find a detailed exposition of the method and applications to various
problems in R. Rannacher [270] and in the book by W. Bangerth and R. Rannacher
[40]. Also, we recommend the papers by R. Becker and R. Rannacher [48], C. Johnson
and A. Szepessy [190], P. Houston, R. Rannacher, E. Siili [182], and R. Rannacher and
F. T. Suttmeier [272, 273].

Adjoint problems are used in the so-called goal-oriented a posteriori error estimates
that measure errors in terms of special “goal-oriented” quantities instead of global
energy norms (e.g., see W. Bangerth and R. Rannacher [40], J. T. Oden and S. Prud-
homme [253], J. Peraire and A.T. Patera [260], E. Stein, M. Riiter, and S. Ohnimus
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[340], and the literature cited in these publications). The idea of this approach can be
explained with the paradigm of the problem

/ (AVu-Vw — fw)ydx =0  Yw e Vo := H'(Q), (2.6.31)
Q

where A is a positive definite real matrix and and f € L2(2) is a given function.
Let up, € Vp be an approximate solution computed on the mesh 7. Assume that
it is required to estimate the quantity (£,u —up), where £ € V" is a given linear
functional. Typically, £ is an integral type functional localized in a certain part of €.
Define u, by the relation

/ A*Vuy -Vwdx = (£, w) Yw €V, (2.6.32)
Q
in which A* is the matrix adjoint to A. From (2.6.31) and (2.6.32), it follows that
(Cu—up) = / A*Vuy -V(u —up)dx
Q

= / (f -ug — AVuy - Vuy)dx = E(ug, up). (2.6.33)
Q

Hence, (€, (u — v)) can be easily estimated provided that uy is known. In practice, uy
is replaced by an approximation uy, computed on an adjoint mesh T; (which may not
coincide with 7%). If uy, is a sharp approximation of uy, then the quantity E (v, up)
could be a good indicator of (£,u —uy). To obtain another indicator, we rewrite
(2.6.33) in the form

(C,u—up) = Ex(up,ugy) + Ex(u,up, ug, tyy), (2.6.34)
where

E1(un uge) i= /Q (fuer — AVup - Vuge) dx

is a directly computable functional and

Extrup ) i= [ AV = V) - (Vi = Vauge) d.
Q

If 77 and 7, coincide, then E(uy, uy;) = 0 (because uy is a Galerkin approximation).
In this case,

[{Cou —up)| < Ex(u,up, ug,uge), (2.6.35)

Estimate (2.6.34) serves as a source of various indicators. One of them is based
on the idea to replace unknown functions Vu and Vuy by averaged gradients G, Vuy,
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and G;Vuy,, where Gj, and G, are the respective averaging operators. It is proved
that under the standard assumptions that guarantee superconvergence of the primal
and adjoint approximations such a replacement leads to a higher order error (see [199,
2441]). Then, the quantity

ot s v, g = /Q A(GpVup — Vup) - (GeVuuge — Vugy) dx

can be used instead of E,.

Finally, we note that the quantity (¢, u — v) cannot completely characterize the er-
ror because it vanishes if ¥ — v is orthogonal to £. Therefore, it is desirable to obtain
estimates for various functionals £5, which amounts to solving several adjoint prob-
lems (e.g., see [244]). Recently, new forms of the above-discussed error indicators has
been derived and tested (see P. Neittaanmiki, S. Repin, and P. Turchin [246]). They
do not exploit superconvergence of the adjoint solution and, therefore, can be used if
adjoint meshes are not very regular.



3 Poisson’s equation

In this chapter, we begin studying estimates of the type (1.3.4). To present the main
ideas in the most transparent form we, throughout the chapter consider only one elliptic
problem:

Au+ f =0 inQ, (3.0.1)

u=0 onT. (3.0.2)

For this problem, we derive two-sided a posteriori estimates with the help of two dif-
ferent methods. The first method uses variational arguments, the second one is based
on transformations of the corresponding integral identity. We discuss properties of

the estimates, their practical implementation, and relationships between them and a
posteriori estimates of other types.

3.1 The variational method

The variational method is based upon the variational statement of the problem (3.0.1):
Find u € V} such that

J(u) = vien‘go J(), J(v) =/Q (%IVUF — fv) dx.

Henceforth, we call it Problem 5.
Note that

1
J(v) = sup L(Vo,y),  L(Vv.y) = / (Vv-y——lylz—fv) dx,
yeyYy Q 2

where Y = L2(Q2,R%). Indeed, the value of the above supremum cannot exceed the
quantity that we obtain if, for almost all x € €, the value of y(x) is defined as the
maximizer of the problem

sup (Vo) - - 7leP].
£eRrd

It is easy to observe, that (at any x € 2) the solution of this problem is £ = Vuv(x).
Since Vv(x) € Y, we conclude that

sup L(Vv,y) = L(Vv,Vv) = J(v).
yeyY
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Then, the original (or primal) problem takes the minimax form:

(P) inf sup L(Vv,y). (3.1.1)

vely yey

If the order of inf and sup is changed, then we arrive at the so-called dual problem

(P%) sup inf L(Vv,y). (3.1.2)

yey ve€Vo
Note that
. I 5 Lo .
inf Vo-y—=|yl*=fv ) dx =—<|y||*+inf | (Vv-y—fv)dx
veVy JO 2 2 veVp JQ
_ { —slylI> ify €Oy,
—00 ify Oy,

where the set O is defined in Section 2.2. Hence, the dual problem has the form:
Find p € Oy such that

I*(p) = sup I™*(y), (3.1.3)
ye€Qy

where
(@) = 5 lqI”.
2
How are the problems (&) and (#*) related to each other? To answer this question,
we first establish a relation that holds regardless of the structure of L(x, y).

Lemma 3.1. Let L(x, y) be a functional defined on the elements of two nonempty sets
X and Y. Then

sup inf L(x,y) < 1nf sup L(x,y). (3.1.4)
yey X€X X yey

Proof. 1t is easy to see that

L(x,y)> inf L(&,y), VxeX, yeY.
feX

Pass to the supremum over y € Y. We obtain

sup L(x,y) > sup inf L(§,y), VxeX.
yey yey §€X

The left-hand side depends on x, whereas the right-hand side is a number. Thus, we
take the infimum over x € X and conclude that

inf sup L(x,y) > sup 1nf L, y). O
xeX yey yeYy §€X
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Therefore, we always have sup #* < inf . However, in our case we have a
stronger relation, namely, sup #* = inf $. To prove this fact, we note that

/Vu~Vvdx:/ fvdx, Vv el
Q Q

Therefore Vu € QO and

* * 1 1
1) = 1) = =3 9ul? = [ (Gvu? = vu) dx

:/ (%|Vu|2 - fu) dx = J(u).
Q

Thus, we conclude that 7*(p) = J(u) and, consequently, ¥ and p = Vu are the
solutions of the primal and dual problems, respectively.
Recall the estimate by Mikhlin (2.3.1)

SIV@ )P = J0) ~ () < J0) - °(). Vg€ Oy,
from which we obtain (see Section 2.3)
IV —w)| <[Vv—gqll.  Vqe Q.
Take arbitrary y € L?(S2). Then,

[V —-w| = |[[Vv—y[+ inf [y—ql. (3.1.5)
q€Qy

Lemma 3.2. For any y € L*(Q),

inf ||y —qll < |divy + f| (3.1.6)
q€Qy
and for any y € H(2, div),
inf ||y —qll < Calldivy + f. (3.1.7)
qeQr

Proof. Consider an auxiliary problem

Aws + f +divy =0 in Q
wf:0 onT,

where y € L2(R2) and, therefore, f 4+ divy € H~!. The corresponding solution w I
exists, unique, and satisfies the relation

f wa-dex=/ (fw—y-Vw)dx. (3.1.8)
Q Q
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From (3.1.8), we find that
Jo - Vw— fw)dx

IVwe| < |divy + f| := sup (3.1.9)
! Vo]
w#0
Also, (3.1.8) has the form
/ (Vws +y)-Vwdx =/ fwdx, Yw ey,
Q Q
which means that g := Vwy + y € Q. Therefore,
inf ||y —ql <y —qll = [Vwrl < [divy + f1.
q€Qr
If y has a square summable divergence, then
divy + fHwdx
|divy + | = sup Jo @V + /)
weVo IVw]
w#0
divy + w .
< Idivy + 7 Jwl =< Creldivy + fI. (3.1.10)
weVo IVw]
w#0
where CF g is the constant in the Friedrichs inequality for the domain €. o
From (3.1.5) and (3.1.6) it follows that
IV —w)| < |[Vo—y| + ldivy+ fl.  VyeL*(Q). (3.1.11)
However, the right-hand side of this estimate includes the norm | - |, which is defined

as the supremum over a functional space and, therefore, is not explicitly computable.
A computable estimate follows from (3.1.10) and (3.1.11).

Theorem 3.3 ([276, 277, 282]). For any v € ug + Vo, the upper bound of the error is
given by the estimate

IV —w)ll = Vv =yl + Crelldivy + f]. (3.1.12)

where y is an arbitrary function in H($2, div).
Remark 3.4. From (3.1.12) it follows that the quantity
Vv =yl + Clldivy + fl

provides a guaranteed upper bound of the error for any constant C € [Crgq, +00). If
we set C = +o0, then we obtain the hypercircle estimate (2.2.4).



Section 3.1 The variational method 49

Henceforth, we denote the right-hand side of (3.1.12) by 9% A (v, y) and call it the
majorant of the deviation from exact solution or the error majorant. The majorant
M (v, y) also depends on the external data D (represented by Q and f) but for the
sake of simplicity we do not write them as explicit arguments.

Estimate (3.1.12) is the simplest one among the class of functional a posteriori esti-
mates. However, it possesses all principal features typical of all of them (see Section
3.3). A consequent exposition of the variational approach to a posteriori error estima-
tion is presented in the author’s papers [276, 277, 278, 279, 282, 286] and in the book
by P. Neittaanmiki and S. Repin [244].

Remark 3.5. Let v be a Galerkin approximation u; computed on a finite element
partition 7. Set y = Vuy,. Then (3.1.11) implies the estimate

IV —up)| < |Aup + f1.

If the right-hand side is estimated from above using the Galerkin orthogonality prop-
erty and the H! — L? projection estimates on the patches, then we arrive at the
explicit residual estimate considered in Section 2.6.1.

A lower bound of the error is given in the theorem below.

Theorem 3.6. For any v € V),
IV —v)]? = M3 (v, w), (3.1.13)
where
M2 (v, w) = 2F,(w) — |V, (3.1.14)
w is an arbitrary function in Vy, and F,(w) is the residual functional (cf. 2.6.2).

Proof. From the relation
2(J() = JW) = [V —v)|,
it follows that
IV = 0)I? 2 2(J(v) = J (v + w)).

where w is an arbitrary function in V. Therefore,
IV —v)|? > / (—|Vw|2 —2Vv-Vw) dx + 2/ fwdx,
Q Q

and we arrive at (3.1.13). m]
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3.2 The method of integral identities

The modern theory of partial differential equations considers integral relations as one
of the major mathematical objects. Integral identities define generalized solutions of
differential equations and provide the basis for the analysis of their properties (e.g., see
[151,217,214,222]). In this section, we show that two-sided guaranteed bounds of the
error can be derived by transformations of an integral identity. Originally, this modus
operandi was suggested in [287, 283]. It should come as no surprise that the corre-
sponding estimates coincide with those derived by the variational method. As before,
we explain the method with the paradigm of the problem (3.0.1) whose generalized
solution is defined by the integral identity

/ Vu-Vwdx =/ fwdx, Ywel. (3.2.1)
Q Q

Upper bound of the error. Let v € Vj be a function viewed as an approximate
solution. Insert it in (3.2.1). We have

/V(u—v)~dex=/ (fw—Vv-Vw) dx. (3.2.2)
Q Q

Note that for a vector-valued function y € H (€2, div) we have (cf. (1.4.14))

/ (wdivy + Vw - y) dx = 0.
Q

In view of this relation,

/;z Vu—v)-Vwdx =/Q((y—Vv) . Vw—l—(divy—l—f)w) dx. (3.2.3)

Set w = u — v, then we obtain
IV =) < [Vo =yl IV =)l + |f +div yl]| [lu—v].
Hence,
IV —v)[l < [[Vv =yl + Crellf +divy]|
and the estimate (3.1.12) is derived by another method.
Remark 3.7. If Av € L?(Q2), then from (3.2.2) we deduce the estimate
IV —v)| < CrallAv+ [ (3.2.4)

Formally, it can be used for sufficiently regular approximations. However, it violates
the consistency condition (1.3.3). If a sequence {vg} of approximate solutions con-
verges to u in H! (£2), then the left-hand side of (3.2.4) tends to zero but this may be
not true for the right-hand one.
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Sometimes, it is required to find approximate solutions of problems, the right-hand
sides of which are defined by linear functionals of a more general type (associated with
generalized derivatives of L2-functions). Let u be defined by the integral identity

/ Vu-Vwdx = (£, w), Yw € 1y, (3.2.5)
Q
where

(£, w) :/Q(fw+r-Vw)dx

and 7 € L2(Q, Rd) is a given vector-valued function. In this case,

/ Vu —v)-Vwdx = / ((f +divy)w+ (y —Vv)-Vw + - Vw) dx.
Q Q
This relation implies the estimate

IV =v)l =y + 7= Vvl + Cral f +divy]. (3.2.6)
By (3.2.5) we know that y = Vu — 1t € Q. Itis easy to see that for y = y the
right-hand side of (3.2.6) is equal to the error.

Let t be represented as the sum of a divergence-free function and gradient of a
scalar-valued function, i.e., T = 19 + V¥, where 7y belongs to the space

S(R) := {n € LZ(Q,Rd) | divp =0, a.e.in Q} ,
and ¢ € Vp. Then, the estimate (3.2.6) takes the form
[V —v)| = [[V(v—=9) =yl + Cralldivy + f]. (3.2.7)

Remark 3.8. From the computational point of view, it is convenient to square both
parts of (3.1.12) and rewrite the upper bound in the form of a quadratic functional,
namely,

Ve —v)? <M 7, (v, )

1
=0+ p)|Vv—y|*+ (1 + E) Ciglldivy + fI*.  (3.2.8)

Here, B is a positive constant that comes from Young’s inequality (1.4.3).
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Lower bound of the error. Lower bounds of the error can also be derived by non-
variational arguments. First, we note that

(fw—Vv-Vw)dx
IV —v)| = sup Ja
weVo IV

from which we conclude that a lower bound of the error is given by the quantity

(fwp, —Vv-Vwy)dx
M A v (V) := sup fQ
wheVOh ”th”

, 3.2.9)

where Vp, is a finite-dimensional subspace of Vp. Finding 9 A (y,,)(v) requires solv-
ing a finite-dimensional maximization problem (so that it is indeed computable). The
more trial functions are contained in Vjj, the sharper estimate will be computed. How-
ever, (3.2.9) exploits a quotient type functional, which may lead to certain difficulties
in maximization procedures.

Another lower bound is obtained with the help of a quadratic functional. We have

1 1
sup /Q(V(u—v)-Vw)dx—EHVszf sup {/Q (V(u—v)-r—§|r|2)dx

weVy tel?
1
= |V —v)|>.
SV =)
On the other hand

1 1
wp/fvw—vwa—zwwﬁdxzywm—vm%
Q

weVy

Thus, we conclude that

IV(u —v)||*> = sup / 2V(u —v)-Vw — |Vw|?) dx
Q

wely

> sup {—||Vw||2—2/ (Vv-Vw — fw)dx; = sup M2 (v, w)
Q

wely welp

and we arrive at (3.1.13).

3.3 Properties of a posteriori estimates

Structure of the majorant First, we note that both terms on the right-hand side of
(3.1.11) and (3.1.12) have a clear meaning: they represent measures of the errors in
the basic relations

p = Vu, (3.3.1)
divp+ f =0, (3.3.2)
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1

0
A<Vv

Qs

Figure 3.3.1 Geometrical interpretation of 91 ».

which jointly form the equation. In (3.1.11), the equation div p + f = 0 is understood
in a weak sense, whereas in (3.1.12) the respective penalty is given in terms of the
L?-norm.

A geometrical interpretation of the majorant is shown in Fig. 3.3.1. Here O’ denotes
the set of vector-valued functions representable as gradients of H-functions. 1t is
clear that Vu € Q" N Q. Moreover, for any n € Qr,

/(n—Vu)-Vvdx=0, Yv e Q’,
Q

so that the intersection is orthogonal. We observe that the error (associated with the
interval OA) is estimated from above by the length of two-chained curve ABC. The
length of AB is given by the first term of 901 A, and the length of BC is estimated by
the second one. This estimate is valid for any y, but the closer y lies to the exact flux
p = Vu the sharper is the estimate. Indeed, it is easy to see that the length of the
two-chained curve associated with y, provides a better approximation of |OA| than
|AB| + |BC|. For the curve associated with y3, the approximation is better than for
¥2. Also, it is clear that the length of the curve cannot be smaller than |OA|, so that
the estimate always yields a guaranteed upper bound of the error.

It should be outlined that in (3.1.11), the terms ||Vv — y|| and || f/ + div y|| have
sharp multipliers. If the multiplier of the first term is less than 1 and/or the multiplier
of the second one is less than Crgq, then such a sum cannot be a guaranteed upper
bound of the error. Indeed, apply M A(v, y) to the case where v = 0 and y = 0.
Then, we arrive at the energy estimate for the generalized solution

IVull < Crell f1-

Therefore, no constant less than Cr g can be used as a multiplier of the second term.
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Next, set y = Vu. Then (3.1.12) holds as the equality, so that any constant less than 1
cannot be a multiplier of the first term.

Asymptotic properties of two-sided bounds. Now, our goal is to show that 90T 5
and 91 o allow one to compute guaranteed two-sided bounds of the error with any
desired accuracy.

Definition 3.9. A sequence {Xk}}zo:1 of finite-dimensional subspaces of a Banach
space X is called limit dense in X if for any € > 0 and any § € X, one can find
a natural number k. such that

inf |En —§&|x <, Vm > ke. (3.3.3)

Eme€Xm

Proposition 3.10. Let the spaces {Y }32_ | be limit dense in H(S2, div). Then

lim inf 9 A (v, ym) = [|[V(v —u)]|, (3.3.4)
m—00 y,, €Yy,
. . an 2 _ . 2
im ym“éfym M AW, ym) = V(0 —w)||”. (3.3.5)
BeRy

Proof. The proof of (3.3.4) is straightforward. Take an arbitrary small € > 0 and find
a respective ke > 0 such that || p — pm|laiv < € for some p,, € Yy, if m > k. Then,

ﬁA(“aym) = ﬁA(“’Pm) <|IVu—=v)|+llp = pmll + Cral|ldiv(p — pm)||
< ||V(u —v)| + max{l,Crgq}e.

Analogously, for (3.2.8) we have

inf M2, (v, ym) < M2, (v, pm)

Ym€Y¥m
BER4
= (14 €)|Vv — pml* + (1 + é) Crallf +div pml>. (3.3.6)
Since
IVU = pmll = lpm — P+ IV —w)| =€+ [V —u)]
we obtain
IVo = pml> < V@ =w)[> + pie,  p1=e+2[V—u)].
Also,

ILf +div pmll < [|div (pm — P)II < | pm — Pllaiv < €.
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Therefore,
M2, (0. pm) <L+ [V —w)|> + (k1 + CEo)(e + €2)
= |[V(v —u)|* + o(e). (3.3.7)
Now, (3.3.6) and (3.3.7) imply (3.3.5). o

For any 8 > 0, the functional 9t ﬁzv A(v,y) is a quadratic functional with respect to
y. Therefore, the quantities (approximate upper bounds of the error)

MG, = inf M7, (v, yx) (3.3.8)

Yk €Yk
BERy

can be found by well-known methods. In view of Proposition 3.10, they form a se-
quence of computable upper bounds such that

Mg, — Vo —w|*> as k — oo. (3.3.9)
Lower bounds given by (3.1.13) possess similar properties.
Proposition 3.11. [f the spaces { Vi }32, are limit dense in Vo, then
. 2 _ N2
mh_r)no<> Mg, = IV(v—u)|”~, (3.3.10)
where

Mém = sup @i(v,wm).

W €Vin

Proof. Take an arbitrary small € > 0 and find k¢ such that |V(u — v — wy,)|| < € for
m > k¢. Then,

M2 (v, W) = — | Vi | —2/9 (V0 - Viow — fiom) dx

= —||Vwm|?® + 2/ V(u —v)-Vwy, dx
Q
= V@ =) ? = [V (wm — @ —v)[.

Hence,
IV —v)|> = M&,, > IV —v)|> —&. (33.11)

This estimate shows that

M3, — [V —v)|*> asm—oo. O (3.3.12)
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Thus,

M3, < IV —w)|* < Mg, (3.3.13)
i.e., the error is bounded from below and above by two sequences of computable num-
bers. The relation (3.3.13) means that conforming approximations of the problem
(3.0.1) are fully controllable (i.e., in principle one can estimate the quality of any con-
forming approximation with any desirable accuracy).

Definition 3.12. Assume that Mg and Mg, have been computed. Then we have the
quantity

M
k)= 28k (3.3.14)
Monm

which provides an idea of the quality of the error estimation. We call /, e(frf" %) the com-

putable efficiency index.

We note that unlike the efficiency indexes comparing error estimates with the norm
of the true error (which is known only in specially selected test problems), the quantity
1) s indeed computable. From (3.3.10) and (3.3.12) it follows that

0 1 as mk - 4o, (3.3.15)

The estimate (3.3.15) shows that the error bounds Mg, and Mgy are asymptotically
exact.

Properties of the minimizer. It is easy to prove that the exact lower bound of
M A (v, y) (and of M 4 A (v, y)) with respect to y is attained on a certain element of
H(L2,div). Indeed, for any v € Vj (and any § > 0) the majorant is convex, continu-
ous, and coercive on H (€2, div). By known results in the calculus of variations (e.g.,
see [121]), we conclude that a minimizer 7 (v) exists. Since 9 5. (v, y) is a quadratic
functional, the corresponding minimizer y (v, 8) is unique (in this case, it depends on

B).
Lemma 3.13. Let y € H(S2,div) be such that

MA(v,7) = inf  IMA(v, ). 3.3.16
av,y) yeHl?Q,diV) a(v,y) ( )

There exists w € Vy such that y = Vw.

Proof. For any yg € S(2) we have

Vv =yl + Crelldivy + fI < [Vv—yo — ¥l + Creldivy + f].
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From the above we conclude that for any yy,

) 1
/ 7-yodx 4+ =|yol? = 0.
Q 2

This inequality holds if and only if
f y-yodx =0,  VyoeS(Q). (3.3.17)
Q

Recall that 7 € L2(Q2,R?) admits the decomposition y = Vi + 19, where w € Vo
and 79 is a solenoidal field. Set yo = 79. From (3.3.17), it follows that ||79|| = O.
Thus, y = Vw. O

The minimizer of 9 5 A (v, y) has a similar property. We leave proving this fact for
the reader.
3.4 Two-sided bounds in combined norms

In the so-called mixed formulations, the solution of a boundary value problem is de-
fined as a pair of functions. For (3.0.1) it is the saddle point (u, p) of the Lagrangian
L (cf. (3.1.1)—(3.1.2)). The majorant m A(v, q) also considers v and ¢ as independent
functions. Therefore, it is natural to measure the respective error in terms of combined
(primal-dual) norms of the product space

W =V x H(2,div),
for which we introduce the norm
I lw = [IVull + iyl + lIdiv yl[l = Vol + 1y lldiv-
Two other equivalent norms are as follows:

1, WIS == 1Yol + Iy + Craldiv y],

. 1/2
1, ISP = (IVull® + Iy11? + Idiv y)?) 2.

It is easy to see that

yil @ »llw < 1@ IS < r2ll@ »lw, (34.1)
1
ZIe W = 1@ DIZ < 1w, 0w, (3.42)

where Y1 = min{l, Crq} and y, = max{1l,Crgq}.
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Let us show that the majorant 90t A (v, ) is equivalent to the error in the combined
norm ||(u — v, p — y)||$,11,). Since

lp =yl =1Vu—-yl =V —-v)|+Vv—yl
and ||div (p — y)|| = ||divy 4+ f||, we find that
1 .
Il —v.p= I = IV@ =)l + |p =yl + Craldivy + f]

=2V —=v) + Vv -yl + Creldivy + f
S 3ﬁA(U’Y)-

On the other hand,
Ma(w.y) <IIV@—wl + |p—yl +Crelldivy + fl. (343)
Thus, we note that the following two-sided estimate holds:
Ma@.y) < [@—v.p— I < M. ). (3.4.4)

By (3.4.4) we conclude that M 4 is an efficient and reliable measure of the error in the
combined norm ||(u — v, p — y)||$41,).
In view of (3.4.1) and (3.4.2), the majorant is also equivalent to two other combined

norms, namely,

HMa.y) < [@—=v,p=lw = 5 Malv, ), (3.4.5)
A ) = [=vp=pIF < ZMa@.y). (G40

Also, we can define lower and upper bounds for the norm || (¥ — v, p — y)||w with the
help of the functionals

Ma(v,y) = 3|IVv =y + (1 +2CFg) |divy + ||

and
MA(,y) = [Vv—=y| +[divy + f,

which consist of the same terms as those in 9t » but with different weights. We have

I —v. p=)lw = V=)l +llp =yl + divy + f]
<2V =v)+ Vo —=y[ + [divy + f]

<3||Vo—y| + (1 +2CF@)|divy + f|| = Ma(v. y).
Hence, we find that

MA@ y) < [(w—v.p—y)llw <Ma(v,y). (3.4.7)
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Similarly,
YIM A, ) < [ = v, p— DI < y2Ma(v, ), (3.4.8)
1 _
=M A0, 7) < [l — v, p =PI < Ma(v, y). (3.4.9)
V3
Finally, we note that
MA(, p) = IV —)], (3.4.10)
M A, y) = ||y — Vull + Craldiv(y — p)|. (3.4.11)
Therefore,
I —v, p = WG = MA@, p) + MM alu, ). (3.4.12)

3.5 Modifications of estimates

3.5.1 Galerkin approximations

Let Vjj, be a finite-dimensional subspace of V. The Galerkin approximation uj, satis-
fies the orthogonality relation (cf. (2.6.6))

/ V(u —uyp) -V, dx =0, Yoy € Vop.-
Q
Therefore,

IV )| = /Q (Vin—y—VoR)-V (u—up) dx+ /Q v y+ £)(u—up) dx

and we find that

IV —up)l < [ly = Vup = Vup| + Crell f +divyll.  (3.5.1)
Set vy, = up —wy, where wy, is an arbitrary function in Vyy. Then (3.5.1) has the form
IV —up)ll < [ly = Vwall + Crell f + div y]. (352

From (3.5.2) it follows that
IV —up)l = Crallf +divyl+ inf |y =Vuy]. (353)

Analogously, we obtain
IV —up)| < | f+divy| + inf [y —Vwy]. (3.54)
wy €Von
Note that the projection error estimate (Céa lemma) follows from (3.5.3) (and (3.5.4))

if we set y = Vu. In this case, the first term vanishes and we arrive at the well-known
projection estimate

IV —up)l = inf [|[V(u—wp).
wp€Von
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3.5.2 Advanced forms of error bounds

In view of (3.2.3), we have
IV —v)||?> = / (y—=Vv)-Viu—v)dx + / r(y)(u —v)dx, (3.5.5)
Q Q

where
r(y) = f +divy.
If y is properly selected (e.g., with the help of a post-processing procedure that gen-
erates a function similar to p), then y — Vv & V(u — v) and, therefore, the quantity
|y — Vul||||V(u —v)| does not essentially overestimate the first term on the right-hand
side of (3.5.5). However, the quantity ||r(y)]||l# — v| may essentially exceed the inte-
gral [o 1(y)(u — v) dx. Thus, the second term of (3.1.12) may be larger than the first
one.
One can try to improve the estimate as follows. Take a function ¢ such that

deVyt={0ely| AY € L3(Q)}.

Since u — v vanishes at the boundary we observe that

/(v—u)Az?dx:/ Vﬁ~V(u—v)dx=/(fz?—Vv~Vz9)dx=37v(19).
Q Q Q

Note that %, (9) is easily computable and ¥, () = 0 for any ¢ = 0. Now, we arrive
at the identity

IV —v)|* = [Q (r(y) + AD)(w —v)dx + (y = Vv) - V(u — v)) dx + F (D).

which implies the estimate
IV —v)? < M, 9, )V — )| + Fu (D), (3.5.6)
where M (v, 9, y) := Crqlr(y) + A% + ||y — Vv||. Hence,

2V =) = M. 9,7) + | M2(0.9, 5) + 45, 9). (35)
By (1.4.3) and (3.5.6), we can obtain another upper bound
1
IV =v)? = ZM2w.9.5) + 3y IV =01 + 7,9), (3.5.8)

which yields (for y > 1/2) the estimate

2y
2y —1

V2

IV —v)|? < —_IMZ(U, 0, y) +

Fo (9). (3.5.9)

Since miny, -1/, 2)’/’—: = 1, we observe that (3.5.9) converts to (3.1.12) if # = 0.
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We note that (3.5.9) has an advantage with respect to (3.1.12) only if ||r(y)|| is
sufficiently large and A¥ compensates a considerable part of it. For this purpose, we
need to find a proper function ¢. A straightforward way is to take a collection of
linearly independent functions 9; € VO+, i =1,2,...,k,and find «; such that

k
r(y) — Z%‘AI%II — min.

i=1

Then, we set ¢ = Zle a; 0. If |r(y) + A || is essentially smaller than ||r(y)]|, then
(3.5.7) with ¥ = ¥ supplies a sharper error bound than the basic estimate (3.1.12).
Certainly, the efficiency of this method depends on the system of functions {¥; }.

Theoretically, the best choice of ¢ is the function 1y that satisfies the equation
Ady + r(y) = 0 with homogeneous boundary conditions. In this case, we obtain the
estimate

2
4
IV —v)|? < 2)/—_1||y — Vol +

2y
2y —1

Fo(®y).  (3.5.10)

In practice, instead of the unknown function ﬂy (which is the exact solution of a bound-
ary value problem) a certain approximation of it can be used (see 3.6.4).
Another form of the error majorant follows from the relation

[V(@u—0)|? = Fp () +/sz () u—v)+ (y—Vv—V19)-V(u—v)) dx, (3.5.11)

where ¥ is a function from the space V (which is wider than V0+ and admits simpler
approximations). Then, we arrive at (3.5.7) with M (v, ¥, y) replaced by

M(v,9,y) := Cralt)| + [ly — V& — Vo]

If y € Qy, then we have the estimate

2V —v)| < lly = V8 = Vol + /Iy - V8 — VoI + 457,(9).  (35.12)

which does not contain Crg. From (3.5.11) it also follows that

2V — )l < Mg, 10.3) +  M2(0, 70, 3) + 4Fu(0) — 45 (v), (3.5.13)

where

M (9,70, y) := Crallr()] + ||y — Vo — w0l

and ¢ and ¢ are arbitrary functions in Vp and S(€2), respectively.
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By (3.5.11) and (1.4.3), we also obtain
IV =) = () — M v, 8, y)||V(u —v)]|
N 1
= $u(9) = SMP©.9.3) = -V =)
14

Hence,

2y +1
2y

IV@=)|? = F,(8)— 2. 9. y). (35.14)
Note that if ¥ = u — v and y = Vu then M (v, ¥, y) = 0and

Fo®) = [ (F=0) = Vo V=) dx = [V =0}
It is easy to see that in this case the right-hand side of (3.5.14) coincides with the
left-hand one if y — +-o00.
Remark 3.14.In (3.5.12) and (3.5.14), the function ¥ should be selected such that

|y — V& — V| is minimal. For example, one can take % = 9/, where

/ Vi - Vwy dx = / (y — Vv) - Vwy dx, Ywy € Vour,
Q Q

where V- is a certain finite dimensional subspace of V. The function ¢ in (3.5.13)
can be taken as ¥y + v.
3.5.3 Decomposition of the domain

Assume that €2 is decomposed into a set 7 of subdomains €2; (in particular, £2; may
coincide with finite elements) with Lipschitz continuous boundaries, i.e.,

Q= J Q. ad @nQ=0ifi#]
i=1,...,.N

It is not difficult to see that

Jo V- Vw — fw)dx YiL Jo, (v - Vw — fw)dx
[r(y)| := sup = su
wevo Vwl weVo IVw]
Y o, ) wdx YL o, () — r()}g,)w dx
= sup : < sup
wevo IVw] weVo IVw]

ZzN:1 {T(J’)}Qi fgi wdx
+ su
weo [Vl

. (3.5.15)



Section 3.5 Modifications of estimates 63

For the first term on the right-hand side we have (cf. (1.4.23))

N N
EZL;r@xhwdx5§juawgmgx»QAunm

i=1 i=1

N
<IVoll | Y Iie, I3, C2, (35.16)

i=1

and for the second one

N
> e, [

i=1 2

N N
wdx <) e, 112 wlle, = | Y 0)IG, 12] lwlie

i=1 i=1

N
< Crq|Vu| Z r))g, 194l- (3.5.17)

i=1

From (3.5.15)—(3.5.17) we deduce the estimate

N N
Ir)1 < | D Ir0e;l%,Co + Cra | D _r)Ig, 19l (3.5.18)
i=1 i=1
Lety € Q(’]’), where
O(T):={ye HQ.div) | {divy + flg, =0 VQ; €T}

Then the second term of (3.5.18) vanishes and we obtain

N
)1 = [ D I3, Chg,- (3.5.19)

i=1

This relation infers the estimate

N
IV =l < Vo—yll+ | D lIr0)I3,Coq,. (3.5.20)

i=1

which, instead of Cr g, involves constants in the Poincaré inequalities associated with
the subdomains ;.

Consider a special but important case, where 7 is a regular simplicial decomposi-
tion 73, consisting of simplexes 7; and

uih < diamT; < ush, Vi=1,2,...,N.
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Let Cnaxp = max;{Cpg;, }. For regular triangulations the constant Cp,xp is of the
same order as all other constants Cpg,, so that without big overestimation we can
replace all these constants by Cy,.x p. Then, we arrive at the upper bound

IV =)l < [Vo =yl + Craxplldivy + f1 (3.5.21)
where y € O(7).

Remark 3.15. We note that Cy,,xp can be expressed throughout the constant C max P
for a similar simplex the diameter of which is equal to one and the mesh parameter /.

3.5.4 Estimates with partially equilibrated fluxes

Assume that we have a vector-valued function y 7 such that
divy;+ /=0,

where f is close to f in L2-norm. .
Sety = Y7+ 7o, where 79 € S(2). Thendivy + f = 0. We use (3.1.12) and
arrive at the estimate

IV@ =) < [V =10 =y 7l + Cral f — fI. (35.22)

In particular, we can set tgp = curl 5, where 7 is an arbitrary vector-valued function
in H(Q,curl). If the value of || f — f| is significantly smaller than the tolerance
level accepted for approximations, then finding a sharp upper bound is reduced to the
problem
min ||t —curlp|,
ne€H (2 ,curl)
where T = Vv —y 7 is the given vector-valued function. Using a suitable finite-
dimensional subspace for 1 (which is constructed with the help of conforming finite
element approximations of H (€2, curl)), we find an upper bound by solving a quadratic
minimization problem.
Partially equilibrated flux y can be used in (3.5.13). We have

2V —v)| < Mg,y ;) + \/Mz(fp,yf-) +4Fy(p) —4Fy(v),  (3.5.23)
where
M(p.y7):=Cralf = fl+ly;— Vel

Here ¢ is any function in Vy. This freedom can be used to minimize right-hand side of
(3.5.23).
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3.6 How can one use functional a posteriori estimates in
practical computations?

3.6.1 Post-processing of fluxes

Let Vpy, C Vo be a finite-dimensional space. For example, Vj;, may contain piecewise
affine finite element approximations generated by the triangulation 7. Assume that
vy € Vpp, is an approximate solution computed. In particular, v, may coincide with the
Galerkin approximation uy, defined by the relation (2.6.5). Also, it may be any other
approximation, which differs from uj; owing to the presence of a roundoff, integration,
or other errors. Using vy, we find a rough approximation of the flux

pn = Vv, € L2(Q,R%). (3.6.1)

Generally, p;, does not belong to H (€2, div) and we cannot directly substitute y = py,
in (3.1.12). For this reason, it is necessary to regularize pj by a post-processing op-
erator G, : L?(R2, RY) > H (€2, div). After that, we obtain a vector-valued function
Gy, pn, which yields an easily computable estimate

IVu —up)ll < |Vup —Gpppll + Cra lldivGypy + f. (3.6.2)

The quality of the upper bound given by (3.6.2) depends on properties of the post-
processing operator used. In Chapter 2, we have discussed thr main classes of post-
processing (gradient averaging) operators. Any of them can be used in (3.6.2).

Raviart-Thomas elements of the lowest order (which are described and studied in,
e.g., F. Brezzi and M. Fortin [79] and J. E. Roberts and J.-M. Thomas [325]) suggest
one more post-processing operator, which we denote Gg;. Consider a patch formed by
two elements having a common edge Ej, (see Fig. 3.6.1). If uy, is constructed by P1-
approximations, then (Vuy)|7; and (Vuy)|7; are constant vectors. Define the normal
flux on Ej, as follows:

- nin) B, = kin(Vup)lr, + (1= k1) (Vug)|1; s

where «;,, € (0, 1). In the simplest case, we set k7, = 1/2. Another option (which
takes into account sizes of elements) is

o — T
AT+ T

For the boundary faces, we use the only one existing flux. Thus, we define three normal
fluxes on three sides of each element. The field inside is obtained by the standard
RT-extension of normal fluxes. As a result, we have a function G, pj, € H(Q, div).

We note that &gt := Vuy, — Grr py, is an error indicator generated by the procedure.
If the value of the term ||div Ggrpy, + f|| is too large (in comparison with the term
IVuyp — Grr prll), then we can apply (3.5.7) or (3.5.9) in order to reduce it with the
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mn

an
Figure 3.6.1 Patch related to E,,.

help of . However, in general, substituting a post-processed gradient does not give a
very accurate upper bound. Numerical experiments have shown that if G is constructed
with the help of simple patch-averaging on the same mesh, then the upper bound given
by the right-hand side of (3.6.2) is rather coarse. More sophisticated post-processing
procedures usually lead to better estimates.

3.6.2 Runge type estimate

Letup,,up,,...,up,,...be asequence of approximations on meshes 7, . Compute
Phy = Vuy, and average it by an averaging operator Gy, acting on 73, . Then the

accuracy of the approximation uj, , can be measured by the estimate

IV —up DIl < IVup,_,— Gy piy | + Cra [divGp, pn, + f]. (3.6.3)

This estimate involves approximate solutions computed on two consequent meshes
Thy_, and Ty, . Thus, it follows the same strategy as the Runge indicator. However,
the estimate (3.6.3) is mathematically justified and provides a guaranteed upper bound
for any pair of consequent meshes.

3.6.3 Minimization of the majorant

Minimization of the majorant with respect to y. Another strategy is to find y by
minimizing the majorant on a certain subspace Yy C H(£2,div). In general, Yy may
be constructed using a mesh 77 that differs from 3. Then

IV —up)l = inf {Vup = yel + Cra [divye + /1.

The wider is Y, the sharper upper bound is obtained. A detailed discussion of the
minimization methods and numerical results can be found in [134, 137, 244, 278, 303,
307] and some other publications cited therein.
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If we intend to define y. by minimization of the majorant, then it is preferable to
represent the problem in the quadratic form:

min min 9% . (v, y),
S )

where
_ 1 .
M2 (0, y)=1+B)Vv—y|*+ (1 + E) Ciolldivy + f]*.

Practical computations can be performed by the following minimization algorithm:

Step 1. Setk =0, yr0 = G¢(Vup), where G is a post-processing operator defined
for J7. In particular, if 7, = 77, then any standard gradient averaging operator (see
Section 2.6.3) on 7} can be used.

Step 2. Find Bj such that

ﬁﬁk.A(v’ yf,k) = gg%ﬁﬁ,A(vv Yr,k)'

Here, we have a simple minimization problem, which is solved analytically.

Step 3. Stop if the quantity M = ﬁ%k. AV, yr ) is less than the desired accuracy
level (in this case, we guarantee that a sufficiently accurate approximate solution
has already been constructed).

Otherwise go to Step 4.
Step 4. Define y; x4 by the relation

a7 2 a2
T2 A0 yeserr) = min T2, (v, ye).
yr€Yr

Step 5. Setk = k + 1 and go to Step 2.

This algorithm generates a sequence Mo, M1, ..., M} of monotonically decreasing
upper bounds of the error. We terminate it if either the desired accuracy is confirmed
or if the difference ﬁkﬂ — M, is considered insignificant (or if we have exceeded
the time limit). In any case, the value M obtained at the very last step provides a
guaranteed upper bound of the error.

Remark 3.16. From Lemma 3.13, it follows that
IV —v)| = inf MA(v,y),
YEDk
where
Vi =1y € HEQ.div) | /Q y-yoi dx =0, foryo1,y02,--.. Yok, Yoi € S(Q)}-

If ®(y) > 0is a penalty functional vanishing on ), then

inf  MA(v.y) = inf M A (v, i) .
el TV =t (a0 5 000)
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Analogously, the term ® can be used with the squared majorant (3.2.8), which gives
the estimate

1
IV —v)I> < (1 + B)IVe -y + (1 + B) Cralldivy + fI* + @(»).

If the majorant is numerically minimized with respect to y, then such penalized forms
may have certain advantages because they include a “stabilization term” & that penal-
izes deviations from the subspace, in which the exact minimizer lies.

On the construction of 5;. One way to construct a finite element subspace of
H(2,div) is to use standard piecewise affine approximations of vector-valued func-
tions. It is well motivated if 77 coincides with the mesh 73 and v is a finite element
approximation computed on this mesh.

Another natural class of conforming approximations of the space H (€2, div) is rep-
resented by RT elements. In Section 3.6.1 we discussed the corresponding operator
Grr constructed by averaging of fluxes on the edges. If 77 and 77, coincide, then an-
other regularization operator (which is used on the second step of the above-described
minimization algorithm) can be constructed as follows. First, we define y = GrrVuy.

Now, we describe a simple minimization procedure that can be used to obtain an
almost equilibrated flux without big computational expenditures. It operates with the
quantities y;, = ¥ - vj,, which completely define a piecewise affine vector-valued
function y. By (1.4.12), we have

/ divy dx = yix|Eig| + Yin| Ein| + Yin|Eknl.

1

In view of this relation,

. Ykt Exi| + Vin| Exnl |Enl
i + vipdi = (divy)r,, @i = R d =

IT; IT:]

Using analogous relation for 77, we obtain

. Yim|Etm| + Ymn|Emn| |Epn|
i = Vindj = (divy)r,. pj = e dy =
751 |75 |

Our goal is to select y;, in such a way that

J

/7:_ ((div y)T, +f)2 dx +[ ((div y)7, +f)2 dx — min.

Since (div y)7; and (div y)7; are constant on 7; and T}, respectively, we find the
corresponding value of y;, by the relation

 wiITi = wl T+ TS by, — )
Vin = [El(T: ]+ 1T;))




Section 3.6  Practical applications 69

Using the same idea, we recompute normal fluxes for all edges. At each step of this
procedure the value of ||div y+ f || o decreases and after several cycles of minimization
we obtain a vector-valued field, which is equilibrated much better than the original one.

Minimization of the majorant with respect to the two variables v and y. Esti-
mate (3.1.12) implies a new variational statement of the problem (3.0.1):

M A, p) = inf  MA(v,y), (3.6.4)
vely,
yeH(L2,div)

which is generated by the error majorant 9t .
Another variational statement follows from (3.2.4). Indeed, for any § > 0 we have

Misep)= il ML), (3.6.5)
yeH(Q,div)

It is easy to note that 9t A (v, y) (and M 4 A (v, y)) equals zero if and only if the
arguments coincide with the exact solution u and the exact flux, respectively. This
means that we have a new variational statements of the problem (3.0.1).

It is worth noting that there is a significant difference between the primal variational
problem & and problems (3.6.4) and (3.6.5). The value of inf # is unknown an de-
pends on f and 2. The functional J(v) may be positive, as well as negative, and the
quantity J(v) does not indicate the accuracy of v. In opposite, the exact lower bound
in (3.6.4) (and (3.6.5)) is known: it is equal to zero regardless of the problem data ( f
and Q). Moreover, the functional 90 (v, y) gives a guaranteed upper bound of the
error. It vanishes if and only if v = u and y = p. Thus, the value of I A (v, )
supplies a measure of the quality for the approximations v and y.

In principle, one can use the above-discussed properties and solve the problem by
directly minimizing 9 A (v, y) with respect to both variables v and y using two se-
quence of subspaces

{th} € Vp and {th} S H(Q,div).

For this purpose one can use the methods developed in the theory of least square mixed
methods (e.g., see, J. H. Bramble, R. D. Lazarov, and J. E. Pasciak [72], G. F. Carey and
A. 1. Pehlivanov [85], and the references therein). Assume that the finite dimensional
problem

inf  Mg(v,y,B.Crq.f)= Mgk, yk.Bk.Cra. f) == €
veVhi,B>0,

Y€Ynk,
is solved. The quantity €; shows the accuracy achieved at the step k. If the subspaces
are limit dense in the respective functional spaces, then it is easy to prove that approx-
imate solutions (v, yx) tend to (u, p) and the sequence of numbers € tends to zero.
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Sometimes, this method may be rather expensive and it may be more efficient to find
first vy (using Problem &) and after that y,;. However, if vy and yjj are defined
with the help of a mixed method, then the respective € is directly computable by the
majorant.

3.6.4 Error indicators generated by error majorants

The theory considered in this chapter, was focused on getting guaranteed bounds of
approximation errors. In practice, it is also important to have easily computable func-
tions that furnish information on the overall error and adequately reproduce the error
function

le(x)[ := |V(u —v)].

Such functions are called error indicators. In Chapter 2, we discussed some of them
in the context of finite element approximations. Below, we introduce several error
indicators, which are generated by error majorants.

1. Let y; be a vector-valued function found by minimization of 90t (v, y) with re-
spect to y on a certain finite-dimensional space Y;. Then a simple indicator of the
squared error |e(x)|? is as follows:

81(v,yr) = [n(x)|?,  where n(x):= y, — V. (3.6.6)
Since
le=nll =Vu—v)—yc+ Vvl = |[p—yll. (3.6.7)

we see that the indicator &; (v, y;) is sharp (i.e., the computable function 7 is close to
le]), if y; is close to p.

Let v = uy, where uy, is a finite element approximation computed on 7. Assume
that {y;, } is a sequence of fluxes computed by minimization of M A (v, ¥) on expand-
ing spaces {Y7, }, which are limit dense in H (2, div). By Proposition 3.10 we know
that

MA@, yg) = VU —v)]. (3.6.8)

Hence, the sequence {y, } is bounded in H(2,div) and a weak limity of this se-
quence (or its subsequence) exists. Since 90T A (¥, y) is convex and continuous with
respect to y, we know that

IV@—up)| = lim DM aQup. yo) = M a(up.y)
k—+o00

= [IVup =¥ll + Crelldivy + fIl = IV —up)l|. (3.6.9)
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Thus, we conclude that
[Vup=y| + Cralldivy + fIl = [IV@u—up)|

and, therefore, 7 minimizes the functional 90t A (1, y).

If Vuy, ¢ H(2,div) (which is typical of FEM approximations), then one can prove
that y = Vu. Indeed, by Lemma 3.13, we know that y = Vi € H(, div), where
u € Vy. Then,

IV =)l + CrallAu+ f1 = el (3.6.10)
where e = V(u — uy). On the other hand,
IV —w)|| < IVu =yl + Cralldivy + f]
and, therefore,
CrallAu+ fI = [IV(u—uw)]. (3.6.11)
From (3.6.10) and (3.6.11) we conclude that
lell = IV =) + IV (up —w)]. (3.6.12)
By the triangle inequality,
lel < IV =) + IV (up —w)ll. (3.6.13)
and, consequently, (3.6.12) and (3.6.13) result in the relation
lell = IV — )|l + IV (up — ). (3.6.14)

which implies
/;2 Vu—u) -V —up)dx = ||V —w)||||V@E —up)|. (3.6.15)

Such a relation is true if (a) V(v —u) = 0, (b) V(up, —u) = 0, or (c)
V(i —up) = uVu —u) forsome u € R (u # 0). (3.6.16)

In view of the boundary conditions, the case (a) means that ¥ = u holds. Since
Vuy, & H(R2,div), the case (b) is impossible. From (3.6.16), it follows that

Vup, =+ w)Vu — uVu € H(R, div),

so that if Vuy ¢ H(2, div), then this relation does not hold and (c) cannot be true. It
remains to conclude that y = Vu.
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Then,
IV —up)ll = lim DM a(up. yg) = lim [Vuy — yg ||
k—>+o00 k—+o00
> [[Vup =5 = IV —up)ll,
so that

IVup =yl = IVup =Wl as k — +oo.

From here, it follows that ||y, || — |Vu|l and, consequently, y;, tends to Vu in
L?(Q). Hence, ||p — yg || — 0. By (3.6.7) we then conclude that the indicator
Nk := Yz, — Vuy tends to e as k — +o00.

The indicator &; was verified in numerous tests not only for the Poisson’s equation
but also for diffusion, linear elasticity, Stokes, and Maxwell’s problems (where analogs
of this indicator were used). Experiments confirmed its efficiency and stability with
respect to approximations of different types. Two other indicators discussed below
are less studied numerically, but we believe that they will be also useful in practical
computations.

2. Another error indicator follows from (3.5.10) if ¥y is replaced by a sufficiently
accurate approximation. For example, we can define v}, as a function in a finite-
dimensional space V7 that satisfies the relation

/ Vi, Vwedx = / (divy + fHw; dx, Yw; € V. (3.6.17)
Q Q

Represent 5 (¥ ¢) in the form
Fo) = [ (FOye=V0- Vo) dr+ [ (F0-9(0ye=0y) + 10y = 0y dx

= 7, (Dye) + /Q V(v —u) -V — ) dx.

Assume that v is the Galerkin solution 1 computed on V},. Let G5, and G; be averag-
ing operators on V}, and Vi, respectively. Then the quantity

‘— mi 2 2, 2y (&
Ea(up. Dye) = min {255 lly = Vunll® + 5% (Fuy (Oye)

+/ (Vitp — GpVup) - (Viye —G,Vﬁyr)> dx} (3.6.18)
Q

is an indicator of the energy norm of the error. If J7 coincides with 7 and yy is
computed by a certain post-processing of Vuy, on Vj (e.g., by quasi-equilibration),
then the function 1, can be found with the help of the same solver that was used for
finding uj,. In this case, the expenditures of the error indication are approximately the
same as those required for getting uy,.
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A somewhat different estimate follows from the relation
/ Vu—v)-Vwdx = / (y + V), —Vv)-Vwdx.
Q Q
Then,
[V —v)|| <y + Vd, = Vul. (3.6.19)
Let v = uy,. From (3.6.19) we obtain a simple error indicator
IV —up)ll = E2(up, y) = |y — Vdyr — Vuy|, (3.6.20)

where ) is an approximation of ¢#,. Another version of the indicator arises if Vi, ¢
is replaced by a post-processed (e.g., averaged) vector-valued function

IV —up)|l = [y =G Vyr — Vuy]. (3.6.21)

Certainly the quality of indicators using approximations of 9, depends on y. In prac-
tice, a suitable y can be found as follows. First, we post-process Vuy by a cheap
procedure and obtain y = G,Vuy € H(2,div). If the values of divy 4+ f are
large in some parts of the domain, then y should be modified to diminish them (exact
equilibration is not required). After that, we solve (3.6.17) and find 6 ..

3. From (3.2.2) it follows that
IV@=)[? < ly=VollllV@ —v)ll+ jy @ —v), (3.6.22)

where
Jy(u—v) = / (divy+ f)(u —v)dx.
Q
By (3.6.22) we observe that

1 . 1
[V —v)| < Elly—Vvll + \/Jy(u —v) + ley - Vy[2. (3.6.23)
Since

Jy(u—v) =/Q(Vu—y)'V(u—v)dx

1
= V@ =P = | (=) V- v)dx =~y = VoI,

the determinant of (3.6.23) is nonnegative regardless of the sign of j,. If v = uy
and an advanced approximation @, u, is computed by one of the post-processing pro-
cedures that we discussed in Chapter 2 (cf. (2.6.30)), then (3.6.23) shows that the
quantity

1 . 1
E3(up,y) = EHJ’_V“h” + \/Jy((flruh —up) + ley —Vuyl2  (3.6.24)
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may also serve as an error indicator. Its quality depends on the choice of y and the
efficiency of post-processing provided by @ .
In particular, if y = G, Vuy, then we arrive at the indicator

€3(up, GpVuy) = (G Vup—Vup|l + &p ¢, (3.6.25)

where

1/2
28, = (/Q (4(diVGhVuh + ) (@Qrup —up)dx + |Gy Vuy, — Vuh|2) dx)
— 1GnVup—Vuyll.

The first term of &3(uy, Gy Vuy,) is the standard gradient averaging indicator. The
second term is obtained as a computable approximation of the term j, (u — up).

It is easy to see that the error arising if the exact upper bound (3.6.22) is replaced
by the indicator (3.6.24) depends on the value of

/Q @ivy + £)(@eup —u) dx.

If @,uj, provides a good approximation (in L2-sense) of u and div y + f is small (in
a weak integral sense), then (3.6.24) will give a correct representation of the error.

Finally, we note that (3.6.22) formally generates a simple indicator for the squared
error norm ||V (u—up)|%:

IGrVuy — Vuh”Z + 2/ (divG,Vuy + f)(Qrup —up)dx.
Q
However, it is clear that the efficiency of such an indicator strongly depends on the

efficiency of the averaging operators and deteriorates if Gj, Vuj, does not properly re-
produce Vu and the residual div G, Vuy + f is not small enough.



4 Linear elliptic problems

4.1 Two-sided estimates for stationary diffusion problem

4.1.1 Estimates for problems with mixed boundary conditions

Stationary diffusion problem. First, we consider the problem

divAVu+ f =0 in Q, 4.1.1)
U = U on 'y, “4.1.2)
n-AVu = F on I, 4.1.3)

where @ C R is a bounded connected domain with Lipschitz continuous boundary
that consists of two measurable nonintersecting parts I'y and I';. We assume that
measg_1{'1} > 0, ug € H'(RQ), and the matrix A = {a;;} is symmetric and satisfies
the relation

2lE? < At -£ < 2|2, VEeR?, (4.1.4)
Also, we assume that f € L?(Q) and F € L?(T'y). Let
uo + Vo 1= {w = ug +wo | wo € Vo(R)},

where
Vo:={we HY(Q) | w=0o0nT}.

A generalized solution u of (4.1.1)—(4.1.3) is a function in ug + Vp that meets the
integral identity

/AVM-dex=/fwdx+/ Fwds, Ywe V(). (4.1.5)
Q Q Iz

It is well known that a generalized solution defined by (4.1.5) exists and unique.

Upper estimates of the error norm. Now, we use (4.1.5) in order to obtain an es-
timate of the difference between u and an approximation v € ug + Vp in the energy
norm |||V (u — v)|||, where

Tk :=/Q Ay -y dx.

Also, we use another norm

Iyl :=/Q A7ly -y dx.
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In view of (4.1.4), these norms are equivalent to the natural norm of the space
Y = L%(Q,R9).
Let y be a vector-valued function from the set

Hr,(Q.div) == {y € HQ.div) | y-n € L*(T2)}.

Then,

/ ((divy)w + Vw - y) dx = (y-mwds, YwelV,. (4.1.6)
Q I

By (4.1.5) and (4.1.6), we find that
/ AV(u —v)-Vwdx = / f +divy)wdx—|—/ (y — AVv)-Vwdx
Q Q Q

+ (F—y-n)wds. 4.1.7)
I

By recalling the Friedrichs type inequality
lwll = Crr, [Vwll.  Yw € Vo, (4.1.8)
and the trace inequality
lwir, < Crr,||Vw], Yw € Vp, (4.1.9)

we conclude that there exists a positive constant A1 (€2, ') such that

\V/ 2
A2(Q.T) = inf L”'z (4.1.10)
weVo [|w]? + [wlf,
Since
/Q (AVv— y) - Vwdx < [|AVv -yl | V]|
and
‘/ (f +divy)wdx+ | (F—y-nwds
Q I
. 1/2
<(If +divy|>+|F -y '”||%2) ClIVwll.

we arrive at the estimate

IV —v)ll < lAVY =yl + C\/Ilf +divy|2 +|F —y-nlf,. @.1.11)
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In (4.1.11), C is any constant greater than )Ll_l (€2, T'2). The right-hand side of (4.1.11)
represents a computable error majorant 9 (v, y) for the diffusion problem (4.1.1)—
(4.1.3).

A somewhat different form of the error bound follows from the estimate

‘/ (f +divy)wdx + (F—y-nwds
Q Iy

< Crr,|If +divy[[[Vul + Crr, | F =y - nlr, [V

Applying it to (4.1.7), we obtain
! |
IV =0l < 1450 =yl + —(Crrillf +divyl

+CTr2||F—y-n||r2). (4.1.12)

Lower estimates of the error norm. A lower bound of || V(u# — v)||| can be derived
as follows. Note that

1 1
ve—olP = s | (Avw )y —Ay-y) dx
2 yeL2(Q.rd) /9 2
1
> sup / (AV(M —v)-Vw—-AVw - Vw) dx
wevVy JQ 2

> / (AV(u —v)-V(u—v)— lAV(u —v)-V(u - v)) dx
Q 2

1
= SV =)

and we conclude that

1 1
IV =v)||* = sup / (AV(M —v)-Vw—-AVw - Vw) dx
2 wely Q 2
1
= sup {J%(w)—/ —AVw-dex},
weVy Q 2

where

J%(w):/ﬂ(fw—AV%Vw)dx—l—/F Fwds.

2

It is easy to see that the lower bound given by the left-hand side of the above estimate
is sharp (set w = u — v). Thus, the minorant is defined by the relation

M2 (v, w) = 25%(w)—/ AVw - Vwdx. (4.1.13)
Q
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4.1.2 Modifications of estimates

Quadratic form of the error majorant. Square both parts of (4.1.11) and apply
Young’s inequality. We obtain

IV —v)[* < M2.(v,,p)
= (1+ B)lAVv - y|I2
1+ B
B

where 8 is an arbitrary positive number. For any 8 > 0, the right-hand side of
(4.1.14) is a quadratic functional with respect to y the minimization of which on a
finite-dimensional subspace is equivalent to solving a system of linear simultaneous
equations. This estimate is exact in the sense that, by choosing proper 8 and y, one
can make the right-hand side as arbitrarily close to the left-hand side.

+ C2(If +divy|® + |F —y-nl?). (4114

Galerkin approximations. Letv = uj € ug + Vjyj, where

/AVuh-thdx:/fwhdx+/ Fwy, ds, Ywy € Vop C Vo.

Q Q I
In this case,
/ AV(up —u) - Vwy dx :/ V(up —u)- AVwp dx = 0. (4.1.15)
Q Q
With the help of (4.1.15) we rewrite (4.1.7) in the form
/ AV(u —up) -V(u —up)dx = / (f +divy)(u —up)dx
Q Q

+ / (y — AVuyp — AVwy) - V(u —up) dx
Q

+ / (F—y-n)(u—up)ds. (4.1.16)
1)

From (4.1.16), we deduce the estimate

IV @ —up)ll < llly — AVup — AVwy |l

)1/2

+C(Ilf +divyl>+ I F =y -n|F, 4.1.17)

Here, wy, is an arbitrary function in Vjy;, which can be used to reduce the value of the
first term of the error majorant.
For y = AVu, the estimate (4.1.17) reads

V@ —upll < 1AV @ —up —wp)lle = V@ —up —wp)ll. (4.1.18)
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Since wy, is an arbitrary function in Vyj, we can take it as w, = Uy + wy, where
wy, € Vop. Then (4.1.18) implies the projection error estimate

cy . ~
IVu —up)| < C—~1nf IV —wp). (4.1.19)

1 wpeVon

An advanced form of the error majorant. In view of (4.1.7),
IV @ —v)|I> = /Q (y—AVv)-V(u —v)dx + /Q ro(y)(u —v)dx

+/ e, (¥)(u —v) ds, (4.1.20)
I

where
re(y) = f+divy and rr,(y)=F—y-n.
Let ¢ € Vp(£2) be a function such that

AVY € Hp,(Q,div).

Since u — v vanishes on I'1, we note that

/ div AV (u —v)dx = —/ AVY - V(u —v)dx + / (AVY -n)(u —v)ds
Q Q I

= / (AVY -n)(u —v)ds — F, (D), (4.1.21)
I

where the functional % is defined above.
By (4.1.21) we rewrite (4.1.20) in the form

IV —v)|* = / (y —AVv)-V(u —v)dx + / (rq(y) + divAVY)(u—v)dx
Q Q
+ / (rr, (y) — AV -n)(u—v) ds + F,(9). (4.1.22)
I
Hence,
V@ —=)* < M3, (v, 3. 9. p). (4.123)
where y is a positive constant and

)/2

2y — 1

2y

M (V3,99 = 57

Fu(¥) +

(4vv - il

i 1/2\?
+ C(lra(y) + div AVI? + e, (v) — AV - n|2,) ")

represents an advanced form of the error majorant for the linear diffusion problem with
mixed boundary conditions.
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Decomposition of €. Assume that Q = U1N=1 Q;, where Q; are nonintersecting
domains with Lipschitz continuous boundaries.
Assume that

{rQ(y)—l—diVAVl?}Qi =0, i=1,2,...,N,
o, (y) —AVY -n =0, on I'5.
In this case, the equation (4.1.22) yields an upper bound that contains constants Cpg;,
i =1,2,..., N, instead of C (we recall that Cpg, is the constant in the Poincaré

inequality for ;).
Indeed, we have

IV —w)])? = /Q (v — AVv) - V(u — v) dx

N
+ ) Cpg;lra(y) + divAVD|lg, IV (u — ), + Fu(9)

i=1

< [[AVY =yl IV @ = o)l + Fu (D)

N
+ Z CIZ’Q,- [re () + div AVﬁ”éi IV —v)].

i=1
Let @ and B be positive numbers such that @ + 8 < 2. Then, we arrive at the estimate

Q2—a—BIVe—v)?
N

1
Y Chg, lra(y) + divAVI |G + Fu(9). (4.1.24)

= oy
Yt

AVY = ylIZ +

Q| =

4.1.3 Estimates for problems with Neumann boundary condition

Let 'y = @ and ', = I'. In this case, the energy space is

V= %w € HI(SZ)‘ / wdx =O}
Q
and the equilibrium condition

/ fdx +/ Fds=0 (4.1.25)
Q r

must be satisfied. The solution is defined by the integral identity

/AVu~dex—|—/ fwdx—l—/Fwds:O, Ywe V. (4.1.26)
Q Q r
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Let v € V be an approximate solution and y € H(L2,div). A transformation of
(4.1.26) yields

/ AV(u—v)-V(u—v)dx:/ (f +divy)(u —v)dx
Q Q
+/Q(y—AVv)-V(u—v)dx—I—/F(F—y-n)(u—v)ds.
Sinceu —v € V,we find that
[+ avna=vrax = [ (f +divy— (7 +div i) —v)dx
Q Q

=/;z m(u—v)dx

< |7 +divyelCralVu — ).
Another term on the right-hand side is estimated by the trace inequality. We have
IV @ =)l < lly — AVYILIIV @ — )]l + (Cpallf +divy|
+CrrllF =y nlp)|V( —v)|
< 7' (Cpalf +divyl + CrrllF —y - nllD) IV —v)| @.1.27)
and arrive at the estimate
IV @ = )l
< 1AVv = yll, + 7 (Cpall f +divy| + Crrl F =y -nlr).  (4.128)

4.2 The stationary reaction-diffusion problem

Diffusion problem with mixed Dirichlet-Neumann boundary conditions. The
reaction-diffusion problem is represented by the system

—~divp +o*u=f in Q, (4.2.1)
p = AVu in €2, 4.2.2)
U = Uy onl. 4.2.3)

We assume that g is a nonnegative function of x and the matrix A satisfies (4.1.4).

Now Vy = ISII(Q) and the generalized solution u € ug + Vp of (4.2.1)—(4.2.3) is
defined by the integral identity

/ (AVu -Vw + o*uw)dx = / fwdx, w e V. 4.2.4)
Q Q
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It minimizes the functional

2

I(w) =/ (%Avw.vu) + %|w|2—fw) dx (4.2.5)
Q

on the set ug + Vp.
Let v € ug + Vp. Then (4.2.4) implies the relation

/ (Vu —v)-Vw + 0*(u —v)w)dx = / (fw —o%vw — Vv -Vw)dx, (4.2.6)
Q Q

which holds for any w € Vj. Since w vanishes on the boundary, we rewrite (4.2.6) in
the form

/ (AV(u—v)-Vw + QZ(M —v)w)dx
Q
= / (f - sz +divy)w + (y — AVv) - Vw) dx, (4.2.7)
Q

where y is a vector-valued function in the space H(€2,div). The second term on the
right-hand side is estimated as in Section 4.1, but the first one has two different upper
bounds:

[ =tvrdvy) wdr <13 P+ dvpllienl.  @28)
/ (f —0%v+divy)-wdx < C||f —o%v +div y||||Vwl|, (4.2.9)
Q

where C is a constant in the inequality
lwl = ClIVwll,  Yw € V. (4.2.10)

Note that C < CI_ICFQ. By (4.2.7) and (4.2.8), we deduce the estimate

1 1/2
= l] < (mAVv Y+ ||5rg(v,y>||2) | @4211)

where
W] = [IVw|l* + llo w|?

is the energy norm related to the problem and
10(v.y) i= f —0%v +div y.
From (4.2.7) and (4.2.9), we obtain another estimate

IV —v)ll < IIAVv =yl + Clire (v, y)II. (4.2.12)
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Let us denote the majorants in (4.2.11) and (4.2.12) by 9 zp, (v, y) and MM oo (v, ¥),
respectively (the motivation of this will be given below). Note that the majorant
ﬁkm(v, y) was earlier derived by the variational method (see [282]). It is easy to
show that

inf Mo (v, y) = |[u—v]].
yeHl(nQ,div) roi (0, ) [[u —v]|

This fact follows from the relation
M, (v, p) = 1AV @ = )3 + 2 v, p)I

— IV — w2 +/ ol — ) dx = |[u —v]P
Q

However, M (v, ¥) has an essential drawback: if o is small, then the second term
has a large multiplier that makes the whole estimate sensitive to the residual rq (v, ¥).
In the problems where o is small (or zero) in one part of €2 and large in the other one,
the majorant 901y, (v, y) may lead to a considerable overestimation of the error. On
the contrary, 9% (v, ) is robust with respect to small o but it may have an inherent
gap between the left-hand and right-hand sides of (4.2.12).

An advanced form of the error majorant. In order to overcome the above difficul-
ties and to obtain an estimate that possesses positive features of the above estimates we
apply another modus operandi for the deviation of an upper bound of ¥ — v suggested
in [305].

Represent the first term on the right-hand side of (4.2.7) in the form

/ ro(v, y)wdx = / arg (v, y)ow dx +f (1—-a)rg(v, y)wdx,
Q Q Q

where
o€ LE’(‘)’,I](Q) ={a e L®(Q) | 0 <a(x) <1k

Then, we have

=

‘/Qrg(v,y)w dx grn(v,y)H lew] + CI(1 = e)re (v, Y IVl

Setting w = u — v, we arrive at the estimate

2
[ — v}

IA

(ClI(1 = @)ra (v, ) + 14Vv = yll)* + ” grg(v, ¥)

= M2 (v, y). (4.2.13)

It is easy to see that (4.2.11) and (4.2.12) are special cases of (4.2.13).
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Also, we can represent (4.2.13) in the form

[ —v]*> = C2(1+ ) - Ol)rsz(UJ’)”z

1+ 5

+ T|||AVU - y|||* (4.2.14)

where B is an arbitrary positive number.
The minimization of the right-hand side of (4.2.14) with respect to « is reduced to

the following auxiliary variational problem: Find @ € L[o 1 (£2) such that

~ — 2 N2
g@) = e L%lf](ﬂ)g(a)’ g(a) .—/;Z(a S(x)+ (1 —a)’T(x)) dx, (4.2.15)

where S and T are nonnegative integrable functions that do not vanish simultaneously.
It is easy to find that for almost all x,

€ [0,1] g(@) = i

a(x) = 17,
S+T S+T

In our case, S = p‘zré(v, y)and T = C?(1 + ,B)ré(v, y). Therefore, we obtain

c2(1 + 1+
(1+F) ré(v,y)dx+7ﬂn|AVv—y|ui

I — ] <

- /Q C202(1+B) + 1
= M2 (v.y,p). (4.2.16)

Since

572 _ CU+p) 4 > +5
T20.0.0) = [ (e gy 100~ 07) dx+ 5 EIvE -,

we find that

inf M2 (v,y,B) < inf M2 (v, p, B) = |[u—v]|%
vem@™ s T,y f) < inf M. p. ) = [~ ]
Therefore, (4.2.16) has no “gap”. At the same time the structure of the first term of
(4.2.16) is such that it is not sensitive to small values of 0. Moreover, if 0 = 0, then
(4.2.16) implies the estimate

IV —v)|I* < CCA+B)|f +divy|? + —|[AVv —y[|2  (4.2.17)

1+p
B
for the diffusion problem without convection.

If o = const then the value of B that minimizes the right-hand side of (4.2.16) can
be found analytically. At the end of Section 6.4, this question is discussed with the
paradigm of the generalized Stokes problem where a similar functional arises.
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Diffusion problem with mixed Dirichlet—-Robin boundary conditions. Diffusion
problems are often considered with the Robin boundary condition

n-AVu +k(x)u =0 on Iy, (4.2.18)

where x(x) > 0 and k(x) £ 0. For this case, error estimates can be derived from the
integral identity

/ (AVu -Vw + o*uw)dx + kuwds = / fwdx, Yw e Vy, (4.2.19)
Q Iy Q

by the method discussed in the previous section.
Letv € ug + Vp. Then (4.1.6) and (4.2.19) imply the relation

/(AV(u—v)'Vw+Q2(u—v)w)dx—|—/ k(u —v)wds
Q

I

:/(fw—gsz—AVv-Vw)dx—/ kvds
Q r

2

= / ro(v, y)wdx + [ (y —AVv)-Vwdx — | (y-n+kv)wds. (4.2.20)
Q Q I

Set w = u — v; by (4.2.20) we have the estimate

w,»|? +k 12
2 Ire U,y y n v
llu —v]| < (IIIAW —ylls + + H 7 ) . (4221
I
where
[w]? := [IVwll® + llow|? + IIK”ZwII%Z-

Estimate (4.2.21) is the simplest error majorant for the problem with Robin boundary
conditions. In Chapter 7, we deduce it by a different method, using general results of
the variational approach.

In view of the estimates

/grn(v,y)w dx = Clre(v, »[IVw],

g (y-n+kvywds < ey Crrylly -n + kv|| [ Vwll,
2

we obtain another upper bound:

Crr,
Cl

[lu—v]| = |[AVV=ylll+ Clira(v. )+ Ily-n+kvlp,.  (4222)

which is not sensitive to small values of ¢ and «.

By combining the methods used for the derivation of (4.2.21) and (4.2.22), one
can deduce a more general estimate (an analog of (4.2.13)) for the reaction-diffusion
problem with the Robin boundary condition.
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Remark 4.1. For the problem Au + Au = 0 in @ C R? with boundary condition
Vu-n + ku = 0 in which k does not depend on x, it is known that among all domains
with given area, the circle yields the lowest principle eigenvalue (e.g., see [65]) This
fact can be used for getting sharp estimates of the constant in the error majorant if
I ="ns.

A problem generated by the Sturm-Liouville operator. Consider the boundary
value problem

—(a()u') +b(x)u = f(x) x € Q:= (§1,&), (4.2.23)
u(§1) = uy, u2) =uz, & >é1, (4.2.24)

generated by the Sturm-Liouville operator with bounded coefficients a and b. Also,
we assume that

a(x) > agp >0, b(x) >0, and f € L?(Q).

It can be viewed as the 1D form of (4.2.1)—(4.2.3). In this case,

&
|||u—v|||2=/ a ()t — )2 dx = aglu — vl

&1

&
e — w2 = [E a1 () — v)? dox.
1

If wesetC = %0;5‘, 0= +b,andrq(v,y) = y' —by + f, then (4.2.14) provides an
upper bound of the error.

If the boundary conditions (4.2.24) are represented in a more general form, namely
w +ciu=u; at &, i=1,2, (4.2.25)

then the corresponding estimate is obtained by the same arguments we used for the
diffusion problem with Robin type boundary condition. We recommend the reader to
derive it as an exercise.

Decomposition of 2. Assume that Q = U,N:1 Q;, where Q; are nonintersecting

domains with Lipschitz continuous boundaries and y € H (2, div) is balanced in the
subdomains, i.e.,

{ra(v, y)}g, =0, i=12,...,N, (4.2.26)

y-n+kv=0, on I',. 4.2.27)
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Then instead of (4.2.22), we can use the estimate (which follows from (4.2.20))

=]l < | AVV=yll+ — Z C3q, Ira(v. M3, (4.2.28)
i=1
where Cpg; are constants in the Poincaré inequalities associated with €2;.
If (4.2.26) does not hold, then we can apply the same method as in Section 3.5.3.
We have

/TQ(U ywdx = Z/ w(ra(v.y))g, dx +Z{rg(v e, / wdx

i=1 i=1

< Z/ Wt (. 7)g; dx + Z—{rn(v Wia, 2 lowle,.

i=1 1—1
where 9; = minyegq; 0(x). Note that

>,

i=1

N
1
> —lra(. »))g, 121" llowle; < Rallowl.

i=1""

where

N

| Chalala lf, and Ra= S g

i=1 i=1 i
We set w = u — v and use (4.2.20), which implies the estimate
e —v]I* < (IAVV =yl + ROV — )]l + Rzllo(u — v)].
Hence, we conclude that
[ —v]* < (IAVY = yl« + R1)* + R3. (4.2.29)

We outline that this estimate contains only Poincaré constants, so that if €2 can be
decomposed into a set of “simple” subdomains (for which Cpg; are known) then the
respective upper bound of the error is easily computable.

4.3 Diffusion problems with convective term

In this section, we analyze diffusion problems with convective term. First, we consider
the simplest convection-diffusion problem with homogeneous Dirichlet boundary con-
ditions. This problem is used to discuss transparently modifications of the method,
which are due to the presence of the convective term. Subsequently, a more general
class of problems is analyzed.
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4.3.1 The stationary convection-diffusion problem

Consider the simplest model involving the convective term.

—divAVu +a-Vu = f in €2, 4.3.1)
u=20 onT. 4.3.2)

Here a is a given vector-valued function satisfying the conditions
ae L®(Q,R?), divae L®(Q), diva<O. (4.3.3)
The generalized solution u € Vj meets the integral identity
/Q (AVu-Vw + (a- Vu)w) dx = /Q fwdx, Yw e . (4.3.4)
Again, an upper bound of the error is derived by transformations of the integral identity

that defines the solution. As before, we take v € Vj and insert it into (4.3.4), which
yields the relation

/ (AV(u —v)-Vw+ (a- V(u —v))w) dx
Q
= / (fw—AVv-Vw — (a- Vv)w) dx. (4.3.5)
Q

Since (cf. (1.4.10))
div((u —v)a) = (u —v)diva+a-V(u —v) (4.3.6)

and w vanishes at the boundary, we have
/ wa-V(u—v)dx = / (diV (u—v)a)— (diva)(u — v))w dx
Q Q
= —/ ((u —v)a-Vw + (diva)(u — v) w) dx.
Q

From here, we obtain

1

—/ (diva)(u —v)?dx = —/ (u—v)a-V(u—v)dx. (4.3.7)

2 Ja Q

Set w = u — v and rearrange (4.3.5), using (4.3.7). We arrive at the relation
1
IV =0l =5 [ @va— v dx
Q

= /Q (rg(v, y)(u—v)+(y—AVv)-V(u — v)) dx, (4.3.8)
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where y(x) is an arbitrary function in H (€2, div) and
ro(v,y) = f —a-Vov +divy.
Introduce the norm
I = v]1? = IV @ = )1 + 18 = v)|1%,

where

§* = —1diva > 0.

If §(x) > O for almost all x € €, then, by the estimate
|5t @, »)[ 18 = )| + 1y = AVl ]IV = )
< (It I + lly = 490l13) =l
we deduce the first error majorant:
=) < [Fre@. )|+ lly = AVOlIZ = M2, 00,5). (439

For small values of § and large values of a this estimate may be coarse.
Another estimate that clearly follows from (4.3.8) is

[ —v]l < lly = AVv]lly + Cllra (v, )| = Mem(v, ). (4.3.10)

If €2 is decomposed into a collection of subdomains €2; and {rq(v, y)}q, = 0, then
(4.3.8) implies the estimate similar to (4.2.26), namely

Nc2

PQ;
=]l < lly = AVolls + |3 =5 e )G, (4.3.11)
1

i

If {ro (v, y)}q, # O, then repeating the arguments of the previous section we derive an
upper bound analogous to (4.2.29).

Consider a special but important case of the problem where the convection term is
dominant:

—Au+a-Vu=f in 2, 4.3.12)
U = U onl. 4.3.13)

Here € is a small positive number and (for the sake of simplicity) it is assumed that
I' = I'p. Also, we assume that § is a positive constant and ||a|| is of the order 1. In
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this case,
C 1
c="E2  Ag—¢l, Al=-]
Je €
1 1
Iyl =/ P dx=elyl?. Iyl =/ Lypax =Ly,
Q Q € €

_ 12
|||y-AVu|||i=/ (e]VVl2 + e y[2 =2y - Vo) dx = HJEW—-A( .
Q Ve

We use the estimate (4.3.9) that does not include negative powers of € and obtain the
following upper bound of the error:

I —v]1? := €|V — )|I” + 8% [lu — v||* < M2, (v, y)

Ha(f —a-Vv —|—d1vy)” + H (y —er)H (4.3.14)

Set y = €Vu. Then,
f+divy=f+e€Au=a-Vu,
and we find that
E2(0) = g lla- Vo= )2 + |V~ v, (43.15)
where

& = inf M .q).
1(v) qul(nQ,div) e (v, q)

By (4.3.14) and (4.3.15), we conclude that
1
0< &) — -] < sla V- v)[? = 82 [u —v|%.
Hence,

IIaII2

I —v]* < €F(v) < |[u —v]|* + IV @ — o).

Since |V (1 — v)||? < € !|[u — v]|?, we deduce the estimate

b =]l = &10) = /1 4+ G [l = vl (4.3.16)
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If § = 0, then we use (4.3.10), which shows that

&)= inf Me(v,g) <Clla-V(u— — ]|,
2(v) qul(nQ,div) e2(v,q) < Clla-V(u —v)|| + |[u —v]|

where |[u — v]| = 4/€||V(u — v)||. Therefore,

0<&(v)—|u—v]| =Cla-V(u— v)||<Cf|[M— v]

’

and we find that

i =]l < E20) = (1 +¥)|{ v]]. 43.17)

It is not surprising that the quality of the upper bounds in (4.3.16) and (4.3.17) is
negatively affected by €. Moreover, properties of the exact solution u, as well as the
quality of approximations, usually deteriorates if € goes to zero. Such difficulties are
predictable and typical for all problems with small parameter.

Assume that v = uy where uj, is computed on the finite-dimensional space V}, and

the error majorant is computed on a finite-dimensional subspace Q. that satisfies the
condition

pr € Qv |lp — pell + [Idiv (p — po)ll < e, (4.3.18)

where (4, is a small positive number. Then, we have

lu —up]|® < € (up) == qhigg M2 (up,qn) < M2, (up, pr)

2
<o H f ” div(p — pe)
H - evun| +2lp = pel?)
2
< 2(1 + ”5—”) e — up]? + 22 (é + é) : 4.3.19)

If the subspaces V}, and Q are constructed such that the p, approximates p with the
same accuracy as uj approximates u in the energy norm (i.e., if (4.3.18) holds with
W, which is of the same order as |[u — uy]|), then we conclude that the computable
quantity &1 (up) is equivalent to the error and has the same rate with respect to € as
the quantity &1 (uy) in (4.3.16).

A lower bound of the approximation error in terms of a different quantity can be
obtained by the method we used for the derivation of (4.1.13). Assume that diva = 0.
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Then,

sup {/ (eV(u—v)-Vw+a-V(u—v)w)dx—§||Vw||2§
Q

wely

= sup {/Q (eV(u—v)—(u—v)a)-dex—§||Vw||2}

weVy

< supfQ(GV(u—v)—(u—v)a)-r—§|t|2)dx

Tel?

= L JeViu—v) - w—v)al?
2e
= §||V(u —v)|I* + i”a(u —v)|? _/gz V(u —v)-a(u —v)dx.

The last integral on the right-hand side is equal to zero. Since

/ (eVu -Vw + wa - Vu) dx :f fwdx,
Q Q
we conclude that
1
IV =)l + - llaGu = v)]”

> sup {—§||Vw||2—/ﬂ(er-Vw+wa-Vv—fw)dx

wevVy

= sup M2 (v, w). (4.3.20)

wely

Note that

€
sup MZ,(v.w) = M2,(v.u = v) = 2|V —v)|.

weVy

so that for small € the quality of the lower bound deteriorates no faster than ||a]je~!.

4.3.2 The reaction-convection-diffusion problem

Now, we consider the most general statement of a linear elliptic problem related to
diffusion type models. It is the reaction-convection-diffusion problem

—divAVu+a-Vu+o*u=f inQ, (4.3.21)

U = Ug on I'q, 4.3.22)

AVu-n=F on Iy, (4.3.23)
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where the data satisfy the same assumptions as in the problem (4.1.1)—(4.1.3) and

0 € L®(Q), 0 = 0o, (4.3.24)
1
—5diva+ 0% :=8*>§3. (4.3.25)

One more assumption is that the function «(x) := %(a -n)(x) is defined at almost all
points of I and that the inflow part of the boundary is a subset of I'y, i.e.,

I':={xel | k(x)<0}CTIy. (4.3.26)

Now
Vo:={we HY(Q) | w=0o0nTy}

and u is defined as a function in ug + Vp that meets the integral identity

f (AVu -Vw + (a - Vu)w + o*w) dx
Q

=/ fwdx+/ Fwds, Yw e Vp(2). (4.3.27)
Q I'>

The existence of a generalized solution u follows from the known results in the theory
of partial differential equations (e.g., see [151, 217]).

The assertion below suggests a general form of a computable upper bound of the
error measured in terms of a natural energy type norm.

Theorem 4.2. Let the above made assumptions on the problem data be fulfilled. Then,
for any a, B € LE’S’I], v e uy+ Vo, and y € Hr,(2,div) the following estimate
holds:

It — v]| < Meeo(, Bov, y) i=

1/2
F;f)

1
+ - (Cralli —ara@. il + Crryl(1 = BYF —y -m)). @328)

= (I§ra. g, +lly = AVl + | Lo = y-m)

where
ro(v,y) = f —a- Vv —o%v +divy,

2 = _ a2 20 N2 )
[[u —v]|” := IV(u — v)|| —I—/S:Zé’(u v) a’x—l—/F k(u—v)“ds,

2

QT i={x e Q| 8§(x) #0}, T i={x ey | k(x) #0},

a=00mnQ\Q"t,B=00nTs\ F;', and Crr, and Ctr, are constants in (4.1.8)
and (4.1.9), respectively.
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Proof. Rewrite (4.3.27) in the form
/Q (AV(u —v) - V(U —v) + (a- V(u — ) (u —v) + 0*(u — v)?) dx
= /Q(f—(a-Vv)—sz)(u—v)dx—/Q AVv-V(u —v)dx
+ [F F(u —v)ds. (4.3.29)
Note that

%[Q(diva)(u—v)zdx=—%/Qa-V(u—v)2dx+%/ a-n(u—v)’ds

I

=— / (u—v)a-Viu —v)dx + / k(u—v)*ds. (4.3.30)
Q r

2

Thus, the left-hand side of (4.3.29) is converted into the norm |[u — v]|?, which is a
natural measure of the difference between 1 and v.
Now, we have

[ —v]|* = R(v,y) = / rq(v, y)(u —v)dx +/ (F—y-n)(u—-v)ds
Q I
+ / (y — AVv) - V(u —v) dx, (4.3.31)
Q

where y(x) is an arbitrary function in Hr, (2, div).
Set a(x) = 0 on Q \ QT and represent the first term on the right-hand side of
(4.3.31) in the form

/rg(v,y)(u—v)dxzf arg(v,y)(u—v)dx—}—/ (1—a)rq,y)(u—v)dx
Q Q Q

< | S| _, 186 =v)lg+

+ Cracy (1= a)re (v, NIV —v)]I.

Similarly,

‘/ (F—y-n)(u—v)ds
I

< I =yl IR = 0l

+Crroer (= B)(F =y -m) I IV @ = w)ll,
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where 8 € L‘[’g”l] and B(x) =0on Iy \ F; . From the above relations, we obtain

o
M. y) = | e )|, 186 =) + [y = AVoll. V0 = )]

1
[ =y ] R 0e + 2 (Crall( - el
+ Crrs (L= B)Y(F =y ), ) IV e = )|

< (|5 |, +lly - 4702

B 2 \1/2 1
e =y ) b=+ (10 - . )
+ Crrs (1= BYCF = y - m)Ims ) IV = w)]. (4332)
Estimate (4.3.28) follows from (4.3.31) and (4.3.32). m]

Remark 4.3. Estimate (4.3.28) shows that the upper bound is given by the norms of
residuals of three relations

y = AV in €, (4.3.33)
divy—a-Vvo—o%v+ f =0 in Q, (4.3.34)
y-n=F on I, (4.3.35)

which jointly define the reaction-convection-diffusion problem. Therefore, the majo-
rant 9 gep (e, B, v, ) vanishes if and only if u = v and y = p.

4.3.3 Special cases and modifications

If « = B = 0, then we arrive at the estimate

Cro Crr
lfu —v]l < |lly — AVl + [re(v, Y + 5 2|F—y -n|r,. (4.3.36)

C1 C

It includes two global constants Cr g and C7r, and does not contain § and « in nega-
tive powers. Therefore, it is stable with respect to small values of parameters.
For @ = 1 and B = 0 we obtain another estimate

Crr,
C1

1 2 N\ 1/2
b=l = =2 F =y enley + (| 5re@on)| +lly = AVell2) T @337)
which involves only the trace constant.
Set « = B = 1. Then we obtain such a form of the upper bound that contains
neither Crgq nor Crr,:

|w_ﬂg§”g%igr+ﬂfi%lw;+mw—Avwﬁ (4.3.38)
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Remark 4.4. If F is a simple (e.g., affine) function, then it is not difficult to satisfy the
condition I'; exactly. For

y e HR :=1{y e Hr,(Q.div) | y-n—F =0onl},

the estimate (4.3.28) has a simplified form

/
il < (1. )G +ly - AVol2)

Cra
L (1= )ra(v, ). (4.3.39)
Remark 4.5. In (4.3.28), we can set
o = min{d, 1}, B = min{k, 1}. (4.3.40)

This choice may be efficient if § and « are small in some parts of €2 and I',, respec-
tively. However, the best upper bound is attained if (4.3.28) is minimized with respect
toa, B, and y.

Setin (4.3.28) y = av + t, where T € H(2, div). Then, it has the form
|[u - U]| =< ﬁRCD(Olv ,3, v, T)

= (14500 |gs + liz +av - AV

NPT

12 1
)t (Creli-one ol
+Crr, (1= B)(F —t-n —(a-n)v)ll), (43.41)

where i (v, 7) := f —02v 4+ divt, §? = 0? — diva. This majorant is related to the
representation

p=AVu —au in Q, (4.3.42)
divp—0*v+ f =0 in Q, (4.3.43)
p-n=F—(a-n)u on I';. (4.3.44)

In particular, for @ = 8 = 0 we obtain
[ — ]| < llav + 7 — AVo|l, + Cracy 'l f —0%v + dive||
+ Crroc; | F — (t + av) - n|r,. (4.3.45)

It is easy to see that the majorants defined by (4.3.41) and (4.3.45) possess the same
properties as (4.3.28) and (4.3.36); namely, they vanish at the exact solution and tend
to zero if v and y tend to u and p (or p).
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We can obtain a better estimate, using the method based on introducing a function
U € Vp (cf. (4.1.21)—(4.1.23)) such that AVY € Hr, (L2, div). Since u — v vanishes
on I'y, we note that

/Q div (AVL?—I—z?a)(u—v)dx
=—/Q(AVt?—i—ﬁa)~V(u—v)dx+/rz<AV19+z9a)-n(u—v)ds

=/ ((AVz?—i—l?a)-Vv—QZz?—fﬁ)dx—/ F9 ds
Q I

n [ (Aw n ﬁa) n(u — v)ds (4.3.46)
I
where we have used the relation
/ (AVu -V + (a - Vu)d + 0>9) dx = / fUdx +/ Fdds.
Q Q I
By (4.3.46) we rearrange (4.3.31) as follows:
b= 01P = [ ralvy )= v dx + [ ey — v ds
Q I

+ / (y — AVv) - V(u —v)dx + F, (1), (4.3.47)

Q

where

ro(v,y,9) i=15(v,y) —div(4AVY + da),
o, (y,9) == F —(y — AVY —da) - n,
and 7 (9) = [ (/O — (AVD + D) - Vv —0*F) dx + [p, F ds.

As before, let @ and B be functions with values in [0, 1] such that a(x) = 0 on
Q\ QT and B(x) =00on T\ F;'. Then,

(04
| reoy w—vydx < |Sran )| 180 — ) las
+ Cracr (1 = ra(v.y. DIV @ = v)l|

and

= H %rrz (. ?)

+ Crroer I = B)re, (7, D I IV (e = )

[ e vy ds
I

LIV =)y
2
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From the above relations, we obtain

=l < Hsrsz(v v s = o),

1 C2
o2 = era @y P + pal| Ve - o)l
M2 1
2
9 N
H RO D+l R0l

1 CTFz 2 2
+m 2 (1= B)rr, (v, D, + pall V(e =)

1
+ Ellly — AVOIZ + uslIVe = )1? + Fo (). (4.3.48)

Here, w1, 3 € [0,1) and @2, (4, and s are positive numbers such that
M2+ pa + ps < 1.
Now, we obtain an upper bound of the error evaluated in terms of a weighted norm:

(1= p2 = pa = us) V@ =) I + (1= p) |80 =) |1S + (1 - p3) | Vie@u = v) |7,

o 2 C?
< g | 3@ )|, + 2EZ 10 - rav. y. 9)
p
il 0y (1= By, 0 )R,
+ =y — AVVIE + Fo (). (4.3.49)

If § and « are positive, then wecanseta = =1, up = g = 0,and u; = pu3z = %
In this case, the estimate (4.3.49) has a simplified form:

= o) = My 0. 3.0) 1= | ratw 0|+ |z,

+lly — AVV[|Z+ F, (D). (4.3.50)

Set y = AVu and define ¥ as a solution of the problem

div (AVS + ®a) = a- V(u —v) + 0*(u — v), 4.3.51)
=0 on Iy, (4.3.52)
(AV® +9a)-n =0  onTs. (4.3.53)
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Then,
ro(v, y) —div (AV19 — 19a) =0,
Iy = AVoIIZ = IV @ =),
e, (y,%) = F — (AVu — AV —%a) -n = 0.
Since

/ (AVY +9a)-V(u —v)dx = / (a-Vu—v)(u—v)+ 0*(u— v)z) dx,
Q Q
we have
Fu() = / (AVY + da) - V(u —v)dx
Q
:/ (u—v)a-V(u—v)dx+/ 0*(u —v)?dx
Q Q
= f 82(u —v)*dx +/ Kk (u —v)? ds.
Q I

Hence, the right-hand side of (4.3.50) coincides with the left-hand side.

Remark 4.6. Other modifications of the estimates (which are similar to those con-
sidered in Sections 3.5 and 4.2) can be also derived using the same arguments. In
particular, if 2 is decomposed into €2;, then the estimates analogous to (4.2.28) and
(4.2.29) take place under the same assumptions on rq (v, y). We leave this task for the
reader as a good exercise.

Remark 4.7. In Section 8.5 we discuss another (rather general) way to obtain two-
sided estimates that have no gap between upper (lower) bounds and error measures.
For reaction-convection-diffusion problems it yields other modifications of error esti-
mates.

4.3.4 Estimates for fluxes

Theorem 4.2 allows us to derive computable bounds of errors measured in terms of the
dual variable (flux). Let y € Hr,(£2) be an approximation of the exact flux p. For
any v € ug + Vp, we have
Il =yl = AV@ =)l + 1AV =yl (4.3.54)
= IV =)l + [[A4Vv =yl

< Meen(@, B0, y) + [|4Vv = y|l,.



100 Chapter 4 Linear elliptic problems

By (4.3.28) and (4.3.54), we obtain an upper bound for a combined primal-dual norm
[ =]l + 1l = ¥l < 2D ren(e. B.v,y) + 1AV =yl (4.3.55)

We can use (;4.3.50) instead of (4.3.28). Then, in (4.3.55) 9 xen (. B, v, y) must be
replaced by M rep (v, ¥, 9).
The norm

1 = Myl + Nidiv y [ 4+ 1y - i,

is another quantity, which is natural to use for fluxes. For this norm, we have

I[P = yll« = IAV (U = vl + IIAVY =yl + (2 = ¥) - nllr, + [Idiv(p — y)I
=V —=v)ll + lAVv = yll« + |y -n = Flr,
=+ ||div (p — »)|I. (4.3.56)

By (4.3.28) and (4.3.56), we find that

[P = Ylls < Meco(et, B, v, y) + 1AV = s + |y -n = Flir,
+ ||divy —a- Vu —o%u + f].

Assume that §¢ > 0. Then,

|divy —a- Vu —o%u + f||

Q2
< Ira@. )l + lall [V = )| + | 2= |18 = v)]

< Ira(v. )l + \/ (B4 12]) (v =2 + 15— vl2)
1
and we obtain

[P = Ylls < Meco(et, B, v, ¥) + 1AV =yl + (v, y)|

lal? e
+lyn = Flle, + [ + | 5| 1t =1l
‘1

which yields the estimate

1P — ¥« < IMrenle Bov. ) + llre (v, ¥)I| + IIAVY — vl
+ |y -n— Flr,. (4.3.57)

where { = 1 + "a!z +

‘1

02
5
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If y € H2 (Q), then we have a simpler estimate
y I

[P = ¥lls < EMren(@, B, v, )+ llra (v, )| + AVY =yl (4.3.58)

Hence, for the pair (v, y) € (uo + Vo) x H 192 an upper bound in the full primal-dual
norm has the form

[ = V]| + 1[p = Yllx < (1 + O)Mren(@, B, v, y) + [ (v, )]
+ 14AVY =yl (4.3.59)

In particular, for « = 8 = 0 we have
[ = o]l + [[p = ¥l

< (14 0+ 02 ol + @+ OIAVO =yl G360)

Equivalence to the error. By Theorem 4.2, we observe that the quantity

) := inf Myl B, v,
(v) m @ rep(@, B, v, y)

y€Hr,

yields an upper bound of the error. The proposition below shows that & (v) also
furnishes a lower bound, where © does not depend on v and is explicitly estimated by
the problem data.

Proposition 4.8. For any a, B € L‘[’g’l] and any v € ug + 1y,

&) = co)lu—vll. (4.3.61)
where y is an arbitrary positive number, and cg is defined by (4.3.62).

Proof. We have

inf  Meep(et, B,v,y) < Meen(a, B, v, p).
yEHrz(Q)

Note that

Ire (e, B, v, p)Il = || f —a- Vv —o?v +div p|
< lla- V@ —v)| + > —v)|

||a||2 2 Q2€B 2 2
<27 MV —-v)I" +2-3~ 8%(u —v)?dx.
c 5 Ja

1 0
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Since ||p — AVv]|, = V(e — v)|| and p -n = F we find that

1

o 2
(1 + y)mRCD(O[7 IB’ U, p)

1 Ciq
< I + L2 ) It I + IV @ —v)|I?
0 ve

2
1
Y la? e
<2(52 + Vi%)< IV (u U)||| GB/ 52(u—v)2dx

+ IV —v)?

1 C2,)\ 2|al?
<1+(52+ F;’) 2 | IV =i
1 1
1 C25)\2
+<—2+ ) € GB/ 82(u —v)?dx.
80 1

1+ 2C12m 2||a|? 1+C12vsz 20%
82 yc% c% ' 83 yc% 8(2) '

(4.3.62)

Define

¢ (y) := (1+y) max

Then, M rep (@, B. v, p) < cq(y)|[u — v]|, and we obtain (4.3.61). O

It is worth noting that, in the above consideration, we have overestimated the value
of M rep(er, B, v, p) at several places, so that the constant cq (y) defined by the rela-
tion (4.3.62) is rather coarse. Anyway it gives an idea how cq depends on ||a||.

Also, we can establish the equivalence of 9t and the error computed in the full
primal-dual norm.

Proposition 4.9. For any v € ug + Vo and y € HIQZ(Q), the following two-sided
estimate holds:

CGﬁRCD(aaﬂvva) < u =l +1p—yllx = Ceﬁkcn(asﬁsvs)’)» (4.3.63)

where & = min{1,8}, Cg = ;%

_ 2 C
M:maX{I,CFQM/—(l—l-CFQ” H) «/_CFQQ8—0®}, Crq:=1+ FQ

€1

and Cg =3 + la
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Proof. The right-hand side inequality follows from the structure of |[u — v]| and
(4.3.59).
To prove the left-hand side, we note that @/8 < 1. Therefore,

— . /2 Crq
Mico@ B.v.7) = (Ira I+ lly = AVolIZ)  +

< Crallie (. ) +llly — AVv]l,.

Ire (v, Y|

‘We have

Ire (v, )| < [Idiv(p — )| + lla- V(u —v)| + ||92(u —v)
< Iidiv (p = ) + L)V — )] + &2 2|5(u —v)]|.
lly — AVlly < IV @ =)l + 2 = Yl

Thus,

Trco(@ B.0.9) = (14 Cra ol ) 190 = 0] + Cra e 16— ]
+ 2 = yll« + Crelldiv(p — y)
< ﬁmax{l + cmu Cra%2 } [ — v]|
+ max{1, Cra}l[p — y]l+ (4.3.64)

Now (4.3.64) implies the left-hand side of (4.3.63). |

4.4 Notes for the chapter

For linear and nonlinear diffusion problems, the first a posteriori estimates of the func-
tional type were obtained in the context of the general variational method, basic princi-
ples of which are briefly discussed at the beginning of this chapter (see [276]-[282] and
[244] for a consequent exposition). The nonvariational approach to the derivation of
a posteriori estimates for stationary diffusion problems (and other linear elliptic prob-
lems having the divergent form) was suggested in the author’s paper [286]. Section 4.1
is based on these results. Later, a posteriori estimates for the convection-diffusion and
reaction-convection-diffusion problems were derived (see [293, 300]). A posteriori
estimates for the reaction-diffusion problem discussed in Section 4.2 were obtained in
the paper by S. Repin and S. Sauter [305]. Functional type a posteriori estimates for
the stationary reaction-convection-diffusion problem were analyzed in S. Nicaise and
S. Repin [248]. In [287], the nonvariational method was applied to the evolutionary
diffusion equation. The latter results are discussed in Chapter 9.



5 Elasticity

5.1 The linear elasticity problem

Consider an elastic body that occupies a domain 2 € R the boundary I' of which
consists of two disjoint parts I'; and I'; (|[T";| > 0). The classical statement of the
linear elasticity problem is as follows: Find a tensor-valued function o (stress) and a
vector-valued function u (displacement) that satisfy the system of equations

o = Le(u) in Q, (5.1.1)
Dive + f =0 in , (5.1.2)
U = U on Iy, (5.1.3)

on=F on I's. (5.1.4)

Here f and F are given forces and I = {L;;x.,} is the tensor of elasticity constants,
which is subject to the conditions

Alel? <Le:e<c2le>, VeeMI*, (5.1.5)

Henceforth, we assume that the coefficients of the elasticity tensor are bounded and
possess natural symmetry, i.e.,

Lijkm = Ljikm = Limij, i j.kom=1,....d, (5.1.6)
Lijkm € L®(S). (5.1.7)

Moreover, we assume that
feLl*Q.RY, FelLl*IRY, uge HY(Q,RY). (5.1.8)

A function u € ug + Vp is a generalized solution of (5.1.1)—(5.1.5) if it satisfies the
integral relation

/ Le(u) :e(w)dx = (£, w) (5.1.9)
Q
for all w € Vp. In (5.1.9), the right-hand side is determined by the volume and surface
loads
(€, w) =/ f-wdx—f—/ F-wds,
Q I>
and

Vo:={we H' QR | w=0 only}
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The linear elasticity problem has a variational statement: Find u € ug 4 Vp such that

Jw)= inf JW), J():= %/ Le(w) : e(w)dx — (€, w). (5.1.10)
Q

weug+Vo

The existence and uniqueness of u are easy to prove if the coercivity of

1/2
el = ( [Q Le(w) : () dx)

on the space Vj is established. This fact follows from Korn’s inequality (1.4.32), which
shows that |w ||%’2’Q is equivalent to

lolf 0= [ () + wP) dx.
Proposition 5.1. Let Q2 be a Lipschitz domain in R, and let Ty satisfy the following
property:
dxo € I'1 and € > 0 suchthat I' N B(xg,&) C I'y. (5.1.11)

Then

w2, < 1ar, lew). Yw € 1y, (5.1.12)
where [Lgr, is a positive constant independent of w.

Proof. Assume that the assertion is wrong. Then, for any m € N there exists v™ eV,
such that

1/2
0™ l12.0 > m ( /Q |e(v<'">)|2dx) : (5.1.13)

M
v 2.

Consider the sequence of normalized functions v
9™ 1.2, = 1 and, by (5.1.13),

1 1/2
— > (/ |8(17’")|2dx) : (5.1.14)
m Q

Hence, we can extract a subsequence of {9} that converges to a vector-valued func-
tion € Vp weakly in H'($2, R?) and strongly in L2(2,R?). Therefore, &(™)
weakly converges (in L?) to &(i). By (5.1.13), we know that

. Obviously,

[e(@™)]| — 0. (5.1.15)
Thus,

0 = liminf [e(®@)[| = [le(®)I],
m——+00
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and, therefore, ¢(v) = 0. Then v € R(R2) NV} (cf. 1.4.3). In view of (5.1.11), the
intersection of these sets contains only the zero function, so that v = 0. However, in
such a case we arrive at a contradiction. Indeed, on the one hand, by Korn’s inequality
we conclude that

||5(n1)

1/2
[12,2 < Ckq (/ (le@™)|1? + 0™ %) dx) — 0.
Q m—00

On the other hand, [|v™||1 2, = 1 for any m and such a sequence cannot tend to zero.
It remains to conclude that (5.1.13) is wrong and the constant juor, exists. O

Corollary 5.2. There exists a constant C such that
/ |w|? dx +/ lw|? ds < C?||le(w)]|?, Yw € V. (5.1.16)
Q I
Proof. The proof follows from Proposition 5.1 and trace inequalities. Indeed, by a
Friedrichs type inequality for the functions in Vp and the trace inequality, we conclude
that

/Q |w|? dx +/F lw|*ds < Cllwl 5 q- Yw € V. (5.1.17)
2

Now (5.1.16) follows from (5.1.5), (5.1.12), and (5.1.17). ul

Note that on Vj the norms ||[Vw]|| and ||w]|
(5.1.17) we can use the inequality

1,2, are equivalent. Therefore, instead

/ lw|? dx +/ lwi?ds < CL|Vw|?, — Vw eV, (5.1.18)
Q T
where C q 1s a somewhat different constant (which also depends only on €2 and I';).
Also, (5.1.12) means that

[Vwll < car, le)ll.  Yw € Vo, (5.1.19)

with a constant cor, < par,-

Remark 5.3. In practice, the value of C can be estimated by minimizing the quotient

lle(w)ll*
Jo lwl?dx + [r, lw|?ds

over a sufficiently representative finite-dimensional space Vg C V.

The estimation of constants arising in various versions of Korn’s inequality is a
more complicated task. This question was investigated by a number of authors (e.g.,
see C. Horgan [179]).
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5.2 Estimates for displacements

Let v € ug + V. Represent (5.1.9) in the form

/]Ls(u—v):s(w)dx:/ (f-w—ILe(v):s(w))dx+/ F-wds, (5.2.1)
Q Q

)
where w € Vp. Let () := L2(2,M2*4) and
t € Hr,(Q,Div) := {r € Z(Q) |Divr € L2(Q,R?), tn € L3([2,RY)}.
Since
Div(tw) = w-Divt + " : Vw, (5.2.2)

we have (for 7 € Z4(R))
fr tn-wds = fg (w-Divt + 1 : e(w)) dx. (5.2.3)
By (5.2.1) and (5.2.3), we obtain
/Q Le(u—v): e(w)dx = /Q (f +Divr) - wdx +[Q(z —Le®)) : e(w) dx

+ (F —tn)-wds. (5.2.4)
I

Set w = u — v and use (5.1.16). We arrive at the estimate

e —v)ll < M (v, 7)

)1/2

= ||z = Le)lls + C(IDive+ fIIP+ [ F=tnlE,) ", (5.2.5)

which is quite analogous to the estimate (4.1.11). Squaring both parts of (5.2.5), we
obtain an analog of (4.1.15):

e — v)lI? < M2 (v, 7. B) = (14 ) fg ()L 7'0): (Le(v)—7) dx

1+8 .
+ Tc2 {IDivt + fIP+[F—n|f,}. (5.2.6)

In (5.2.6), t is a symmetric tensor-valued function and § is an arbitrary positive con-
stant. It is easy to note that the first term is nonnegative and vanishes if and only
if

7 = Le(v).
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It penalizes violations of the Hooke’s law. The meaning of the second and third terms
is obvious: they represent other two relations and penalize errors in the equilibrium
equation (5.1.2) and boundary condition (5.1.4). Thus, the majorant not only provides
a bound of the overall value of the error, but also shows its physically sensible parts.
Latter information suggests a correct way for finding a better approximation.

In (5.2.5) and (5.2.6), the error is measured in terms of the norm generated by the
tensor . For this reason, the Korn’s constant does not explicitly occur in the estimates.
However, a tensor-valued function 7 in ﬁEL(U, 7) must be symmetric. This require-
ment is easy to fulfill if = is approximated with the help of finite element approxi-
mations having degrees of freedom at nodes (if the nodal tensors are symmetric then
an extension of them is also symmetric). For other approximations (e.g., for mixed
approximations degrees of freedom of which are associated with faces) the symmetry
condition may be rather burdensome. Below we discuss a way of avoiding it.

Take an arbitrary tensor-valued function T € Hr, (2, Div) and rearrange (5.2.1)
with the help of (5.2.2) as follows:

/ Ls(u—v):s(w)dxz/ (DivT + f)-w+ (' —Le(v)) : Vw) dx
Q Q

+ (F —=7'n) - wds, Yw e Vy, (5.2.7)
I
Decompose T into symmetric and skew-symmetric parts Ty, and Tg. Then,
AT

T VW =Te:e(w) —Tg : Vw.
Note that Le(v) is a symmetric tensor. Therefore, (5.2.7) implies the estimate
/Q Lew —v):e(w)dx < [DivT — fllwll + T2 + Flr, |lwlr,
+ 2 = Le@)llulle @)l + 17l V]l (52.8)
By (5.1.16), we find that
IDivT — fllllwll + IT'7 + Flir, [wlr,

- 2 ~T 2 1/2
=c{IDive = fI2 + [Fn + FIR,} lle@)ll.

Set w = u — v and use (5.1.19). We arrive at the estimate

L o 1/2
llee = v)ll = C{IDivE = £12 + |70 + FI, |

~ CQIy y~
+ ITsm — Le)ll« + C—‘ [ErY[p (5.2.9)
1
This estimate includes an additional term which is positive if the tensor-valued func-
tion T is nonsymmetric. If T is a symmetric tensor (i.e., Tx = 0), then (5.2.9) is

equivalent to (5.2.5).



Section 5.3 Estimates for stresses 109

Remark 5.4. We note that the right-hand sides of (5.2.5) and (5.2.9) are equal to
lle(u — v)||| if T and T coincide with o.

By the same arguments as for the diffusion equation, one can prove that
/Q Le(v—u) : e(v—u)dx > @é(v, w) = 2F,(w) — [le)|I?>.  (5.2.10)
where w € Vp and
Fu(w) ::/ f-wdx+/ F-wds—/ Le(v) : e(w) dx.
Q I Q

Also, we can show that

lle@ —wll*> = sup M2 (v, w).

weVy

By the maximization of the functional 9, (v, w) on a sequence of finite-dimensional
spaces Vor C Vo, we obtain a sequence of computable lower bounds

Mé = sup Mg (v, wi).

weVok

If the spaces Vj satisfy the limit density condition stated, then the sequence {Mé}
tends to [[|e(v — u)||>.

5.3 Estimates for stresses

Assume that T € Hr,(€2,Div) is a symmetric tensor-valued function that approxi-
mates 0. By (5.1.1), for any v € ug + Vo we have

llo =zl = llLem) — zllls < Le( —v)lll« + [ILe(v) — Tl
= lle@ — o)l + [ILe@) — 7llx < Me(v, 1) + [ILe(®) — 7l (5.3.1)
By (5.2.5) and (5.3.1), we obtain an upper bound for a combined primal-dual norm
lle@ =)l + llo = <lls < 2MM e (v, 7) + [[Le(v) = 7l (53.2)
For another norm
<]l = llzll« + [IDiv el + [T nlr,.
we have
[0 —t]lx < Mu(v,7) + L) = s + Iz -7 = Flir, + [IDiv (0 — 1)
= Mu(v,7) + [ILe() — tlls + |z -n = Fllr, + [IDive + f]|. (5.3.3)
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Hence,
le@ — V)|l + [[o — ]|«
<2My(v.7) + [|ILev) — tllu + It -n — Fllp, + [IDive + £

<M (v,1), (5.3.4)
where ¢ = 3 4+ +/2/C. On the other hand,
— . 1/2
M (v, 7) < [[Le —w)llx + llo = llx + C(IDiv (x =) > + ll(6 — D)nlE,) /
< lle@ =)l + llo = zll« + C (IDiv (z = o)|| + (o — T)nIr5)
= c(lle@ —v)lll + [[o — 7]l+), (5.3.5)

where ¢ = max{1,C}. Thus, we note that M, (v, 7) is equivalent to the error evalu-
ated in the combined stress-strain norm.
5.4 Isotropic linear elasticity

In the important case of isotropic elastic media, the components of L and L' depend
on two material constants only. Below we present respective forms of a posteriori
estimates derived in the previous section.

5.4.1 3D problems

For d = 3, we can represent the elasticity tensor in the form

Le=Kotrel+2ue, (5.4.1)
—1 1 1 D
L''t1=—trel 4+ —1°. 54.2)
9Ky 2/L

In (5.4.1)-(5.4.2), K¢ and u are positive (elasticity) constants that depend on proper-
ties of media to resist compression and shear forces, respectively.
In this case, the norms are defined by the relations

lllew) |12 :=/Q <K0 tre(w)? + 2u |8D(w)|2) dx, (5.4.3)
1 1
Izl :=/Q (mtr(t)z + m {(T)D}z) dx. (5.4.4)
Since
e(v)—Llr = (l tr(e(v)) — 1 tr(r)) I+ (ED(U) Ly r) (5.4.5)
3 9K, 21 ’ o

Le(v)—1t= (Ko tr(e(v)) — %tr(r)) I+ (2u(e)°(v) —7°), (5.4.6)
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we find that

(e(v) —=L7'7) : (Le(v) — 1)
2

1 2
= Ko (divv — —t 2 54.7
0( iv v 3K, FT) + 21 ( )

1
W) — —trr
2u
Hence, for isotropic media the estimate (5.1.6) reads as follows:

/Q <K0|div u—v)*>+2u }8D(u - v)|2) dx

1 2 2
E(l-l—ﬂ)/ (Ko(divv—ﬁtrr) +2u )dx
Q 0
148

+ Tc2 {IDive + f[> 4+ ||IF —tnll,} . (5.4.8)

1
) — —tre
21

Instead of K¢ and p, one cane use another pair of constants and represent (5.4.1) and
(5.4.2) in the form

Le=Atr(e)l + 2ue, (5.4.9)

1 A
- - I). 4.1
o (‘L’ 7 tr(t) ) (5.4.10)

Here A = Ko — 2?” In this case,

L't

|||s(v)|||2:=/Q (A|divv|2+2,u |8(v)|2) dx, (5.4.11)

I A
zlI? ::/Q o (|f|2— mtr(r)z) dx, (5.4.12)

and

(s(v) — L_lr) :(Le(w)—1)

= Aldivv]? + 2u e(v)]* + tI‘(‘L')z) —2¢e(w): 1.

1 2
. a—
21 3A4+2u

5.4.2 The plane stress problem

The plane stress problem arises if a thin elastic plate is subject to an action of forces

lying in its plane. Let
~ h h
Q=Qx|—=,=],
22
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where Q € R2 is the so-called “middle surface” T'y. It is assumed that this surface
contains x; and x5 axes of a Cartesian coordinate system and x3 is perpendicular to
[p. Throughout this chapter the symbol ~ is used to mark “plane” components of
vectors and tensors. In particular, we write X = (x7,x2) for the plane coordinate
vector, 7 = (v1, vp) is a plane vector, and T := {15}, s, = 1,2, is a plane tensor.

Assume that & is small with respect to the character size of Q. In general, it may
be difficult to exactly define this n0t10n but for sufficiently regular domains we can
compare i with the diameter diam Q. Let f =1 f 1(%), f 2(%), 0} and assume that the
surfaces

~ h
Iy = {x:(t’u\,)@) | ¥ € Q, x3=:t§}

are free from loads. Also, we assume that the boundary conditions on

f
i =Y 5,5

are defined by the functions ug = {7p(X),0} and F = {F (%), 0}. Here the y; denote
two parts of y, which is the boundary of Q.

In the plane stress model, it is suggested to consider the stress tensor as a plane
tensor. In other words, we set

0i3=0, i=12,3. (5.4.13)

In addition, in the plane stress model it is assumed that o insignificantly depends on
X3, SO that

G =0@®). (5.4.14)

Strictly speaking these assumptions are not true and violate the 3D relations of linear
elasticity problem. However, they lead to a 2D problem which is much simpler. The
error arising owing to this dimension reduction procedure is the modeling error. In the
next section, we derive an upper bound for this error. Now, our goal is to present the
error majorant for the plane stress problem.

In view of (5.4.13), e13(u) = e23(u) = 0. For the component £33(u) we have the
relation (which comes from the Hooke’s law)

2e33(u) — e11(u) — e22(u)

0 =033 = Ko(e11(u) + e22(u) + e33(n)) + 211 3 )

which implies

61 —~
tre = ———1re.
3Ko +4u
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Therefore, 2D form of the Hooke’s law is

G =010%=Kotr?sl + 21 (®", (5.4.15)

~_ =1~ I~ = 1 5
e=L""0=—trol + —0o"”, (5.4.16)

4K, 2p
where Ko = 319(.10(—1‘@ and tr'2 := €11 +&22. The other relations that define the solution
are as follows:

DivG + f =0 in Q, (5.4.17)
U =T on y1, (5.4.18)
cn=F on y,. (5.4.19)

We repeat the arguments adduced for deriving the error majorant in the 3D elasticity
model and arrive at an estimate similar to (5.4.8):

/Q (1?0|a§(u — )2+ 2 [BP(u — v)|2) dx

R 1 \2 2\
5(1—|—,3)/§<K0(divv—§trr) +2u )dx
0
1+ 8

+—g c2 {||1Si??+ TIE+IF —?ﬁuiz} . (5.4.20)

- I~
eP(v) — —tr7T
2p

5.4.3 The plane strain problem

The deformation is called plane if at any point the displacement vector is collinear to
a certain plane. Assume that this plane is Oxjx5 and

up = ui1(x), uz =uz(x), uz=0.

In this case, only the plane part of the deformation tensor (1) has nonzero compo-
nents. By the Hooke’s law, we conclude that 013 = 023 = 0 and o33 is excluded by
the relation

which also follows from the Hooke’s law. In view of the above relations, the plane
parts of stresses and strains are connected by the relations

G = Aw(E@)T +2u8@), (5.4.21)
1

S B S NP
e(u) = 0 (0 —2(A+u)tr(0) ]I). (5.4.22)
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In view of (5.4.22), the term of the majorant related to the constitutive relations of the
plane strain problem has the form
—_— PR 1 ~ PN N\
| (Aldivol® + 2u | 8(1))|2 + — [T - ————a(®)? - 2800) : r) dx.
/sz( 2p (A + p)

5.4.4 Error of the plane stress model

Estimate (5.4.8) allows one to measure the error that arises if the 3D elasticity problem
is replaced by a simplified 2D one. Let % and ¢ be the displacement vector and the
stress tensor satisfying (5.4.17)—(5.4.19) and the relations

o1 = I/(?)(ﬁl,l +7/l\2,2) + /L(il\l,l —7/!\2,2), (5.4.23)
622 = Ko(lin,1 + Ti22) + p(fiz g —11,1), (5.4.24)
12 = u(ly2 + Uz ). (5.4.25)

With the help of % and & we construct (i, ¢), which yields an approximate solution of
the original (3D) problem. For this purpose, we set
u = (1,2, 9),
gaﬂ = aa[)', 03¢ =0,
where ¢ € ®(Q) :={pc H(Q) | $ =0o0nT}.

Since % = %o (X) on y;, the function u belongs to ug + Vy. Therefore, we can use
(5.4.8) with v = W and t = 7. Note that

on=0onT1 and on ={cn;0} = F onTIy, (5.4.26)
Divs = {Divo; 0} = {—f: 0} = — f. (5.4.27)

Therefore, the last term of (5.4.8) vanishes and the whole error is contained in the first
one. To evaluate it, we use the relations

tr(e(u)) = 1,1 + U220 + @3, (5.4.28)
(&) = (G) = 611 + 022 = 2Ko (W11 + 1i2,2) (5.4.29)
and find that
tr(e(i)) — 355 (@) = p (W11 +U2.2) + b3,
where

2Ke 3Ko—2u 1 (Ko
3Kg 3Ko+4n 2\ pn '

. . ~ 2
Let us estimate the quantity |ﬁa — (s)D(Ti)| .
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In view of (5.4.23)—(5.4.25), we have

2611 —022
3
20220 — 011
3
011 +022 2Ko
3
Therefore,
1 _(ul 1+ U22) —I—
5" =
- u +u
2/,L 1, 22 2.1
0
Next,
;t\l,]-f-?t\z,z 74\1,1—74\2.2
6 A+ —~~
) = u12+us
2
[
2

and we obtain

[ o +u22)+¢3
3
| D
—0—¢eU)= 0
2p
_$1
L 2
Hence,

e
_O’_
2p

0, ~ ~ ~ ~
= T(”l,l +22) + p(iy,1 —Uz2),
Ko . . -
= —(“1,1 +20) + u(a 2 —up,1),

(W11 +u2).

—U2,2 ’14\1,24-74\2.1
2 2
K Uz =1
o1 +iz) + 2550
0
0
0
Ko o~ ~
—3—;2(M1,1 +U2p)
93 UL2+us.1
3 0 A 2
ui,1tuz2 4 M22uia ¢3
6 2 3
2
2
(280
2
2
2
2¢3 _ ui1tuzp
3 3
: %
p (1.1 +u22)+6.3 _¢2
3 2

_ 2(p (w11 +u22)+6.3)

b2
2

2 ~ 1
= 3(p@11 +122) +6.3)° + (01 + ¢2)

3 .



116 Chapter 5  Elasticity

and we find that

/Q (K0|div (u—u) %+ 2u ‘SD(M —'LT)]2> dx

1 2 2
< Ko |divii — — tr'o 2 d
_/gz( 0( VU 3Ko ro) +2u ) X

4
< (Ko + ?M) /Q (0 @11 +u22) + ¢,3)2 dx + /L/;z (97 + ¢3) dx. (5.4.30)

1
@) — — trg
2p

It is easy to see that the right-hand side of the above estimate is positive. Indeed, if
the second integral is equal to zero then ¢ = ¢(x3). Then the first integral is positive
(because 7 and 7, depend only on X). The only one exception is the case p = 0 or
(d/iViZ = 0) Since p = % we observe that p can be equal to zero only if the Poisson
coefficient v is equal to zero. In all other cases, the modelling error related to the plane
stress model is positive.

5.5 Notes for the chapter

The reader can find a more detailed discussion of a posteriori estimates for linear
elasticity problems author’s papers [280, 282, 284] and in the book P. Neittaanméki and
S. Repin [244]. Numerical tests and extensions of the above theory to thermoelastic
problems are presented in A. Muzalevskii and S. Repin [240, 241].

In the last section of this chapter, we have touched an important problem: estimation
of modeling errors. This problem deserves a special consideration, which is beyond
the framework of the book. In the context of functional error majorants, a posteriori
error estimates for modeling errors arising in dimension reduction models of diffusion
type problems were derived in the papers by S. Repin, S. Sauter, and A. Smolianski
[310, 310, 312] and for elasticity problems in [284, 285].



6 Incompressible viscous fluids

6.1 The Stokes problem

Statement of the problem. The Stokes model is one of the simplest models in the
theory of viscous incompressible fluids. It is represented by the relations

Uy —vAu= f —Vp in 2, (6.1.1)
divu =0, (6.1.2)
u(x,0) = u(x), (6.1.3)

U =ug on T, (6.1.4)

where u(x, t) is the velocity field, p(x, ¢) is the pressure function, v > 0 is the viscos-
ity parameter (or a positive function), and % (x) and uq are solenoidal functions that
define the initial and boundary conditions, respectively.

In the stationary case, u does not depend on ¢. Then, the problem is to find u(x)
and p(x) such that

—VvAu = f —Vp in 2, (6.1.5)
divu =0, (6.1.6)
U = Uy onl. (6.1.7)

In the case of mixed boundary conditions, (6.1.7) holds only on a part I'y C I', and on
another part I, the Neumann boundary condition

on=F only, (6.1.8)
(where 0 = vVu — p) is considered. We assume that
feLy(Q.R") and up € SY(Q), (6.1.9)

where S! (2) denotes the closure of smooth solenoidal functions with compact sup-
ports in  with respect to the norm of H (2, R?). Henceforth, we denote H'(Q, R?)
by V and define V} as the subspace of V' containing the functions with zero traces on
I" (for problems with mixed boundary conditions V contains functions vanishing on
the Dirichlet part of the boundary). We recall that the (Friedrichs) inequality

[w]| < Cra|Vwl (6.1.10)

holds for w € Vj. The set ug +§1 (2) consists of functions 1o +w, where w € St ().
The space of square summable functions with zero mean is denoted by L2(2).
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A generalized solution of the stationary Stokes problem (6.1.5)—(6.1.7) is defined
by the integral identity

/ vVu : Vwdx :/ f-wdx, Vwegl(Q). (6.1.11)
Q Q
Remark 6.1. Stokes problem can be stated using the tensor of small strains
1
e(u) = {e;j(w)}, &j(u) = 3 (uij +uji),

instead of Vu. In view of the relation Dive(v) = %(Av + Vdivv), for solenoidal
fields we can write (6.1.11) in terms of the operator ¢ (instead of V). Such a statement
is equivalent to (6.1.11) if v is multiplied by 2.

A generalized solution can also be defined as a function u € ugy + St (2) satisfying
the relation

/ vVu:Vwdx = / (f-w+pdivw) dx, w €V, (6.1.12)
Q Q

on a wider set V. In this case, the respective p is to be defined with the help of (6.1.6).

Inf-Sup condition. First, we recall an important result in the theory of functions
related to the operator div .

Lemma 6.2. Let Q2 be a bounded domain with Lipschitz continuous boundary. Then,
for any function f € L?*(2) one can find a function wy € Vo such that divwy = f
and

[Vwrll < call f1I, (6.1.13)

where Cq is a positive constant dependent only on 2.

The reader can find a proof in I. Babuska and A.K. Aziz [22] (for d = 2) and
O. Ladyzhenskaya and V. Solonnikov [213]. Also, Lemma 6.2 can be viewed as a
special case of the closed range lemma (e.g., see F. Brezzi and M. Fortin [79] and
K. Yosida [374]). Lemma 6.2 implies several important results.

First, it leads to the key condition in the mathematical theory of incompressible
materials known in the literature as the Inf-Sup (or Ladyzhenskaya—I. Babuska—Brezzi
(LBB)) condition. The latter reads: there exists a positive constant C gz such that

divw dx
inf  sup fﬂq—
acZ2@ wevy gl [Vl
q#0 w0

> Cigs. (6.1.14)
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In fact, by Lemma 6.2 we know that for any q € L2(2) one can find a function vg € Vo
satisfying the conditions

divvg=gq, [[Vug| <cellql. (6.1.15)
In this case,
divvdx divvg dx 1
sup Jo > Ja q q _ llall > 1
verg(@ Vol llql [Vogll [|qll [Vugll — cq

and, consequently, (6.1.14) holds with C, 53 = (cg)~!.

The condition (6.1.14) and its discrete analogs are used for proving the stability and
convergence of numerical methods in various problems related to the theory of viscous
incompressible fluids. In I. Babuska [21] and F. Brezzi [77], this condition was proved
and used to justify the convergence of mixed methods, in which a boundary value
problem is reduced to a saddle-point problem for a certain Lagrangian. It is worth
noting, that conditions similar to (6.1.14) arise in many other problems if they are
stated as saddle point problems.

Also, (6.1.14) follows from the Necas inequality

Jo adivw dx

lall < callVall-1,@ := sup : VqeL*(Q). (6.1.16)

wevg  [[Vw]|
w##0

A simple proof of the Inf-Sup condition for domains with Lipschitz boundaries can
be found in J. Bramble [71]. Estimates of the value of C,; for various domains are

discussed in, e.g., E. Chizhonkov and M. Olshanskii [105], M. Dobrowolski [116], and
L. Halpern [165].

Saddle-point statement, the existence of a solution, and energy estimates. With
the help of Lemma 6.2, it is not difficult to prove the existence of u, p, and o that
deliver a solution to the problem (6.1.5)—(6.1.7). For this purpose, we use general
theorems in convex analysis concerning saddle-points of Lagrangians. Consider the
Lagrangian L : (ug + Vo) x L2($2) — R of the form

L(v.q) :=/ (519017 — qdivv) dx—/ £ ovdyx
Q \2 o
and the saddle point problem
L(u,q) < L(,p) < Lw.p),  Vveug+Vo, g€ L(@). (6117

It is not difficult to verify that a saddle point is formed by the velocity field ¥ and the
pressure function p satisfying (6.1.5)—(6.1.7).
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Indeed, the left-hand side of (6.1.16) reads
[ (g —p)divudx =0, Vqe L2(Q). (6.1.18)
Q

Hence, div u is orthogonal to any function with zero mean. However,

/ divudx:—/u-nds:—fuo-nds:/ divugdx =0,
Q T r Q

so that {divu}qg = 0. By (6.1.18), we now conclude that divu = 0.
Set v = u £ ow, where ¢ > 0 and w € Vp. Then, the right-hand side of (6.1.17)
means that

oV
:l:/ (WWVu :Vw —pdivw—f -w) dx < —/ [Vw|? dx.
Q 2 Ja
Since o can be taken arbitrarily small the above inequalities imply

/ (vVu : Vw —pdivw) dx = / fwdx, Yw € Vp. (6.1.19)
Q Q

If w € S(Q), then (6.1.11) follows from (6.1.19).
The saddle point problem (6.1.17) is equivalent to two variational problems

(Py) inf sup L(v,q) and (#p) sup inf  L(v,q).
veuo+Vo qEZZ(Q) qGZZ(Q) veuo+Vo

Since {divv}q = 0 for any v € ug + Vp and
. . 0 if divv = 0,
sup / gdivvdx = sup / qd1vvdx={ e
qel2(@) /9 aeL2(@) /2 +oo ifdive #0.

we note that

inf sup L(v,q) = inf 1(v) = I(u),
veuotVo gef2(q) veup+§!(Q)
where
1
I(w) =/ (§|Vw|2—f-w) dx. (6.1.20)
Q

The Problem &, determines the pressure field, however the functional of this prob-
lem cannot be represented in explicit form.

The existence of u and p follow from Lemma 6.2 and known theorems in the theory
of saddle-points. Obviously, L is convex and continuous with respect to the first vari-
able. Moreover, it is linear and continuous with respect to the second one. Therefore
(e.g., see L. Ekeland and R. Temam [121], Chapter 4, §2), it suffices to show that

Jq4 € L%() suchthat lim  L(v,qs) = +00 (6.1.21)

[v|>4o00
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and

lim inf  L(v,q) = —o0. (6.1.22)

[lqll—+o00 veuo+Vo

Set g« = 0, then (6.1.21) is satisfied.
To prove (6.1.22), we use Lemma 6.2 and select wy € Vg such that

divwg =g and |Vwgl <calq]. (6.1.23)

Then
inf . L(v,q) <L Awg,
et (v,q) = L(uo + Awgq, q)
:/ (3A2|qu|2—x|q|2) dx—i—/ AV, : Vug dx
Q \2 Q
—)t/ [ -wqdx 4+ €(uo),
Q

where

€)= [ (31V00)P - f ) dx.

By (6.1.23), we conclude that

[

= Cracealdalll £l

and

2
/3A2|qu|2dx§[ Y4242 dx.
Q 2 Q 2

Hence, we find that

vV
inf L < —A%c2 —A) > d
il L. < [ (522 =A) P dv

veuo+Vo

+ Acallgll(vVuol + Crell f1D) + € (uo).

1
SetA = —-- Then, we note that

veg
. lall®
inf L(w,q)<———5 + €(up) > —ocas [q| — +oo.
wely 2UCQ

Thus, (6.1.22) holds and the saddle point problem (6.1.16) has a solution.
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Now we establish energy estimates for the velocity and pressure functions. Set
w = u —ug in (6.1.11). We have the relation

V|| Vu|? =/Q(vVu :Vug + f - (u—ugp))dx
= W[Vuoll + Crell f IDIVul + CralVuolll f1.

From here, it follows that the velocity norm is bounded by C(||Vug| + || f||), where
C depends only on the given data. If uy = 0, then the energy estimate has the simplest
form

v[Vul < Crall f1. (6.1.24)

It is not difficult to show that a similar estimate holds for the pressure field p. Let
vp € Vp be the function defined as a counterpart of p in Lemma 6.2, i.e.,

divop=p and |Vuvpl <cqlpl.

Then, by (6.1.19), we have

/ (WVu : Vo, — f - vy) dx =/ pdivvydx = |p | (6.1.25)
Q Q
Hence,

Ipl* < @IVull + Crall f DIV vll,

and we obtain
[pll < ca(Crall £l + vIIVul). (6.1.26)

Since ||Vu|| is bounded (by the norms of given data), we note that the same is true for
Ip]l, so that the saddle point problem is stable with respect to both components.

Estimates of the distance to the set S (). Approximations computed by a numer-
ical procedure may not belong to the space St (2). Lemma 6.2 allows us to estimate
the distance between such an approximation and the set of solenoidal fields. Subse-
quently, we will use such estimates in the derivation of a posteriori estimates valid for
nonsolenoidal approximations.

First, we note that an estimate of the distance in L%-norm follows from Lemma 3.2.
However, in the case of flow problems we need an estimate in a stronger norm given
by the lemma below.

o
Lemma 6.3. For any function v € Vy, there exists a function vg € S'(2) such that

IV@ = vo)ll < clldivoll. (6.1.27)
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Proof. Let f = divv. By Lemma 6.2, we find a function wy € Vjp such that
divws = f
and
[Vwrl < colldiva].
Since div (v — wy) = 0, the function vg := v — wy belongs to St (2). Moreover,
IV@ = vo)ll = [Vwrl < celldivy]
and the estimate (6.1.27) follows. |

In other words, the distance between v € V and the set of solenoidal fields St ()
is estimated from above by the quantity ||div V|| with the multiplier ¢, that comes from
Lemma 6.2.

Corollary 6.4. Let uy € V be a vector-valued function such that
divug = ¢ € L*(Q).

From Lemma 6.3 it follows that for any function v € ug + Vp there exists a function
vy € up + SU(Q) satisfying the estimate

V@ —vg)| < celldivo —a]. (6.1.28)
Proof. Since v —ug € Vp, we can find a function vy € St (£2) such that
IV —ug — vo)ll = celldiv(—ug)| = calldive —¢|.

Hence, the function vy = ug + vo belongs to ug + §1(Q) and satisfies (6.1.28). O

6.2 A posteriori estimates for the stationary Stokes problem

In this section, we derive functional a posteriori estimates for the stationary Stokes
problem. For the sake of simplicity, we assume that v is constant. Estimates for
problems with variable viscosity are considered in Section 6.3.

6.2.1 Estimates for the velocity field

Letv € ug + §1(Q). Then (6.1.8) implies the relation

/vV(u—v):dex:/(f'w—vVv:Vw)dx, Vwe§1(S2). (6.2.1)
Q Q
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For any tensor-valued function 7 € X(Q) = L?(RQ, Mdxd ), the functional

Fro r(w) = / (f-w—1:Vw)dx
Q
is linear and continuous on Vj, and its norm can be characterized by the quantity

(f -w—1:Vw)dx
I$r,f| = sup |fS2 |
weVy, w#0 ”Vw”

The set
0+, 7(Q) := {‘CGE(Q)‘/‘L’IVU)CZX=[ frwdx, Ywel,
Q Q

defines the kernel of F ¢. It contains the tensor-valued functions that satisfy (in a
generalized sense) the equilibrium equation Divt + f = 0.
Represent the integral identity (6.2.1) in the form

/QvV(u —v): Vwdx = ¥ r(w) —I—/Q(r —vVv) : Vwdx.
Since |7, r(w)| < | F7, 7 | [ Vw] and
/;z(r —vVv): Vwdx = /Q(r—l—qll— vVv) : Vwdx < |lt+ql—v V||| Vw]],
we set w = u — v and arrive at the estimate
V[V —v)|| < | F7, 7| + It +Ig— vV, (6.2.2)

where ¢ is an arbitrary function in ZZ(Q) and t is an arbitrary tensor-valued function
in 2(Q). If r € H(Q,Div) N X, then

[(f-w—r:Vw)dxzf(f—l—Divr)-wdx
Q Q
and we find that

| 72,71 < Cralf +Divr],

where Cggq is the constant in (6.1.10).
Now, the right-hand side (6.2.2) is presented by directly computable integrals,
namely,

VIV@ =) <M (v,7,9) := [t + 1= vVo| + CrelDive + f]. (62.3)
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If g € H'(R), then a somewhat different form of the estimate follows by changing t
to n, where

t=n—ql, (6.2.4)
which gives
V[V = )|l < M (v,7,9) := |In = vVv| + Cre|Divy + f — Va||. (6.2.5)

Estimates (6.2.3) and (6.2.5) have a clear meaning. Estimate (6.2.3) shows that the
upper bound of the error can be represented as the sum of two parts related to the
decomposition of the Stokes system as
o=—pl+vVu,
—Dive = f.
Its right-hand side vanishes if and only the above relations are exactly satisfied. Since
v is a solenoidal field satisfying the boundary condition, the right-hand side of the
majorant is zero if and only if v = u. Similarly, (6.2.5) shows that the upper bound
of the error can be represented as the sum of two parts related to the decomposition of
the Stokes system as
o =vVu,
—Dive = f — Vp.
We can also deduce other equivalent forms of (6.2.3) and (6.2.5). Squaring both parts

of (6.2.3), we obtain an estimate the right-hand side of which is given by a quadratic
functional:

VIV —v))? < MZ, (v, y, 9, B)

1 C2
=1+ Bt +qI—vVv|* + %umw + £, (6.2.6)

where B is an arbitrary positive number. Rearrange the first term on the right-hand
side by (1.4.2)—(1.4.2). Since divv = tr Vv = 0, we have

1
It +qIl—vVy|? = ”g (trt 4+ gd)T 4 ° —vVo|?
1
= / (E(t” +dq)® + |° — vVv|2) dx. (6.2.7)
Q

If 7 is selected in such a way that

{trr}g =0, (6.2.8)
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then we can set q = —%(trr) and obtain
(1+B)Cig . .
VIV —v)|> = (1 + B)<° —vVo|* + TFQ”DIV‘E + fII*. (6.2.9)
Note that the right-hand side of (6.2.9) does not contain q. It vanishes if
° — vV =0,
Divt + f =0.

Since divv = 0, we have
tr(z + qI —v(Vv)) =trt +dq =0,

and, therefore, the constitutive relation in terms of traces is also satisfied. Thus, we
conclude that this majorant also vanishes if only if v, 7, and q coincide with the exact
solutions.

Now consider the case, in which an approximate solution may not exactly satisfy
the divergence-free condition. We mark such approximations by hats. Assume that
U € ug + Vp and divy may be not equal to zero. In this case, the estimate of its
deviation from u can be obtained by the following arguments.

First, by Corollary 6.4, we know that for v one can find a function w € ug + St ()
such that

V@ —w)| < cqldivy]. (6.2.10)
Therefore, we have
VIV =9)| < vV —v)| +v[[V@©-)].

Use (6.2.3) to estimate the first norm on the right-hand side of this inequality. We
arrive at the estimate

VIV =) < It + qI—vVv| + Crq|Divt + f| + v[[V@ - v)|
<t +ql-vVV| + CrqlDivt + f| + 2v[[V([© - v)].
In view of (6.2.10), we find that

VIV —9)|| < |lt + qI—vVD| + CralDivt + f| + 2veq|divD], (6.2.11)
where T € H(2,Div) and q € ZZ(Q).
If {trr}o = 0, then we can set g = —%(trr) and obtain
v[[Vu—v)|| = |t° = v (Vu)° || + Crq|Divt + f]| + 2vcql|/divo]. (6.2.12)

Thus, if the constants Crg and cg are known (or we know suitable upper bounds
for them), then (6.2.11) provides a way for evaluating the deviation of v from u. For
this purpose, we should select certain finite-dimensional subspaces X and Qj for
the functions t (or 1) and q, respectively. The minimization of the right-hand side of
(6.2.11) with respect to T and q provides an estimate of the deviation, which will be
the sharper the greater is the dimension of the subspaces used.
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6.2.2 Estimates for pressure

Estimates gf lp — q|| can also be derived with the help of Lemma 6.2.
(p — q) € L?(R2), we know that

divio =p—q and [[VU] <cqlp—q|

for a certain vector-valued function W € V. Hence,
lp—al? = /Q divii(p — q) dx.
Recall that the exact solution u satisfies (6.1.18) and, therefore,
/Q(p—q)diViT)dx = /Q(vVu VW — f-w—qdiviw) dx
= / vWu —-7): Vwdx
Q
+/;2 WVv: VW + f-w —qdivw) dx.
We have
[ vV =) VT <ol V0 - Dl I -l
and
/Q (wWWv:Vw + f-w —qdivw) dx
= /gz (vWv—1—ql): V'ﬁabc—/Q Divt + f)-wdx

< (IvV9 =z = qI + vCralDive + £1)eallp - dl.
Therefore,

Ip = all = ca(vIV@ =) + [vV9 7 —ql| + CralDive + f])

< 260 (|IvV9 — T = qI|l + CralDive + £] + veadivl)),

and we arrive at the estimate

Since

1 ~ . o~
S—lp—all = VW5 - —qll + Cra|Dive + f] + vea|divi]. (62.13)
Q

It is easy to note that the right-hand side of (6.2.13) consists of the same terms as the

right-hand side of (6.2.3) and vanishes if and only if,

v=u, tT=0, and p=gq.

However, in this case, the dependence of the penalty multipliers on the constant cq, is

stronger.
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6.2.3 Estimates for stresses
Let T € 3 (£2) be an approximation of o. We have
[t —ol = llr + pl —vVu]
<t +ql—=vVo| +v|[V@—w)| + Vd|p—ql. (6.2.14)
By (6.2.11) and (6.2.13) we conclude that
It =0 <2(1 + Vdceg)|t + qI— vV + Cra(l + 2v/dcg)||Dive + f||

+ 2veq(l + Vdceg)||divDl. (6.2.15)
Since

It —oll3y = llr —al®> + [Dive + £,

it is not difficult to estimate the deviation 7 — ¢ in the norm of H (2, Div). However,
the estimate has a more symmetric form if the deviation is expressed in terms of the
norm

I[7]lpiv == lInll + Cra|Div .

In this case,

&t — ollpy < Iz + q1— vVD|| + CralDive + f| + veo|dive], (6.2.16)

1
2(1 + Vdcg)'

where ¢ =

6.2.4 Estimates in combined norms

We can measure errors in terms of combined norms of the product space
W = (uo + S1(R)) x H(Q,Div) x LA(Q),
for which we introduce two equivalent norms

I, w. )llw = vIVull + [low + Vd gl
@, z. @)llw = vIVoll + lielbwe + Vlal.

It is easy to see that

Y1 ”(U, T, q)”W = ][(U’ T, q)][W = Y2 ” (U, T, q) ”W’ (6217)

where Y1 = min{l, Crq} and y, = max{l,Crgq}.
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We can show that the majorant M g1, (v, T, q) is equivalent to the error in the com-
bined norm |[(v —v,0 — 7,9 — )]l
We have

Jlo — T][Div =vWu—-t—p ]I][Div
V[V —v)| + [vWv =7 —pl|| + Cro|Divt + f

V[V —v)|| 4+ [vVv — 7 —qI| + Vd|lp — qll + Cra|Dive + f].

A

IA

Therefore,

e —v,0 —7.p = )l := vV = v)| +]lo =l + Ve lp —al
<20V =v)[ +[[vVv -7 —qT]

+2Vd|p—q|| + Cra|Divt + f].

Since v € uyp +S! (R2), we can use (6.2.3) and (6.2.13) to estimate the terms ||V (u—v)||
and ||p — ql|. We obtain

w—v.0—7,p—9llw < Ca(llvVv —7—ql|| + CralDivt + f])
= CeMen (v, 7,7), (6.2.18)

where Cg = 3 + 4+/dcq. On the other hand,
Mni(v,7,9) < V[V —w)l| + o — iy + Vdlp—al. (62.19)
Thus, we find that
Men(v.7.9) <N —v.0—2.p—llw = CeMsn(v.7.).  (62.20)

In view of (6.2.17), the majorant M sn (v, T, q) is also equivalent to the combined norm
[ —v,0—1.p—0)llw.

Remark 6.5. It is easy to show that the majorant 901 1, (v, 7, q) is also equivalent to the
combined error norm. Moreover, one can prove that on a wider set

W = (uo + Vo) x H(2,Div) x L*(Q),
the majorant
M = @.7.q) := |t +91-vVD| + CrelDivr+ f|| + 2vece |divD|

is also equivalent to the combined error norm J[(u—v, o —7, p—q)][p -



130 Chapter 6 Incompressible viscous fluids

6.2.5 Lower bounds of errors

A lower bound of ||V(u — v)|| is derived by the same arguments that we have used in

Section 4.1. For v € ug + Vp, we have

g”V(u D)2 = /Q (vV(u D) Vu—7) — EV(u ~%): V(u —ﬁ)) dx

< sup / (vV(u —-?):Vw — %va\ : V@) dx
Q

wely

IA

T€X(Q)

Thus,

-~

weVy

V|V —9)|?> = sup / 2vV(u —v): Vo —vVw : V) dx.
Q

By (6.1.12), we reform the right-hand side of this relation and obtain

VIV =) = sup {~G(@.1.p)}.

weVp

where G is a quadratic functional defined by the relation

G, w,p) :/ (2vVo: Vo + V|V |2 —2f-w—2pdivd) dx.
Q

Thus, for any w € Vy
V|V =9)|? = —G@. W, q) —2[lp — ql [ div D]
We estimate the last term by (6.2.13) and arrive at the estimate
V[V -0 = M@, @, 7)

= G, 0, q) — 4cQ(||vvﬁ— T —ql|

+ Crol|lDive + £ + ucQ||divﬁ||) Idiv D).

v v
Vu—-7):1—=1:17) dx = =||V(u —7)|>.
sup /Q(v u—-v):1 2r r) X 2|| (u—=2)|

(6.2.21)

o
If the trial functions are taken from a narrower set S'(£2), then the last-mentioned term

in (6.2.21) vanishes, and we find that

VIV =) > -G@,w.q), Yw e SY(Q), qe LAR). (6.2.22)

Since

/vVu:V(u—i)\)dx=/(f~(u—ﬁ)+pdiv(u—i)\))dx,
Q Q

(6.2.23)
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we note that
G(ﬁy u— /‘U\, p)

=/ (2vVD: V(u =) + v|V(u —0)> = 2f - (u — D) — 2pdiv (u — D)) dx
Q

= —v|V@—u)|>. (6.2.24)
Hence,
V[V —-0)>= sup {~G@. w.q)}. (6.2.25)
wegl(fz)
q€L2()

6.2.6 Mixed boundary conditions

Now, we consider a more general statement of the Stokes problem (6.1.5) and (6.1.6)
with mixed Dirichlet-Neumann boundary conditions

U = U on Iy, (6.2.26)
on=Fm on [, (6.2.27)

where I'; and I'; of T" are two measurable nonintersecting parts of the boundary, u¢ is
a given function such that divug = 0, and F € LZ(FZ, Rd). In this section, we define
the space V) as follows:

Vo () := {v e HY(Q.RY) [ v=0 on rl}.

Let S(l)(Q) be a subspace of Vp(f2) formed by solenoidal functions. A generalized
solution is a function u € S(l)(Q) that satisfies the integral identity

/ vwWu : Vwdx = {(w), Yuw € SH(Q). (6.2.28)
Q
Here, £ : Vp(2) — R is the functional

L(w) :=/ fw dx—{—/ F-wds.
Q I
It is easy to see that
[L(w)| < C¢||Vwl, Yw € Vp(2). (6.2.29)

Note that Cy; depends on €2 and I'; and on the constants in the respective Friedrichs
and trace inequalities (for the functions vanishing on I'1). For any t € X(Q2), the
functional

Fro(w) :=L(w) —/ vt :Vwdx
Q
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is linear and continuous on Vp(€2). Its norm is defined by the relation

Fro(w
| Fze | == sup [Fzt w)] < Cy+v|z]. (6.2.30)

weVo@) IV

The set K, o = Ker ¥ 4 contains tensor-valued functions that satisfy (in a generalized
sense) the equilibrium equation

Divt+ f =0 in Q (6.2.31)
and the boundary condition
th=F on [';. (6.2.32)

Theorem 6.6. For any v € ugy + S(l)(Q), qe L2(Q), and © € X(R), the following
estimate holds:

VIV =) < llt +qI—vVo| + | Frel. (6.2.33)
If
7 € Hy,(Q.Div) := {f €Y | Dive € L2(Q,RY), tn e LZ(FZ,R“’)},

then the majorant for the Stokes problem with mixed boundary conditions is given by
the relation

V[V =) = Mea(v,7.9)
= |t + qI—vVv|| 4+ Cre|Divt + f||
+ Crr, | F — T |, (6.2.34)

where Crq and Crr, are the constants in the inequalities

lwl < CralVw], Yw € Vp(R), (6.2.35)
[wlr, < Crr, [[Vw]. (6.2.36)

Proof. From (6.2.28) we conclude that for any w € S(l)(Q)
/ vWu —v): Vwdx = {(w) —/ vVu: Vwdx.
Q Q
Let t € 2. Then,

/vV(u—v):dex:/(f—vVv):dex—i—Z(w)—/ vt : Vwdx
Q Q Q

= (lt+al—vVoll + | Fze D [Vwll.
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where q is an arbitrary function in L3(R). By setting w = u — v we arrive at the
estimate (6.2.33).
Assume that T € Hr, (€2, Div). Then,

?r,g(w)=/ (Divt + f)-wdx + (F—1tn)-wds
Q >

= |Pivz + flwll + | F = znfllw]r,
=< (CralDivt + fIl + Crr, | F — tnir,) VW]

and, therefore,
| 720 w) | < CralDive + f|| + Crr, | F —Tn|r,. (6.2.37)
Now (6.2.34) follows from (6.2.33) and (6.2.37). O

The functional M gy, (v, 7, q) is directly computable, provided that the constants
Crq and Crr, (or their upper bounds) are known. It vanishes if and only if

T=—ql+vVv

and the relations Divt + f = 0in Q and tn = F on I'; hold almost everywhere.
Since v meets the Dirichlet boundary condition on I'; and satisfies the relation
divv = 0, we conclude that in such a case v = u and 7 and q coincide with the
exact stress and pressure fields, respectively.

Remark 6.7. A modification of the above a posteriori estimate is obtained if {trt} = 0
and we set q = —%trr. Then (6.2.34) implies the estimate

V[V —v)|| < ||lt°—=vVo°||+ CrlDivt + f|| + Crr, | F —tnlr,, (6.2.38)

which that does not contain ¢. Note that if the right-hand side of (6.2.38) vanishes,
then tn = F on 2 and

Div (z° + %trtl) + /=0 in Q.
In addition, 7° — v(Vv)” = 0 and g = —J tr7, so that
T =—ql+v(Vv)°.
Since v € ug + S})(Q), we conclude that T = —¢l 4+ vV satisfies the equilibrium

equation and, therefore, t coincides with o, v with 4, and q = —%trt coincides with
p (up to a constant).
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A lower bound of the error can be derived by arguments similar to those used in
Sections 3.2 and 4.1. It has the form

IV —v)|* = 2¢(w) —/Q (vIVw]* +2vVv : V) dx, Yw € S§(RQ).

To derive estimates for approximations in ug + Vp(€2) we first prove an assertion
below, which can be viewed as a generalization of Lemma 6.3.

Lemma 6.8. Assume that
v e Vo(R) = {ve V() | {dive)g = 0}
Then, there exists vy € S(l)(Q) such that
V(v = vo)ll = celldivyl. (6.2.39)

Proof. Forany a € H'/2(I', R?) satisfying the condition Jra- nds = 0 there exists
a solution w, of the Stokes problem

—Awg + Vp =0,
divwg, =0 in 2,

wg +a =0 on .

Let a be the trace of v € VO(Q) on I'. Then, wy, + v € V. By Lemma 6.2 we know
that there exists wo € S'(£2) such that

IV(wa +v) = Vo || < colldiv(wa + v)|| = celldivv].
This estimate means that
Vv = V(wo — wa)l| = cqlldivoll,
where the function vg = wg — wy is solenoidal and vg = O on I';. O
Theorem 6.9. For any U € ug + Vo () such that
{divo}g =0, (6.2.40)

q € L2(Q), and T € (), the following estimate holds:

V[V =) <[t +qIl—vVY| + | Fr | + 2vee|divy]. (6.2.41)
If T € Hr, (2, Div) then

VIV =9)|l = [t + qI-vV@)|| + CralDive + f|
+ Crr, ||tn — F|r, + 2vee|[div o). (6.2.42)
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Proof. Let W := U — ug. This function belongs to Vo (£2). In view of (6.2.40)
{divw}g = {divv — divuglg = 0,
so that B € V(). By Lemma 6.8, there exists a function vy € S}(€2) such that
IV@ — vo)ll < colldiv]. (62.43)

We have

VI IIVu =) =v||Vu—w—uo)| (6.2.44)

< v [V —vo—uo)ll + v |[[V(@ —vo)| .
Since div (vo + ug) = 0, we estimate the first norm by (6.2.33) and find that
VIV =9)[ = [t + qI—=vV(vo +uo)ll + | Frel + v V(@ — vo)ll
<t +al—=vVoll+ | Frel +2v [V —vo)ll-

By (6.2.43), we obtain (6.2.41). Estimate (6.2.42) follows from (6.2.37) and (6.2.41).
m|

Estimate (6.2.42) has the same principal structure as (6.2.4). The only difference is
that a new term Crr, ||tn — F||r, arises. It serves as a penalty for a possible violation
of the Neumann boundary condition.

Remark 6.10. If {trt}o = 0, then the pressure can be excluded, and we have the
estimate

V[V =) < [ = v(VD)’| + CralDive + f]
+ Crr,||tn — F|r, + 2veq|/divo]. (6.2.45)
Now, our aim is to derive an upper bound of ||p — ¢
Let v € V5(2) be a vector-valued function such that div v = 1in Q. We note that
there are many functions with such properties. Indeed, the nonhomogeneous Stokes
problem
—Av+ Vp =0,
divv =1 in 2,

v=20 on I,

v=a on I'7, / a-nds = ||
I

has a solution (e.g., see [348]). The latter can be taken as vt
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Theorem 6.11. Let q € ZZ(Q) be an approximation of the pressure field p. Then

1 . .
— llp—all = [vWo -7 —qll| + CrellDive + f]
Ca

+ Crr,lltn — Flr, + vee|ldiv], (6.2.46)

where CZ; = cq + Q72 HVUT
Hr, (2, Div), respectively.

}, vV and T are arbitrary functions in VO(Q) and

Proof. Since B
P—d—tp—alg=p—aqeL>Q),

we apply Lemma 6.2 and conclude that there exists a function wg € Vp(£2) (note that

wo vanishes on the boundary) such that

divwg =p—gq (6.2.47)
and
[Vwoll < cellp —all. (6.2.48)

It is easy to see that wg = wo + {p — q)qv’ € Vo(Q),

/Qdivwg(p_q)dx=/Q(divwo(p_q)+divmp_q;9(p_q))dx
= llp—all® + 2o — a}* = llp — all. (6.2.49)
and
IVwill < IVwoll + tp — a)e I Vo7l (6.2.50)
< callp=all + tp — a)a Vo'l < chlp —all.

where ¢, = co + |Q[7V/2||VoT]].
Now, we use the integral identity

/Q vVu : ng dx = K(wg) +fg pdiv wg dx (6.2.51)
and rearrange (6.2.49) as follows:
o=l = [ divule—qds
= /;2 (vVu : ng — qdiv w;r) dx — @(wg)

= / vWu —7): ng dx +/ (vVﬁ: ng — qdiv wg) dx — E(wg).
Q Q
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In view of (6.2.50),
/Q VY —B) : Vud dx < chy [V — )] Ip —al

and

/Q (vV’t?: ng —qdiv wg) dx — ﬁ(wg)

= / WV —7—ql): ngdx—/(Divr—i—f)~wgdx+/(rn—F)~wgds

Q Q I'>

< (IvV0 =7 = qlll + CralDive + £l + Crr, | F = talr, )| Vw|

< (Vo -t —ql| + CralDive + /|| + Crr, | F = o nllr, ) s = all.
Therefore,

e —all < ck (v IV@ =) + [vWo -7 — qT]|
+ CralDive + £l + Crry|lF = tnlr,).

Now, we apply (6.2.42) and obtain the estimate

I —all = 2¢h (e +aI= vV @) + CralDive + f]

)

which is equivalent to (6.2.46). O

Remark 6.12. The constant czz contains the norm of a subsidiary function vT, which

must satisfy the condition div v’ = 1 and v™ = 0 on I';. Usually, such a function is
not difficult to construct. For example, for polygonal domains v can be constructed
with the help of Raviart-Thomas elements of the lowest order. It is desirable to have a
function v' such that || Vo] is as small as possible.

+ Crrylltn — Flr, + veglldivy]

6.2.7 Problems for almost incompressible fluids

In models of almost incompressible fluids, the incompressibility condition is replaced
by a term that contains the divergence with a large multiplier. The respective “pe-
nalized” version of the stationary Stokes problem with Dirichlet boundary conditions

reads: Find us € ug + Vo (where Vp = H 1(Q,R%)) satisfying the integral identity

1
/;z (vVus : Vw + gdiv ug divw) dx = /Q fwdx, w € Vo(R). (6.2.52)
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From (6.2.52) we find that

v[[Vus|l < Cral f1. (6.2.53)
Cig

Idivus||®> < 8]/ llusl < Cradll f I Vus|l < STIIfIIZ- (6.2.54)

We can deduce an estimate of the difference between u and ug. For this purpose, we

use (6.2.11) with U = ug. Other functions in the right-hand side of (6.2.11), we define
as follows:

1. 1.
T =15 :=vVug + gle ugl and g = pg:= —gdlv us.

In view of (6.2.52),

/ 15 : Vwdx = / f-wdx, w € Vp(R2), (6.2.55)
Q Q
so that Div tg + f = 0 almost everywhere in 2. Moreover,

5 + psI —vVug = 0.

Thus, by (6.2.11) we conclude that

1 .
Ser IV —ug)|l < ||divug]. (6.2.56)
Cq
By (6.2.13)
T2 lp— psl < [ldivus|. (6.2.57)
veg

We note that the difference between the exact solutions of the Stokes problem and its
penalized counterpart is controlled by the L2-norm of the divergence of the problem.
Moreover, from (6.2.54), (6.2.56), and (6.2.57) it follows that

)
[V —us)|| <2cqCrq \/;Ilfll, (6.2.58)
lp — psll <22 Cra~vs||f]. (6.2.59)

These estimates show that u — ug and p — ps (this fact is known, see, e.g.,
R. Temam [348]). Moreover, we find that the sequences converge with the rate no
less than §1/2.

A similar estimate can be obtained for approximations constructed by means of the
Uzawa algorithm.
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6.2.8 Problems with the condition divu = ¢

In some cases, the following version of the Stokes problem is considered

—Dive = f — Vp in 2, (6.2.60)
o =vVu in €2, (6.2.61)

U = U on I, (6.2.62)

divu = ¢ in Q, (6.2.63)

where ¢ is a given function in L? and u¢ satisfies the compatibility condition

/ ¢pdx = / Ug-nds. (6.2.64)
Q r
Letuy € up + Vo be a function satisfying (6.2.63). We set

u=uy+i, ieSYQ).
Then (6.2.60)—(6.2.63) is reduced to the Stokes problem with
f= f +vAug € H™
instead of f. In other words, the problem is to find & € St (2) such that

/ vVﬁ-dex:/ (f-w—r1:Vw +pdivw) dx, Yw € Vy, (6.2.65)
Q Q

where 74 = VVuy.
Let u be approximated by v = uy + 0, where & € S(Q). By (6.2.65), we find that
for any w € S1(RQ),

/vV(ﬁ—ﬁ)-dexz/(f-w—r¢:Vw—vVﬁ:Vw+qdivw)dx
Q Q
5[ (_f+Divr)-wdx+/ (t—19 —vVU +ql): Vwdx. (6.2.66)
Q Q

Since it — ¥ € S! (£2), we can set w = u — v. Then, (6.2.66) implies the estimate
V|V — )| < |lt +ql— vV — 14 + Cro|Dive + f]|. (6.2.67)
Since ¥ — v = u — v, we have
V[V —v)| = llt +qI-vVv| + Cre|Divz + 1. (6.2.68)

IfV = ug + vand v € Vp (so that divy # ¢), then (using the same arguments as
before) we deduce an estimate analogous to (6.2.11):

V[V =)l < It + gL —vVo| + Cra|Divr + f| 4 2veelldivy — ¢|l. (6.2.69)

For ¢ = 0 this estimate coincides with (6.2.11).
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6.3 Generalized Stokes problem

Various generalized statements of the Stokes problem are motivated by semidiscrete
formulations of evolutionary problems, in which u(x,?) is replaced by a sequence
of approximations 1 (x) representing u(x, ty), where f, k = 0,1,..., M are some
selected values of the time-variable ¢. For example, the scheme

k—1

k _
% —vAuk +divF Tt @uk T = f - vpFinQ, (6.3.1)

divuk = 0, O =t — th_1,

leads to a stationary problem for uy. It differs from the Stokes problem by the presence
of the term pu (where u = %). In other cases, additional terms in the basic equation
(6.1.1) arise owing to some physical phenomena.

In this section, we first consider the system

uu—vAu = f —Vp in 2, (6.3.2)
divu =0 in Q. (6.3.3)

As before, the function u additionally satisfies the prescribed boundary condition
u = ug (ug € S'(R)). In general, both parameters v > 0 and ;& > 0 may be
large or small. Henceforth, we assume that i and v are positive functions such that

p € lne.nel and v € vg,vgl

Moreover, we assume that vg = 1 (this assumption does not lead to loss in generality,
because after a proper scaling (6.3.2)—(6.3.3) can always be transformed to a system
that satisfies it).

For our purposes, it is convenient to state the generalized Stokes problem in the
so-called “three-field setting”: Find u, p, and a tensor-valued function o (stress) such
that

—Divo + pu = f in 2, (6.3.4)
o=—pl+vVu in §2, (6.3.5)

divu =0 in €, (6.3.6)

U= Uy onl. (6.3.7)

The velocity field u € up + §1 (2) of (6.3.4)—(6.3.5) is defined by the integral identity

/ WVu:Vw + pu-w)dx = / f-wdx, w e §1(Q), (6.3.8)
Q Q

or by the variational problem for the functional

inf I(w) = I(u), (6.3.9)
weu()+§1(§2)



Section 6.3  Generalized Stokes problem 141

where
_ v 2 M2
1w) = | (51wl + SjwP - £ w) dx (6.3.10)
o \2 2
is the corresponding energy functional. The existence and uniqueness of u is proved

by the same arguments as for the Stokes problem.
Our goal is to deduce two-sided bounds of the error evaluated in terms of the norm

iy, = [ 61Vl +uloP) dx.
which is the natural energy norm.

6.3.1 Estimates for solenoidal approximations

Letv € ug + St (£2). Then (6.3.8) implies the relation
f WV —v):Vw+ pu(u—v) -w)dx
Q
=/(f-w—/u)-w—vVv:Vw)dx, (6.3.11)
Q

which holds for any w € §1(S2). Let 7 be a tensor-valued function in H(S2, Div).
Since w vanishes on the boundary, we rewrite (6.3.11) as follows:

/Q(vV u—v): Vw4 puu—v) - wydx =3F(w;v,t,q), (6.3.12)
where §F(w; v, 7, q) is a linear functional with respect to w defined by the relation
Fw;v,1,9) := /Q((f —pv+Dive)-w+ (r +ql—-vVv) : Vw)dx
and q € L2(2). Henceforth, we denote

r(v,7) ;== f—pv+Divt and d(v,7,q):=7t+ql—vVo.

Represent the first term of §(w; v, 7, q) in the form
/ r(v,7)-wdx = / Lr(v, T) - J/pwdx + / (1—o)r(v, ) wdx,
Q Q VI Q

where o = a(x) is a real function with values in [0, 1]. We have

‘/ r(v,7) - wdx
Q

(04
S_
Ji

| vVrw| + Cog (1 = a)r(v, D) |y V.

r(v, 7)
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where C,,q is a constant in the Friedrichs type inequality
wl]? < csz/ v(x)|Vw|?dx,  Yw e Vo(Q). (6.3.13)
Q
Since

Cra
lwl| < CralVw| < —=[vvVu].
Ve

we can set C,q = f/‘zﬁ v = Crq). Next,

‘/ d(v,7,q) : Vwdx| <
Q

%d(v,r,q)H 1o V.

Thus, we obtain
IF(w; v, 7,9)|

< (G I —ax. o)l +

I wl

H}d(v : q)H )IVEV w] + H—r(v 0
ar(v, 1) 2

2
) %%
Set w = u — v. Then, we arrive at the following estimate for the generalized Stokes
problem:

1/2
) lwllve. (6.3.14)

(fcat-omone 2222

2

+ (G It = ]

= v, < (.7 0) 1= H—r(v .

H \/_d(v 7,q) H (6.3.15)

This estimate is valid for any & € [0,1], T € H(Q,Div), and q € L2(Q). If u = 0
and v = const, then we set « = 0 and arrive at (6.2.3).

Two particular forms of this estimate related to the choice « = 0 and @ = 1 are as
follows:

= vl < Cog (v D) + H 1w, q)H Mo rod)  (63.16)

7

and

= ﬁ1GST(U7 7,q). (6.3.17)

” — (v, r)

e —vlf3,, < ”
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By (6.3.4) and (6.3.5) we find that

2
H (c+pl—vVv)

=/ V|V (u —v)|? dx
Q
and
1
/ —|f—,uv+Diva|2dx=/ wlu —v|?dx.
Q M Q

Therefore, .
M i6sr(v,0,p) = [lu— v”vu

and the majorant 9, ¢sr(v, 7, q) can provide a sharp upper bound of the error if T and
q are properly chosen. However, it has an essential drawback: if p is small, then the
second term involves a large multiplier, which makes the whole estimate sensitive to
the residual r(v, 7). In practice, this may lead to a considerable overestimation of the
erTor.

The majorant 9 ¢s: (v, 7, q) does not contain large parameters, but we cannot prove
that

ltl,lcf; Mocsr(v, T, q) = ||lu — v”vu'

In other words, there may be an inherent gap between the left- and right-hand sides of
(6.3.17).

In order to avoid the above difficulties and to obtain an estimate, which possesses
positive features of the above estimates without bad ones, we derive another upper
bound for the deviation u — v. For this purpose, we apply the same method as was
used in Chapter 4 for the reaction-diffusion problem.

Let us estimate the first term on the right-hand side of (6.3.14) and rewrite it in the
form

e = o3, < Cla 1+ B) 11— a)r(v, D)2

2 MY ” 1

B llvv
where B is an arbitrary positive number. The minimum of the right-hand side with
respect « is attained if

H —1(v,7)

Coon(1+B)
C2on(l+B) +1

which leads to another upper bound of the error for the generalized Stokes problem:

Hp.Coa. ) By,
=iy = [ FE220 20, xR g

=M 7o (v, 7, 9). (6.3.18)

(XZH(/S,C‘,Q,/_L)Z 6[07 1)7

2
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Since
r(v,0) = uw—v), dw,0,p)=0+pl—vVv=vV(u—v),

we note that

= Clo(1+B) 1+p
2 _ vQ 20, 32 2
M Losr(V, 0, P) —/Q (C,,zg//«(l HT TH (v —u)* + 5 V|V(v —u)| ) dx

and

o7 2 2
m[)’GST(v909 P) - ”u - U“vp, as :3 — +o00.

Therefore, (6.3.18) has no gap between its left- and right-hand sides. At the same time,
the structure of the first term of (6.3.18) is such that it is not sensitive to small values
of u.

If 4 = 0 and v = const, then (6.3.18) implies the estimate

2

V[V —v)|? < €251+ B) || f + Dive|* + ., (6.3.19)

1+ 8 ”d(v,r,q)
B Vv

which gives an upper bound of the error for the generalized Stokes problem
(cf. (6.2.3)).

If & = const then we minimize M 2.+(v. T, q) with respect to B and set

D uClg+1 ,
fR> uC,qD,
B=1 CoaR—puCygD =~ He (6.3.20)
+00 if R < uC,qD,

where

d(v, 7, q)
Di=||—— and R :=[r(v,7)] .
H -z o, O
Then, we arrive at the estimate

1 .
1_1’_—6'2 (CVQR + D)2 if R > MCVQD,

e —vlf, <1 7 Foe 6.321)
;R2+D2 if R < uC,qD.

Note that the second branch of (6.3.21) is bounded by the quantity D(C,,gR + D) and,
therefore, (6.3.21) does not “blow up” if & — 0.
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6.3.2 Estimates for nonsolenoidal fields

Let v € ug + Vp be such that divv # 0. To derive an upper bound of || — V]|, we
use the same arguments as for the Stokes problem.

By Lemma 6.2, we know that there exists vg € ug + §1 (£2) such that

V(@ = vo)|l < cqlldivo].

Therefore,
17— volly, < k3Idivoll”, &g = ci(ve + 1eChq), (6.3.22)
and
= Vllvp <l —=vlvp + v =Vl Vv E”0'*‘§1(Q)~ (6.3.23)

To estimate the first norm on the right-hand side of (6.3.23), we apply (6.3.18) (assum-
ing for the sake of simplicity that p is a constant) represented in the form

=0l = FECE oo, 1 H d(”’ﬁ 1] PP
Let
2(8) = max {H(p. Cug0). -5
Since

e D12 < @, DI* + 20lr@. D) llv =0l + 1 [lv D)%,

2 o~ 2 o~
H‘“”—[q) st(—Iq) +z”d(”’—jg’q)‘MV(v—ﬁ)u+||ﬁV<v—ﬁ>||2,
and
HB. Co i) Ir@. 1)l [[v = 3] + ;ﬁ d(ﬁj;’ L H VoV —D)|

< Wur@ VAB Coa. I VEw - D)

! ; 8 d(’v:/;, 9 H VIV (w=D)

< p(B) ﬁﬂGST(i}\9 7, q)|lv — /v\“vu’
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we find that
lu —V]jvp < (ﬁgcm(ﬁ’ 7,q) + zp(ﬁ)ﬁBGSTG)\v T )v =Vl
~ 1/2 -
+ 9 B =12,) o =Pl (6.3.25)
Set v = vg and apply (6.3.22). We obtain
ot = lhose = (M Zose (0. 7. ) + 20(B)k M pasa (0, 7. ) |div D
2 2 o ~n2\ 2 PN
+ 92 () ]|div D] ) + kg |divD]. (6.3.26)

With the help of positive parameters y and §, we represent (6.3.26) in quadratic form.
Set v = vg and apply (6.3.22). We obtain

lu =115, = (1 + )1+ )M 7 (0, 7, 9)

- (B) (ﬁ)

+ ({1 +7y) (50 B+ ——= )/) /<Q||dlvv||2 (6.3.27)

If ¥ € ug + §1(Q), then divy = 0. In this case, we set y = § = 0 and see that
(6.3.27) is converted to (6.3.24).

6.3.3 Estimates for the pressure field

Let q € L2(S2) be an approximation of the pressure field p. Then, there exists a
function w € Vj such that

divw =p—gq, and |Vw| =< cqlp—q]. (6.3.28)
Therefore,

l0llve < x@llp —all- (6.3.29)

In view of (6.3.28), we note that

||p—q||2=/9divu_)(p—q)dx.

By the relation

/ divu')pdx=/ (WWVu:Vw + pu-w— f-w) dx,
Q Q
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we obtain
o=l = [ (9= ) i+ o= v) - ) d
+/;Z(VVU:Vu')-l-livu_)—qdivu')—f-u'))dX
=/Q(vV(u—v):Vu')—I—u(u—v)-zb)dx—&(w;v,r,q), (6.3.30)

o
where v is an arbitrary function in ug + S' ().

We have
[ 0900V 4 = vy 8 dx < = ol
By (6.3.14),
[§(w; v, 7, 9)
1/2
d(v,7,9q) 2 ar(v, 1) 2 _
<{l{C 1— , _— .
< (( R e | v S DL
Therefore, from (6.3.30) we find that
lp —qll <kqllu— v”vu
d(v,7,9q) 2 ar(v, 1) 2
+xa(Cala-on.op + T2
¢ ’ NG NG
In view of (6.3.15), we obtain
1 5 d(v,t,q)D2 'ar(v,r) 2
— v — <|(C 1—a)r(v, )| + | —— + 6.3.31
azlp=al = (Calld - ol + | CO 6aa
In other words, the upper bound is given by the same expression as in (6.3.15) but with
multiplier 2kg.  Since «(x) is in our disposal, we can select it, e.g., as
a(x) = min{u(x), 1}, which makes the estimate robust with respect to small values
of .
If we set a(x) = 1, then (6.3.31) reads
1 d(v,t,q) 2 r(v, 1) 2
—p—al* < Snod (6.3.32)
4kg Vv N

If a(x) = 0, then we have another estimate:

1 d(v, 7, q)
%”P —qll = Cua r(v, 0| + HT” . (6.3.33)
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Let 4 = 0 and v = const. In this case, kg = +/vcg and (6.3.33) is converted into

1
2ﬁCQ

Since C,,q = CFTS’ and div v = 0, this estimate coincides with (6.2.13) derived for the

d(v, 7,
lo—al = |22+ Gl 6339

Stokes problem.

6.3.4 Error minorant

In the case considered, lower bounds can be derived by variational arguments based
on (6.1.28). Assume that v € ug + S'(2). For any w € S!(Q), we have

1
Sl =i, = 1) = 1) = 1) = 1(v + w)
= /;z <—§|Vw|2—%|w|2—vVv :Vw —pv-w —|—f-w) dx.

It is easy to see that

1 2

S = vl

= sup /(—%|Vw|2—%|w|2—vVv :Vw—pv-w +f-w) dx. (6.3.35)
wes1 (@) /9

To prove this, it suffices to take w = u — v and use the relation

/v(Vu:V(u—v)+pLu-(u—v))dx =/ f(u—v)dx.
Q Q

Therefore, the maximization of the right-hand side of (6.3.35) with respect to a certain

finite-dimensional subspace of §1(Q) gives a computable lower bound of the error
norm.

6.3.5 Models with polymerization

Another version of the generalized Stokes problem is related to models of fluids with
polymerization (e.g., see J. Bonvin, M. Picasso, and R. Stenberg [62]). It can be
represented in the form

Divoe+ f =0 in Q, (6.3.36)
divu =0 in 2, (6.3.37)
o=o09—pl+vVu in 2, (6.3.38)

u=20 on T, (6.3.39)
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where o¢ is a given tensor-valued function such that trop = 0. Note that (6.3.37)
decomposes o into spherical and deviatoric parts, respectively.

The generalized solution u of the system (6.3.36)—(6.3.39) is a function in §1(Q)
satisfying the integral identity

/ (wVu :Vw + 09 : Vw)dx = / f-wdx, w e §1(Q). (6.3.40)
Q Q
For an approximation v € St (£2), we have

/ vW(u—v): Vwdx = / (f-w—o0p:Vw—vVv:Vw)dx
Q Q
= / ((f +Divt)-w+ (t + qL— 09 —vVv) : Vw) dx, (6.3.41)
Q
where T € H(S2,Div) and q € L2(Q).
From (6.3.41) it follows that (if v is a constant)
V[V —v)|| < |lt +ql—09 —vVv| + Crall f + Divr|. (6.3.42)

If an approximation U belongs to a wider set Vp, then we apply the same arguments as
for the Stokes problem and deduce the estimate

V|V =) < |lt+q91—00—vVv| + Crqllf + Divz| + 2vcq|divoll. (6.3.43)

6.3.6 Models with rotation

In certain models, the Navier—Stokes problem is considered in a rotating coordinate
system. Then, additional terms arise in the equation of motion and we write the whole
system in the form (see J. P. Vanyo [353])

diu+diviu xu)—Diveo = f —2w Xxv—w X (W Xr), (6.3.44)
o=—pl+vVu, (6.3.45)

divu =0, (6.3.46)

U = U onT. (6.3.47)

In (6.3.44), the term 2w X v is due to the Coriolis force and the term w X (w X r)
is related to the centrifugal force (the latter term is usually appended to the source
function and disappears from the equation). The vector @ is oriented along the axis
x3, and its value depends on the rotation velocity. Mathematical properties of such
models were studied by a number of authors (e.g., see A. Babin, A. Mahalov, and
B. Nicolaenko [18, 19] and the literature cited in those papers).
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A linearized version of (6.3.44)—(6.3.47) can be viewed as a certain generalization
of the Stokes problem. It is defined by the relations

—Divo + pu = f —w xu, (6.3.48)
o=—pl+vVu, (6.3.49)

divu =0, (6.3.50)

U =1uy onT. (6.3.51)

This system of equations arises if the problem (6.3.44)—(6.3.47) is solved by semi-
discrete approximations (then ;> 0 comes from an approximation of the term d;u).

A generalized solution of the problem (6.3.48)—(6.3.51) is defined by the integral
relation

/(vVu:Vw—i—uu-w—i—(wxu)-w)dx:/ fwdx, (6.3.52)
Q Q

which holds for any w € §1(Q). As in the models considered before, this integral

o
relation generates an estimate of the difference between u and any v € ug + S'(R).
We have

/(vV(u—v):Vw—|—u(u—v)-w+(wx(u—v))-w)dx
Q
=/ (f-w—vVv:Vw—puv-w—(w xv) w)dx
Q

:/ (f—MU—(WXU))'de+/ (qI—vVv) : Vwdx,
Q Q

where q € L2(S2). Set w = u — v and note that
(w xw) -w=0. (6.3.53)
Let t € H(2,Div) and
r(v,7) = f —uv—w x v + Divr,
dv,7,q9) :=t+ql—vVu.
By arguments used at the beginning of this section, we obtain the estimate

2 —
||M - v”vu = mum(vs T, q)

2

@ D" 6350

N

which is valid for any o € [0, 1]. Estimates for nonsolenoidal velocity fields and for
approximations of the pressure function can also be derived quite analogously (see
[159] for details).

2
- (Hd(“—j;q)” LG 1 —oe)r(v,f)ll) +
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6.4 The Oseen problem

The Oseen problem is often regarded as a linearization of the Navier—Stokes problem
at a neighborhood of a constant velocity field a € S (), which leads to the system

ur—vAu+div@a®u) = f — Vp in 2, (6.4.1)

u(x,0) = u(x), (6.4.2)

divu =0, (6.4.3)

U = U onl. (6.4.4)

In the stationary case, we formulate the problem as follows: Find u, p, and o such that
—Diveo +Div(a®@u) = f —Vp in Q, (6.4.5)

o =vVu, (6.4.6)

U = U on I, (6.4.7)

divu =0, (6.4.8)

where it is assumed that divug = 0. A generalized solution of the above system is
o
defined as a function u € ug + S'(Q) that satisfies the integral identity

/ (wWVu:Vw—(a®u):Vw) dx = / f-wdx, w e gl(Q). (6.4.9)
Q Q

We assume that the problem data are such that u exists and is unique.

Estimates for the velocity field. (6.4.9) implies computable bounds of errors for
solenoidal approximations of u. Let v € S'(2). We rearrange (6.4.9) into the form

/(vV(u—v):Vw—(a®(u—v)):Vw)dx
Q

=[ (f-w—vVv:Vw+ (@a®v):Vw) dx, w€§1(§2). (6.4.10)
Q
Note that

/(a®w):dex:—/ DiV(a®w)-wdx:—/ (a-Vw) -wdx
Q Q Q

__[ .. L vqupydx =
= /Qa (Vw)w) dx 2/;23 V(lw|*)dx = 0.

Take a symmetric tensor-valued function t € H(2, Div) and rewrite (6.4.10) as fol-
lows:

/ vWVu —v): Vwdx
Q

=/((f+Din)-w+(t+]Iq+a®v—vVv):Vw)dx, (6.4.11)
Q
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where g € L3(). By setting w = u — v, we note that (6.4.11) leads to the inequality

V”V(u_v)” fﬁos(v,f,q)
=t+ql4+a®v—vVv| + Crql f +Divr|. (6.4.12)

Remark 6.13. If u is approximated by the function v € ug + Vjp, then the correspond-
ing estimate for the deviation norm can be derived in exactly the same way as for the
Stokes problem. In this case, the majorant includes an additional term that penalizes
possible violations of the incompressibility condition. This estimate has the following
form:

V[V =) < lt+ql+a®v—vV| + Crall f +Dive| +cgldivol, (6.4.13)
where cq depends on ce, Crg, ||al|, and v.
Remark 6.14. We note that

Mos(v,0,p) < V[V —v)|| + lallllu —vll < (v + [l CF) |V = v)].

Therefore, the minimization of 9% ,s(v, T, q) with respect to 7 and ¢ gives an upper
bound, which is equivalent to the energy error norm.

Estimates for the pressure field. Assume that q € L2() is an approximation of
the pressure field p. We take w € Vj as in Section 6.2.2, i.e., divid = p — ¢ and
VW]l < callp — ql|. Since

/(p—q)diviﬁdxz/ wWVu: Vo — fu—(a®u): Vo — qdivw) dx
Q Q
5/ WVu—-v):Vu—(a® (u—0v)): V) dx
Q
+/ wWVv: VU — fw—(@a®v): Vw —qdivw) dx,
Q

we find that

Ip —qll* < (v + Crala) IV — v)||| VT
+ IDive + f|CrallVT|| + |t + ql+a® v — vV || VD).

This relation implies the estimate

lp = all < ca((v + CralalDIV( —v)|| + Cra|Divt + f||
+ 1t +ql+a®v—vVul), (6.4.14)

where ||V (u — v)| is estimated by (6.4.12).
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Remark 6.15. For the product space
W= (o + SH(R)) x H(Q,Div) x L2(Q),
we introduce two equivalent norms

I, 7 @)llw = vIVol + Ilow + Vdall,
. 7. )llw = vIVoll +llelbve + V|l

By the same arguments as in Section 6.2.4 one can show that the majorant 91 o5 (v, 7, q)
is equivalent to the error in the above-defined combined norms.

Generalized form of the Oseen problem. As in the case of the Stokes problem, a
generalized form of the Oseen problem arises if semidiscrete approximations of the
Navier—Stokes problem are used. For example, the scheme

uk —yk—1 k . k—1 k k :
— vAu® +div(u Qu)=f —Vp©in Q,
{ Ok ( ) S P (6.4.15)

divuk = 0,

leads to a stationary Oseen problem (for uk): Find u € ug + St (R2) that satisfies the
integral identity

/(vVu:Vw—i—uu-w—(a@u):Vw) dx=/ f-wdx, wegl(Q). (6.4.16)
Q Q

Estimates for such problems can be obtained without any serious difficulties by re-
peating arguments we used in Section 6.3 for the generalized Stokes problems. In
this case, the estimates have the same form as, e.g., (6.3.15) and (6.3.31) but with
dv,t,9) ==74+ql+a®v—vVu.

6.5 Stationary Navier—Stokes problem for d = 2
The Navier—Stokes equation

Uur— VAu+Diviu®u) = f —Vp (6.5.1)

is the most known model in the theory of viscous incompressible fluids. From the
mathematical point of view, the Navier—Stokes equation has yet to be completely un-
derstood.! It is known that for sufficiently regular initial data it has a rather weak
Leray—Hopf solution (e.g, see G. Galdi [146], where the reader will find a consequent

IThe problem to prove or counter the existence of a unique smooth solution in (0, 7'] x R3 is formu-
lated as one of the Millennium Prize Problems stated by the Clay Mathematical Institute.
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exposition of the mathematical theory related to Navier—Stokes equation). So far, all
existence and uniqueness results of a stronger type have been conditional. In view of
these difficulties, it is not surprising that at present we have no reliable a posteriori
estimates for this class of problems. Below, we consider one special case generated
by the stationary Navier—Stokes equation in a bounded Lipschitz domain Q C R? for
which existence of a unique solution is established (see O. Ladyzhenskaya [210]). We
consider the problem

—Div(vVu) +Div(u Q u) = f — Vp in Q, (6.5.2)
divu =0, (6.5.3)
U = U onT. (6.5.4)

A generalized solution u € ug + St (R2) is defined by the integral identity
/ wWVu:Vw—(uQ®u): Vw)dx = / f-wdx we §1(Q). (6.5.5)
Q Q
For any solenoidal u and w € St (2), we have
1
/ u®w):Vwdx = ——/ u-V(wl?) dx = 0. (6.5.6)
Q 2 Ja
In particular, [ (4 ® u) : Vudx = 0, and the relation
/ (wWVu:Vu—(u®u):Vu) dx =/ fudx
Q Q

furnishes the energy estimate v||Vul|| < Crall f1-
Now, we use (6.5.5), for the derivation of an a posteriori estimate. Assume that

v E §1(§2) is an approximation of u. Then,
/ wWu—-v):Vw—-—u® Wu—v)):Vw) dx
Q

=/ (f-w—vVv:Vw+ u®v):Vw) dx, Vwegl(Q). (6.5.7)
Q

Set w = u — v. In view of (6.5.6), the second term in the left-hand side of (6.5.7)
vanishes. Also, we note that

uU®v):Vu—-v)=@w®v):Vu—-v)+((u—-v)®v):V(u —v)

and

/((u—v)@v):V(u—v)dx:—/ Div(u—v)®v)-(u—v)dx
Q Q
:—/ ((u—v)-Vv)-(u—v)dx
Q

= —f Vo:(u—v)® u—v))dx. (6.5.8)
Q
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From (6.5.8), it follows that

VIV —v)|* + /Q Vo ((u—v)® (u—v))dx
5/;2(f~(u—v)—vVv Vu—v)+ (v®v): Vu—u)) dx. (6.5.9)
For a symmetric T € H(S2, Div), we represent the right-hand side as follows:
/Q (f —Divt +Div(v ® v)) - (u —v)dx +/Q(r+q]l—vVv) :V(u—v)dx.
Note that
/Q Vo i (4 —v) ® (@ —v)) dx < [Q Vol — )2 dx < [ Vol — )2 g
< wlIVulllIV @ )2, (6.5.10)
where u is a constant in the inequality ||(v — v)[|4,0 < u||V(u — v)|| (which holds in

view of embedding theorems).
A computable upper bound of |V (u — v)|| follows from (6.5.10) if we assume that

v=v—pu||Vv| > 0. (6.5.11)
It should be remarked that this assumption is very demanding (for approximate so-

Iutions of problems with high velocities it does not hold). By (6.5.9)—(6.5.11), we
conclude that

V|Vu —v)|| < It + qL —vVy| + Crqllf —Divt +Div(v ® v)|| (6.5.12)

has the same structure as the estimates derived for the Stokes and Oseen problems.
However, this is a conditional estimate valid only for sufficiently slow flows.
Finally, we note that in view of the relation

/ V(u—v): ((u—v)® @u—v))dx =0,
Q

(6.5.9) can be represented in the form
v||V(u — v)||2 + / Vu : ((u —v)Q (u— v)) dx
Q
= f (f —Divt +Div(v ®v)) - (u —v)dx
Q

+ / (t+ql—vVv):V(u—v)dx. (6.5.13)
Q
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If
V=v—ul|Vu| >0, (6.5.14)

then we find that

Y|V —v)|| < It + qI—vVv| + Crgllf —Divt +Div(v ® v)||, (6.5.15)

which implies the uniqueness of u. Indeed, assume that # and p is a pair of solutions
satisfying (6.5.2)—(6.5.4) that differs from u and p. In this case, we set v = i, q = p,
and T = —p 1 + vVi. By (6.5.15), we conclude that

VIV —u)| =0
and, consequently, ¥ = u. In view of the energy estimate, (6.5.14) is satisfied if

Cra
ulval < =22 £ <. (6.5.16)

Hence, if f is sufficiently small (namely, if || f|| < UZM_IC;Slz), then a solution u
to the stationary Navier—Stokes problem is unique (this fact is well known, see, e.g.,
[210]).

6.6 Notes for the chapter

Numerical methods for viscous flow problems are represented in many publications.
The reader will find a systematic discussion of the topic in, e.g., M. Feistauer [131],
V. Girault and P. A. Raviart [152], R. Glowinski and O. Pironneau [157], R. Rannacher
[271], R. Rannacher and S. Turek [274], R. Temam [348], and S. Turek [352].

In the last decades, adaptive methods and a posteriori error indicators for approxi-
mate solutions of viscous flow problems attracted serious attention of many researches
who used methods different from those considered in this chapter. We cannot give
here a consequent overview of these results and confine ourselves to a short discus-
sion of some publications that set out the main approaches. The reader will find more
literature references in the papers cited.

Residual type a posteriori methods for viscous flow problems are considered in the
book by R. Verfiirth [356]. A posteriori analysis of approximations computed with
the help of the backward Euler scheme is given in C. Bernardi and R. Verfiirth [55].
A posteriori error estimators for finite-element approximations of the Stokes problem
were obtained in R. E. Bank and B. D. Welfert [43] and R. Verfiirth [354]. Error in-
dicators for the Navier—Stokes equations in stream function and vorticity statement
are discussed in M. Amara, M. Ben Younes, and C. Bernardi [13]. In D. Kay and
D. Silvester [193], various a posteriori estimators are investigated for stabilized mixed
approximations of the Stokes problem. Adaptive methods and a posteriori estimates
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in computational fluid dynamics are exposed, e.g., in M. Ainsworth and J. T. Oden
[8], J. G. Heywood and R. Rannacher [172], C. Johnson, R. Rannacher, and M. Bo-
man [189], J. T. Oden, W. Wu and M. Ainsworth [255], J.T. Oden, L. Demkowicz,
T. Strouboulis and P. Devloo [252], R. Rannacher [271], T. Strouboulis and J. T. Oden
[345]. A posteriori error estimators for some quasi-Newtonian fluids were considered
in C. Padra [258] and in A. Bermiidez, R. Durdn and R. Rodriguez [53] for combined
fluid-solid systems. J. Wang and X. Ye [368] investigated error indicators based on
the superconvergence of finite-element approximations for Stokes and Navier—Stokes
equations.

For the stationary Stokes problem with Dirichlet boundary conditions, a posteriori
estimates of the functional type were originally derived by the author with the help of
a variational method in [288]. In [293], it was shown that for the Stokes problem the
same estimates follow from a pertinent integral identity. The material exposed in Sec-
tion 6.2 follow the lines of this paper. Later the variational technique was applied to
some classes of generalized Newtonian fluids (see M. Bildhauer, M. Fuchs, and S. Re-
pin [57], M. Fuchs and S. Repin [139], and in the author’s papers [289, 292, 293]).
Estimates of the same type were derived (by a nonvariational method) for generaliza-
tions of the Stokes problem in S. Repin and R. Stenberg [316]. Estimates for flow mod-
els with polymerization discussed in Section 6.3.5 were derived in [315]. Estimates
for the Oseen problem considered in Section 6.4 were obtained in [293]. Within the
framework of a posteriori analysis, problems with rotation were considered in E. Gor-
shkova, A. Mahalov, P. Neittaanmadki, and S. Repin [159] and in the PhD thesis of
E. Gorshkova [158], which also contains results of numerical tests and a comparative
study of different error indication methods for approximate solution of viscous flow
problems.



7  Generalizations

7.1 Linear elliptic problem

First, we consider the following general form of a linear elliptic problem: Find
u € ug + Vp such that

(AAu, Aw) + (£, w) =0, Yw € V. (7.1.1)
Here Vj is a closed subspace of a reflexive Banach space V, A is a linear bounded
operator acting from V to a Hilbert space U with scalar product (-,-), £ € V", and

A € L(U,U) is a self-adjoint operator. In this section, || - || stands for the norm in U.
We assume that the operators A and + satisfy the relations

2, Vy e U, (7.1.2)

IylI* < (Ay,y) <3y

and
[Aw| > c3llwlly, Yw € Vp, (7.1.3)

with positive constants c1, ¢3, and ¢3. In most applied problems, the functional £ is
representable in the form (£, w) = (f, w)y + (g, Aw), where f € V, g € U,and V
is a Hilbert space such that V' C 'V C V. Such a functional is well defined and finite
on the elements of V. Henceforth, we assume that £ satisfies this condition.

For our analysis, it is convenient to introduce two additional spaces. The quantity
(Y, y)/? determines a new norm ||y||, which is equivalent to the original norm
Iyl = (v.y)/2. Another equivalent norm is

Iylle = (A 1y, p)1/2,

where A ™! is the operator inverse to +. The spaces Y and Y * contain elements of U
equipped with the norms ||| - ||| and ||| - || ., respectively.

Here and later on, A* : U — V| denotes the operator conjugate to A in the sense
that

(. Aw) = (A%y,w), weTp, (7.1.4)
and (w*,w) is the value of the functional w* € V{ at w € Vj. Below we derive

functional a posteriori estimates for the problem (7.1.1) with the help of two different
methods.
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7.1.1 The variational method

In the variational method, we rely on the variational statement of the problem: Find

u € ug + Vp such that

1
Jw)= inf J(w), where J(w):= §|||Aw|||2+(€,w).

weupg+Vo

We call this problem primal or Problem .
It is easy to show that it is coercive on uy + Vj. For any w € 1}, we have

2
J(w) = %IIA(w +uo)|1> = (€ uo) — 1L IA )]

2 2
Cc C
= HAwl? + T Auol = (€.uo) = 2| €] [ Aw] = cF(Aw, Auo).

where |£| < +o0 is a positive quantity defined by the relation

(€, w)
1£] := sup .
weVo llAw]|

In view of (7.1.3), this norm is equivalent to the standard norm sup,,cy, ﬁe—w)

. Itis

clear that J(w) — +o0 as ||[Aw|| — 400, which together with (7.1.3) proves the
coercivity of J on ug + Vp. Since J is also continuous (on V') and strictly convex, we

conclude that the minimizer u exists and is unique.

The variational method of deriving an a posteriori error estimate attracts the so-

called dual problem, which we introduce below.
Let (ug + Vo) x Y* — R be the Lagrangian

1
L,y) = (y,Av) - Elllyllli + (L. v).
It is easy to see that

sup L(v,y) = J(v).
yeU

Define the functional

- Aug) = HI¥lI3 + (€.uo0). y € Oy
()= inf L, y) =] @A) = 3llYlli + (€ o), ,
(y) veup+Vo ( y) —0Q, y ¢ Q(?

where

Q¢ = {yeU|(y,Aw)—|— f,w) =0, Vwe Vo}.

The functional I* generates the following (dual) Problem $#*: Find p € Qy such that

I*(p) = sup I*(y) :=supP*.
Y€Qy
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The functionals J and (—1*) are convex and coercive on ug+ Vp and Y *, respectively.
The sets ug + Vp and Qy are closed affine manifolds. Therefore (e.g., see [121]), there

existu € ug + Vp and p € Qy such that
J(u) = inf P, I*(p) = sup P*.

(7.1.5)

The minimizer u satisfies (7.1.1). For any € € R the maximizer p satisfies the relation

1 1
(p+en. Auo)=3llp +enll = (p. Auo) =3 lIplI3. Vi< 05,

which implies the necessary condition
(Aug— A" p.y) =0.  Vne Qg
where
05 :={yeU|( Aw)=0, Ywe V}.

Note that AAu € Qy, so that we obtain

1
I*(AAu) = (AAu, Aug) — §|||=AAu|||i + (€, up) < sup P*.

Since
llAAu|Z = (A AAu, AAu) = || Au]
and
(AAu, A(u — uo)) + (£, (u —ug)) = 0.
we find that

sup P* > I*(AAu) = J(u) = inf P.

On the other hand, we know that inf $ > sup #*. Therefore,
sup P* = inf P.
From (7.1.9) it follows that
1 1
(p ) = S lIPIIZ + (€)= SlIAull® + (¢.u).

which is equivalent to the relation
1 1 1 1.2
SAUI? + Sl = (. Aw) = Sl Au = A p||* = 0

or simply to
p = AAu.

This is the duality relation for the pair (u, p).

(7.1.6)

(7.1.7)

(7.1.8)

(7.1.9)

(7.1.10)

(7.1.11)

Letv € ug+ Vp and y € U be some approximations of u and p, respectively. First,

we establish the following basic result.
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Theorem 7.1. For any v € ug + Vo and q € Qy, we have
IA@=wlI* +llg = plIz =2 (@) = I*(@)), (7.1.12)
IA@=wII* + llg = plIz =2 D(Av,g), (7.1.13)

where
1 5 1 5 1 5
D(Av.q) = —lIAvII® + Sl — (@. Av) = SlliAAv — 4l
Proof. In view of (7.1.1) and (7.1.6), we have

SIAW =)l = J) ~ J@) + (AAu, A =) + (€0~ )
= I~ Jw),

and

1
Sl = pllz =I*(p) —I*(q) + (Auog — A ' p.p —q)
=1"(p)—1"(q).

Since J(u) = I*(p), these relations imply (7.1.12). For ¢ € Q4 we have

1 1
J@) = 1"(g) = SlIAV|I* + (€, v — uo) = (g, Auo) + g%

1 1
SIAVIP + Sllgll2 = (g Av)

= D(Av,q),

so that (7.1.13) follows from (7.1.12). ]

Remark 7.2. We note that (7.1.12) and (7.1.13) can be viewed as generalizations of
the Mikhlin and Prager—Synge estimates (2.3.1) and (2.2.3), respectively.

By (7.1.13), we conclude that
A =Wl < [[AAv —4ll«. Vg € Qg
Let y € U, then

[IACQ —w)l| = [|AAv = yll« + inf [lg — ¥l (7.1.14)
q€Qy

Thus, we need a computable estimate of the distance between y and the set Q. For
this purpose, we introduce the space

O ={yeU | A*yeV}
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endowed with the norm
I¥llg= := Iylll« + 1Ayl
If y € 0%, then
. Aw) = (A*y,w)y.  VYweT.
We estimate the distance to the set Q by the following lemma.

Lemma 7.3. For any y € U,

- (L + A%y, w)
inf [y —qlls < [A*y +£€] := sup ————. (7.1.15)
q€Q¢ wevo AW
If (£, w) = (f,w)y, then for any y € O,
inf |y —qlll« < ClIA*Y + flv, (7.1.16)
qeQy

4 . . , ,
where C = — and c is the constant in the inequality
1

lwlly <c||Aw], Yw € V. (7.1.17)
Proof. Consider the problem
(AAwg, Aw) = — (L + Ay, w). (7.1.18)

Represent the right-hand side in the form — (¢, w) — (y, Aw). Then, (7.1.18) implies
the relation

(v, Aw) + (£, w) |
| Awelll < sup

=|A*y +1].
weVo lAwl

Also, (7.1.18) has the form
(AAwg + y), Aw) + (£, w) =0, Yw € Vp,
which means that g, := AAwy + y € Qy. Therefore,

qielge Iy =gl < llly = gells = llAAwell = [Awell < [A*y + £].

If (¢, w) = (f,w)y and y € Q%, then

A*y + L. A* ,
Ay sl = sap WL ATyt Ly
wevo AW wevy I Awll
[A*y + fllvIw]y _ lwlly
< sup <|[A*y + fllv ci" sup

weVp ll Awll welp AW
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Since Vj is continuously embedded into V and (7.1.3) holds, we conclude that (7.1.17)
also holds with a constant ¢ > 0 independent of w. Then

c
[A*y+L] < EIIA*y + flv,
and we arrive at (7.1.16). |

Now, (7.1.14) implies two estimates (see also [277, 282, 286]):

IAQ@ =l < ANV =yl + 1Ay + €1, (7.1.19)
IAQ@ = wlll < lAAv = ylls + CILf + A" ylly. (7.1.20)

We recall that in (7.1.19) y € U and in (7.1.20) y € Q*. -
Henceforth, we denote the right-hand side of (7.1.20) by 971 5 (v, ).

Remark 7.4. It is easy to see that

A —v)ll = inf {llAAv=y]l, +Cl¢+ Ayl }.
yeQ

To prove this fact, it suffices to set y = p. Hence, the upper bound given by 9t , has
no gap.

From (7.1.20), it also follows that for any 8 > 0,
1
AW =wl> < (4 PliAv =k + (14 Z)CI f + Ay
= M2(v,y,p). (7.1.21)

This estimate provides a majorant having the form of a quadratic functional.

Error reduction property. Theorem 7.1 has a simple consequence related to the
so-called error reduction property. In practice, it is often of interest to predict how
significantly an approximation error would decrease on account of a certain improve-
ment of a mesh. Assume that a coarse mesh 73, is replaced by a refined one 7, . For
problems associated with quadratic functionals (similar to J), the value of the error
reduction is easy to compute. Indeed, for any v € ugy + Vp,

1
EIIIA(u —)|I?> = J(v) = I*(p) = J(v) — J(u).
Therefore,

1
e = S —up)l|* = ) = I (),

N =

1 1
S = S IAG = un III* = T () = T ().
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From the above, a simple error reduction relation follows:
en = er—2(J(up) = J ). (7.1.22)

We note that the reduction of the approximation error is equal to the difference of the
values of corresponding functionals. If an upper bound of the approximation error
related to the coarser mesh 77 is known, i.e.,

IAQ —up)ll* <M,
then for the refined mesh we have the estimate
A G —up > <M —2(J (up) — I (up,,))- (7.1.23)

If M is a sharp upper bound of the error on 73, then (7.1.23) gives a realistic value of
the error on 77, .. Since the right-hand side of (7.1.23) is easily computable, getting
the upper bound can be performed with minimal expenditures.

From (7.1.23), it also follows that a mesh-adaptation strategy of refining the mesh
should minimize local contributions in the energy functional.

7.1.2 The method of integral identities

Upper bound. Let v € ug 4+ Vp be an approximation of u. Then, the a posteriori
estimate can be derived directly from (7.1.1). Indeed,

(AN —v),Aw) = —({+ A"y, w)+ (y — AAv, Aw). (7.1.24)

Since
(AAV — y. Aw) < [[AAv =yl [[[Aw]|
and
(€+ Ay w) < 1e+ A"y lIAw],
we find that

(AA@ —v). Aw) < ([lAAV =yl + 1€+ A%y ) Aw]I.

Setting w = u — v, we arrive at (7.1.19).
If (¢, w) = (f,w)y and y € Q%, then

(€ +A"yu—v)=U+Ayu—v)y = [€+Aylylu-vly
=cllt+ A yllvlA@ —v) = CllE+ A"y [vllA@— V)|

and (7.1.24) implies (7.1.20).
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If (¢, w) = (f,w)y + (g, Aw) and y € Q*, then

(E + A*y,w) = ({,w) +(A*y,w) =(f+A*y, w)y + (g, Aw).

From (7.1.24), we obtain
(7.1.25)

(AA(u—v),Aw) =—(f + A"y, w)y + (y — AAv — g, Aw).
For w = u — v, (7.1.25) implies the estimate
A@ =)l < llg + AAv = yll. + CILf + A"yl (7.1.26)
If g is efficiently approximated by g € Q*, then another estimate can be used:

IAG =)l =< IAAY =yl + CILf + A"y +Dllv + g =%l (7.127)

Lower bound. A lower bound of || A(u — v)||| can be derived in the following way.

Note that
1 1
sup {(AA(u —v), Aw) — =(AAw, Aw)} < sup {(AA(M —v),7) — =(AT,7)
wely 2 tey 2
1
= Sl =)
However,

sup {(,A)A(u —v),Aw) — %(,AAw, Aw)}

weVy

> (AN =), Al =) — (A —0), A=) = Sl A=)

Thus, we conclude that

%|||A(u - v)|||2 = sup {(AA(M —v),Aw) — %(%Aw, Aw)}

weVy

{—l(ef\;Aw, Aw) — (AAv, Aw) — (£, w)% . (7.1.28)

It is easy to see that the lower bound given by the left-hand side of the above estimate

is sharp (set w = u — v).
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Modifications of the estimates. Let € Vj be such that A*AAY € V. Then, the
product (A*AAD, w) is represented by the scalar product of 'V and we have

(A*AAND, v —u)y = —(AAD, Au) + (AAD, Av) = (£, 9) + (AAD, Av).
Then, for (¢, w) = (f,w)y and y € O* we express (7.1.24) in the form

IAG = v)I? = (f + A*y — A*AAD, v — )y
T (y — AAV, A — ) + Fo (D), (7.1.29)

where 7, (9) := (£, 9) + (AAD, Av)p. Hence, we obtain

2

2
IAG =) = =5 + 57— (IlAr0 = il
2
+CIS + AT = AAD) ) (7.130)

If ¥ solves the problem
(AAD, Aw) = (f + A%y, w)y,  Ywel,
then (7.1.29) implies that

2 2
Y5 (9) + —— [ AAY — |2 (7.1.31)
2y — 1 2y —1

A @ —v)[* <

Another modification is based on a generalization of the idea that was used in
Section 3.5.3. Consider the functional spaces U, V, V, and Y contain functions
defined in a domain €2, which is decomposed into a collection of subdomains €2;,
i =1,2,...,N. By V(2;) we denote the restriction of V associated with €2; and
assume that the respective scalar product is additive with respect to the above decom-
position. Let

K; = {w S V(Q[) | Aw =0in Q,‘}

and {w}g, € K; denote the orthogonal projection of w, i.e.,
— ‘ y = inf — .
[w —A{wlg, v pinfe lw —wollv(e,)
In this case,
(w — {w}Qi , wO)'V(Q,—) =0, Y wy € Kj. (7.1.32)
Assume that for any €2;,

[w—{wlg, lve) = Ca;lAwluw;) (7.1.33)
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where Cgq; is a positive constant depending only on £2; (this estimate is a generaliza-
tion of the Poincaré€ inequality). Since {w}q. € K;, we have

(), Wy = @(y) = tOWlg, wve) + {rMig; wve)
= (r(y) — {tWlg; . w — {wlg,)v@) + It Wvw,). Yw e V(Q)),

where r(y) := f + A*y. Then

N

(), w)yy = Z(f()’)v w)y(Q;)
i=1
N

=Y () = Mg, w — fwle)ve@) + (e, wIv,))

i=1

N
(Z 3, Ir(y) — {r(y)}uéf)

i=1

N
+ (Z e}, ||%J(sz,-))

i=1

1/2 1/2

IA

N
(Z ||Aw||%,(g,.))

i=1

1/2 1/2

N
(Z ||w||%m,.)) ,

i=1
and we arrive at the estimate

1/2

N
(). w)v] < (Z Cg,lIr(y) - (r(y)}néi) | Aw]
i=1
1/2

N
+e (Z e ||%;(Q,.)) | Aw]. (7.1.34)

i=1
By (7.1.24), we have

(AN —v). Aw) < [(x(y). w)v] + [y — AAv|l [ Aw]]. (7.1.35)

Set here w = u — v and use (7.1.34). Then, we obtain the estimate

N 1/2
1
A G =)l < lly = AAvll, + = (Z C3, Ir(y) — r()}g; ||éi>
i=1
1/2

N
+C (Z ltr()}e, ||2v(gi)) . (7.1.36)

i=1
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If the residuals are post-processed in such a way that {r(y)}g, = 0 on any €2;, then
(7.1.36) takes a simplified form:

1/2

N
1
|||A(u—v)|||s|||y—AAv|||*+a(ZCé,.ur(y)—{r(y)}gi||éi) . (1.137)

i=1
which can be viewed as a generalization of (3.5.20).
Remark 7.5. If Aw is defined by the operator of small strains e(w), then {w}q de-
notes the orthogonal projection to the space R(€2;) of rigid deflections.
7.1.3 Error estimates for the dual variable

Consider y as an approximation of p (which is the exact solution of the dual problem).
To obtain an upper bound of ||| p — y |||, we use the relation

e —ylle < lly — AAV|[. + A —w)l
<2|ly — AAv|l, + [ £+ A*y]. (7.1.38)

If{ = f eVandy € QF, then

lp =yl < lly = AAv[l + [[AQ —w)l]
<2lly — AAv|l, + CIATyY + fllv. (7.1.39)

The norm ||y | o+ is another measure that characterizes the error p — y. Since

IA*(p = =A™y + f

’

we note that

Ip = yllox =2lly — AAv|ls + (C+ DIA*Y + fllv. (7.1.40)

7.1.4 Two-sided estimates for combined norms

If a pair (u, p) is viewed as a solution, then it is natural to measure the corresponding
error in terms of combined (primal-dual) norms of the product space W := V x Q*,
for which we introduce the norm

1@ M w = lIAv]ll + [lyllg=

We show that the majorant 90t » (v, y) is equivalent to the error in the combined norm
(v, ¥)|lw- We have

I —v. p=W)lw = A =0l +llp =yl (7.1.41)
< 3[|AAV =yl + 2C + DIA™Y + fI| < coM A (v, ),
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Q*

» (u,p)

vV

1% u
Figure 7.1.1 Error in terms of the combined primal-dual norm.

where cg = max {3, 2+ é} On the other hand,
MA@, ) <A@ =)l +llp = ¥ll« + CIA*Y + f] (7.1.42)
< max{l,C} [|(u —v, p = y)llw -
Thus, we note that the following two-sided estimate holds:
coMa.y) = | =v.p =Yy = ceMa(v. y), (7.1.43)

_ 1
where cg = I Cl . . .

Hence, the efficiency index of the majorant (with respect to the combined error
norm) is estimated from above as follows:

I < & = max{1, C} max {3,2 + 1} (7.1.44)
Co

Therefore, 91 , is an efficient and reliable measure of the error in the combined norm
[(u—v,p—y)llw-

Remark 7.6. Since

MA@ p) =A@ —v)l and M@, y) = llp = yll« + A" (0 = ).

we note that

I —v.p—P)lw =M@, p) + Ma(u,y). (7.1.45)

Remark 7.7. If the error is measured in a different (but equivalent) norm

1
1, IS = AV + Iyl + CIA*p],
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then
M, y) < =0, p—PIW <3M (v, y). (7.1.46)

Thus, the majorant is equivalent to such a norm and the corresponding efficiency index
does not depend on c.

We can give another interpretation of the results discussed. Introduce the functionals
Ma (v, y) = 3l|lAAv = ylll, + (1 +2¢) [A™y +£]
and
Mp (. y) == [lAAV = ylll. + [A*y + €|,

which consist of the same terms as does the majorant but with different weights. We
have proved that

M (v.y) < [l —v, p—y)llw < Ma(v, y). (7.1.47)

In other words, if the terms ||AAv — y|||, and ||[A*y + £| are supplied with proper
weights, then their sum furnishes two-sided bounds of the error in the combined norm.

Comments. The functionals 9 5 (v, y), M (v, y) and M A (v, y) provide natural
error estimation tools for approximations computed with the help of the mixed finite
element method. Mixed approximations of boundary value problems are given by a
pair of functions (uy, py), which can be substituted in the corresponding majorant di-
rectly or after a certain post-processing procedure. A priori and a posteriori estimates
for mixed approximations were investigated by many authors. An elaborated theory
of mixed finite element methods can be found in the books by F. Brezzi and M. Fortin
[79], D. Braess [67], J. E. Roberts and J.-M. Thomas [325]. Various a posteriori error
estimators for mixed finite element methods were studied by many authors (e.g., see
A. Alonso [12], I. Babuska and G.N. Gatica [26], G.F. Carey and A.I Pehlivanov
[85], C. Carstensen [86, 88], C. Carstensen and G. Dolzmann [91], C. Carstensen and
R. H. W. Hoppe [94], B.1. Wohlmuth and R. H. W. Hoppe [372]). In G. Gatica [149],
the reader will find a proof of the efficiency of residual-based a posteriori error es-
timators for mixed approximations. A posteriori estimates for approximations based
on Raviart-Thomas elements are represented by D. Braess and R. Verfiirth [70], and
estimates based on superconvergence phenomenon are analyzed by J. H. Brandts [74].
A posteriori error estimators for mixed approximations of problems in linear elasticity
theory were investigated by M. Lonsing and R. Verfiirth [223] and for mixed approxi-
mations of the Stokes problem by X. Cheng, W. Han, and H. Huang [104]. In B. Engel-
mann, R. H. W. Hoppe, B. Wohlmuth, Yu. Kuznetsov, Yu. Iliash, and Yu. Vasilevskii
[122], adaptive methods for hybrid finite element approximations are considered.
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Functional a posteriori estimates for mixed approximations have been studied in
S. Repin, S. Sauter, and A. Smolianski [314, 313], where they were derived for linear
elliptic problems by variational techniques.

These estimates are applicable to mixed approximations of all types. In particular,
they applicable to the so-called “dual mixed approximations”, which use nonconform-
ing (with respect to the energy space V') approximations of u and “cell-equilibrated”
approximations for p (which integrally satisfy the relation A*py + f = 0 on each
cell/element). Approximations of such a type gained high popularity, because they pre-
serve relations coming from the physical (conservation) law and obtain a high flexibil-
ity. The latter property was used to adapt them to approximations on highly distorted
meshes (e.g., see Yu. Kuznetsov and S. Repin [206, 205]). A posteriori estimates for
the dual-mixed approximations follow from the above-presented estimates, provided
that the function v is post-processed (e.g., smoothed) in such a way that v € ug + Vj.

7.2 Elliptic problems with lower terms

Now we consider the problem: Find u € ug + Vj such that
(AAu, Aw) + (Tu,w)yg + (£, w) =0, w €V, (7.2.1)
where 7' : 'V — 'V is a linear continuous operator satisfying the relation
willwl3y < Tw.w)y < p3llwl. (7.2.2)
The function ¥ minimizes the functional

J(w) = %((AAw, Aw) + (Tw, w)v) + (€, w)

on the set ug + Vp. Under the assumptions made, J(w) is coercive on ug + Vp and,
therefore, the minimizer u exists.
For a function v € ugy + Vy, we have

(AA(u —v), Aw) + (T(u —v),w)y = =€, w) — (AAv, Aw) — (Tv, w)y. (7.2.3)
Let y € U and w = u — v. Then, (7.2.3) infers the relation
u—v|)> ==+ A*y,u—v)— (AAV — y, A(u —v)) — (Tv,u —v)y. (7.2.4)

Here,
Il —v[]? := (AA( —v), A(u —v)) + (T (u —v),u — )y

is the energy error norm associated with the problem.
If £ is defined by an element f € V and y € Q¥, then (7.2.4) is rearranged as
follows:

u—v]®> = (f + A*y + Tv,v —u)y + (AAv — y, A(v —u)). (7.2.5)
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We have
(f + A%y + To,u—v)y < [, »)llvlu—vlly
< (T, ), 10, )3 (T = ), u = v)y/2,
(AAD =y, A = v)) < [l AN = Y[l [ AG = )],

where r(v, y) := f 4+ A*y + Tv With the help of these estimates and (7.2.5), we
obtain

e —vl* < (T 'e(v, ), 1(v, )y + ALY — y]I3. (7.2.6)
This estimate is sharp. Indeed, let y = AAu. By (7.3.1), we find that
(Tu,w)yy = —(fw)y —(y.Aw),  we,
which means that
(T —v),wy=—(f+A*y +Tv,w)y, w e Vp,
and, therefore, r(v, y) = T (v — u). Hence,
(T™'r(v, y),1(v, y)y = (T —v), u — v)y.

Also,

llAAY =yl = llAAQ —w)ll = [IAQ —w)l
and the right-hand side of (7.2.6) is equal to the error norm |[u — v]|2.

Remark 7.8. Since the problem has a variational statement, we can derive a posteriori
estimates using the variational method (see [276, 277, 282]), which gives the same
result.

Another estimate follows from (7.2.4) if we apply (7.1.17) and estimate the first
term on the right-hand side of (7.2.5) as follows:

A"y + f+Tvu—v)y <CI|A"y + f + Ty [A@ —v)].
In this case, we arrive at the estimate
A =)l < |AAV = pllx + CI|A*y 4+ f + Tv|ly. (7.2.7)

Remark 7.9. Also, we can derive a hybrid estimate if we introduce a function
a(x) € [0, 1] and split the first term on the right-hand side of (7.2.5) (cf. Section
4.2). Then, we obtain the estimate

A —v)][* < ([AAY = y[lx + C[(1 = a)r(v. »)[v)?
+ (@T (v, y), r(v, y))p. (7.2.8)

For o = 0 and o = 1, (7.2.8) implies the estimates (7.2.7) and (7.2.6), respectively.
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7.3 Problems with solutions defined in subspaces

7.3.1 Abstract problem

The above-discussed method can be extended to problems the solutions of which be-
long to a certain subspace of the basic energy space.

Define another pair of mutually conjugate linear operators B : Vo — H and
B* : H — V{, where H is a Hilbert space endowed with scalar product (-,-) .
The spaces and operators introduced are conveniently represented by the following
diagram:

B A
H «— 1V, — U (YY"
¢
B* A*

H — Vf <— U

Consider the problem: Find p € H and u € V p satisfying the relation
(AAu, Aw) + (£ — B*p,w) =0, w e Vo, (7.3.1)

where
VO,B ={v el | Bv = 0}

is a subspace defined by the kernel of B.
For g € H, we have

(B*q,w) = (¢, Bw)g =0, Yw € Vo, B. (7.3.2)
Therefore, we can also define u by the relation
(AAu, Aw) + (£, w) =0, w e Vy,B. (7.3.3)

The solvability of this problem requires special properties of the operator B, which
are analogous to the LBB condition (see Lemma 7.10). We assume that the necessary
conditions are satisfied and (7.3.1) has a solution u € Vp g. Our goal is to present a
general scheme that delivers guaranteed estimates of the deviation from u.

7.3.2 Estimate for approximations lying in the subspace

Let v € Vp, p. From (7.3.2), it follows that for any w € V g and y € U the identity

(AA (U —v), Aw) = (y — AAV, Aw) — (£ + A*y, w) (7.3.4)
holds. In view of (7.3.2), we have
[ €+ A"y w) | _ | (¢+ A%y — B*q.w) |
weVo.p I Awll " weos Il Awll

| (£ + A"y — B*q.w) |
< sup

< =: £+ A*y — B¥q]|.
weVo Il Aw]
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Thus (7.3.4) with w = u — v leads to the estimate
A@ =)l < lly — AAvll. + [ £+ A%y — Bq], (7.3.5)
where ¢ € H. If £ is defined by f € V and A*y and B*¢ also belong to V, then
((+ A%y —B*q,w) = (f + A%y =B q,w)y < | f + A"y = B*qlly[wlv.

and we find that

| (¢ + A%y — B*q. w) | ILf + A%y = Bqly|Aw]|
sup <c¢ sup

welp I Awll wevy I Awll

In this case,
€+ A%y —B*q| <C|f + A"y —B*qlvy.
and we arrive at the estimate
A =vlIl < lly — AAvll. + Clf + A%y — B*qlly.  (7.3.6)

Another form of the estimate arises if there exists a linear continuous operator
T : H — U such that

(B*q,w) = (Tq, Aw), Yw € V.
Then, (7.3.4) is rearranged as
(AAU —v), Aw) = (y — ANV — Tq, Aw) — (£ + A*y, w), (7.3.7)
and instead of (7.3.5) we obtain
IAG =Wl < lly — AAv = Tqll + 1€+ A"y]. (7.3.8)
If ¢ = f and A*y belongs to V, then (7.3.8) implies the estimate
IAG@ =)l = lly — AAv = Tqlls + ClLf + A*yllv. (7.3.9)

which is a counterpart of (7.3.5).

7.3.3 Estimate for approximations lying in the energy space

For functions that do not belong to the subspace Vj, g, the deviations from u can be
estimated, provided that we can prove Lemma 7.10 (which is analogous to Lemma
6.2).
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Lemma 7.10. For any g € ImB, there exists vg € Vo such that
Bvg =g and |lvglly =«lgla. (7.3.10)

where k > 0 does not depend on g.

In general, this lemma can be proved with the help of closed range lemma (e.g.,
see K. Yosida [374]), which is valid for operators with closed range (we recall that the
operator B has a closed range if for any sequence {v;} € V such that Bvg converges
in H there exists v € V such that Bvy — Bv).

Corollary 7.11. Set g = BV, where U is an element of Vy. Then, we can find an
element vg € Vy satisfying the relation B(v — vg) = 0 and such that

loglly < kIl BD]. (7.3.11)
Hence, the function wog = (U — vg) belong to Vy p and satisfies the relation
[V —wolly <«|BY].
Since A is a bounded operator, we have the inequality
IAQ@ —wo)l = & BY]. (7.3.12)
where the constant k does not depend on .

Let u be compared with a function v € V. Take a function wg € Vp, p that satisfies
(7.3.12). Then,

A G =V < 1A @ = wo)lll + IIA®@ — wo)ll
< llAAwo = ylll + 1€+ A%y — B | + [|A® — wo)ll.
Insert ¥ into the first term and use the triangle inequality. We have
A =)l < IAA@ — wo)lll« + IIAAD =yl
+ 1€+ A%y = B*q| + |A@ — wo)l
= 2[IA@ = wo)ll + llAAwo — yll« + 1€+ A"y — B*¢|
< 2e2[|A@ = wo)|| + [l AAwo — yll« + 1€+ A%y — B¥q|. (7.3.13)

Hence,
A =) < 2c2ic|| BU|| + |AAD — ylll« + 1€+ Ay — B*q|. (7.3.14)

If £ is defined by f € V and A*y and B*¢ also belong to 'V, then (7.3.14) implies the
estimate

A =)l < 2c2k|| BV + [IAAD — ylll« + ClLf + A%y — B¥qllvy. (7.3.15)
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Remark 7.12. We note that the problem considered can be expressed as a system

(A*0 +€—B*p,w) =0, w € Vo, (7.3.16)
o = AAu, (7.3.17)
Bv =0. (7.3.18)

Each term on the right-hand side of (7.3.14) and (7.3.15) is a certain penalty for a
possible violation of one of the relations of this system.

Remark 7.13. For the Stokes problem, we have
Av =¢(v), Bv=—divv, and A=vl

It is easy to see that in this case, c; = ¢ = v,

~ 1 ~ ~
IAAY =yl = 7 lve) = yll. and [[A@ =Dl = VV[A@ D)

and we find that the estimate (7.3.14) coincides with (6.2.17).

7.4 Derivation of a posteriori estimates
from saddle point relations

In this section we again consider the problem (7.1.1) and show that a posteriori esti-
mates can be obtained by simple transformations of the saddle point relations.

First, we recall that the problem (7.1.1) can be stated as a minimax problem: Find
u € ug + Vp and p € U such that

L(u,q) < L(u, p) < L(v, p), Yveug+ Vo, g€, (7.4.1)

where
-
L(w,q) = (Aw,q) = 5(A™'q.q) + (£ w).

The corresponding system that defines the saddle point (u, p) follows from (7.4.1).
Indeed,

L(u,p+e€q) <L(u,p), VqeU,
where € is an arbitrary positive number and

L(u, p) < L(u +w, p), Yw € Vp.
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Therefore, (u, p) must satisfy the relations
(Au,q) — (A 'p.g) =0, VgeU, (7.4.2)
(p, Aw) + (£, w) =0, Yw € 1y, (7.4.3)
or (equivalent) relations
(AAu.q)—(p.q) =0,  VgqeU, (7.4.4)
(A*p,w) + (£, w) =0, Yw € V. (7.4.5)

Let the pair (v, y) € (uo+ Vo) x U be an approximation of the saddle point. Estimates
of the deviations ¥ — v and p — y directly follow from (7.4.4) and (7.4.5). Indeed, for
u —v and p — y we have

(AA(—v)—(p—Y),q9) = (y — AAv,q), Vg eU, (7.4.6)
(A*(p—y),w) = —(Aw,y) — (L, w), weVp. (7.4.7)

Here, we set g = A(u — v) and w = u — v. Then,

IA@ —v)[I> = (p — y. Aw —v)) = (y — AAv, A(u — v)), (7.4.8)
(A*(p—y)u—v)y={+ A%y, v—u). (7.4.9)

We sum (7.4.8) and (7.4.9) and obtain
IA@ =) = (AAv =y, A(w —u)) + (£ + A*y, v —u),

which leads to (7.1.19) and (7.1.20).
Another modus operandi applied to (7.4.2) and (7.4.3) implies estimates for the dual
variable. We putg = p — y and w = v — u, and we have

(Auw—v).p=y)+(Av—A"ly. p—y)= (A" (p—y).p—y). (14.10)
(p—y,Alv—uw) +(y,Av—u))+ (£{,v—u)=0. (7.4.11)

From (7.4.10) and (7.4.11) it follows that
lly =l = (Av— A"y y = p) + (€ + A*y.v —u)

< ly = AAv[llly = pll« + (v — p. A(v —u))
< ly = AAvllly = plls + A =Wy — Pl

Hence, we arrive at the estimate
e —yllle =y — AAV|[« + A —w)]| (7.4.12)

and all estimates (see Section 7.1.3) that follow from it.
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In this chapter, we discuss a posteriori estimates for certain classes of nonlinear prob-
lems. As in previous chapters, we derive a posteriori estimates by two different meth-
ods. The first method is based on variational techniques and the second one op-
erates with integral type relations that define generalized solutions. Both methods
can be applied to nonlinear problems but we pay the main attention to the second
(nonvariational) method. Some results obtained with the help of variational tech-
niques are also discussed but without detailed proofs. The reader can find them in
[61, 57,58, 82,139, 244, 276, 281, 277, 283, 319, 318, 320] and other publications.

8.1 Variational inequalities

Variational inequalities form an important class of nonlinear problems, which often
arise in mechanics and physics (e.g., see G. Duvaut and J.-L. Lions [120], A. Friedman
[133], and R. Glowinski [153]).

Let V be a reflexive Banach space, a : V x V — R be a bilinear V -elliptic form,
and j : V — R be a given convex continuous functional. Consider the following
problem: Find u € K such that the inequality

au,w—u) + j(w)—ju) > € w—u) (8.1.1)

holds for any w € K, where K is a convex closed subset of Vg and £ € V¥,
a(v,w) := f AVv - Vwdx,
Q

Q is a bounded domain in R? with Lipschitz continuous boundary, A = {a;j} is a
symmetric matrix satisfying the conditions (4.1.4). It is well known (e.g., see [120,
153]) that (8.1.1) is equivalent to the variational problem: Find u € K such that

J(u) = u}gt}( J(w), (8.1.2)
1
J(w) = Ea(w, w) + j(w) — (£, w).

The existence of a minimizer to this problem follows from the coercivity of a on V.
In the literature, variational inequalities the nonlinear features of which arise owing to
the set K are often called inequalities of the “first kind”. If a nonlinearity is caused
by the presence of a (nondifferentiable) functional j, then the inequality is assigned to
the “second kind”.
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Exact solutions of variational inequalities may have a complicated structure. Typi-
cally, they contain unknown free boundaries the location and structure of which are a
priori unknown and investigation of their properties is an important part of the a priori
analysis of variational inequalities (e.g., see [133]).

In this section, we show that computable error bounds for elliptic variational in-
equalities of both kinds follow from the corresponding variational inequality.

8.1.1 Variational inequalities of the first kind

We begin with a classical problem related to the variational inequalities of the first
kind. We set j = 0 and define K with the help of pointwise restrictions:

K={pel:= }011(52) | ¢(x) <v(x) < ¢¥(x)ae.inQ},
where ¢ and ¥ € H?(Q) are two given functions such that

¢(x) <0 and Y(x)=>0 onT,

P(x) = ¥(x) in Q.

In this case, (8.1.1) reads: Find u € K satisfying the inequality
a(u,w—u) > ({,w—u) (8.1.3)

Henceforth, we assume that £ is defined by an integrable function, i.e.,

(£, w) =/Q fwdx

and €2 is a bounded domain with Lipschitz continuous boundary.

Problem (8.1.3) is the classical obstacle problem (e.g., see [133, 153]). Under the
assumptions made, the solution u exists and is unique. In general, 2 is divided into
three sets, where u is determined either by the differential equation or by obstacles.
They are as follows:

Qy ={x e Q| ulx) =y},
Qg =1{x €Q | ulx) =)},

Qpi={xreQ | ¢(x) <ulx) <y}

The sets Q’&/ and Qg are upper and lower coincidence sets and Qf is an open set where
a solution satisfies the differential equation. Thus, we see that this problem involves
free boundaries, which are a priori unknown.
In [82, 283], the variational statement (8.1.3) was used to derive a guaranteed upper
bound of the error
IV = )l = (@G —v.u—v)) /2.
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Below we derive the same estimate by transformations of (8.1.3). Assume that v € K
is a function compared with u. Then,

a(u—v,u—v)f/Q (f(u—v)—AVv-V(u—v)) dx. (8.1.4)
For any vector-valued function y in the space H (€2, div), we have
/;2(wdivy+y-Vw)dx:0, Yw € V.
Therefore, (8.1.4) is transformed as follows:
alu—v,u—v) < /Q(f +divy)(u —v)dx —I—/Q(y—AVv)'V(u—v)dx
= / (y —AVv)-V(u —v)dx +/ (f +divy)(u —v)dx
Q Q};f
+/ (f +divy)(u —v)dx
2,
+/Qv(f +div y)(u — v) dx, (8.1.5)
0

where
Q:’p ={xeQ | vx)=vx)}
Qf = {x € Q| v(x) = p(¥)},
Qo:={xeQ | ¢(x) <v(x) < ¥}
Introduce the function

(f +divy)_ ae.in QUW’
<f +divy>y =1 f+divy ae. in QY
(f +divy), ae. inQ},

where (g), = max{0, g} and (g)_ = min{0, g} denote the positive and negative parts
of g, respectively. Note that

<f +divy>, € L2(Q).

Further analysis rests upon the relation

/(f—{—divy)(u—v)dxf/ <f 4+divy >, (u—v)dx, (8.1.6)
Q Q
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from which it follows that the first term on the right-hand side of (8.1.5) is bounded
from above by the quantity || < f + divy >, |||[v — u||. Since

/Qmw ~ ) Vwdx < [|[AVv — [l V]I,

we arrive at the estimate (cf. [283])
IV =)l < Mops(v, y) := |4V =yl + Cll < f +divy >y |, (8.1.7)

where C is the constant in the inequality ||w|| < C|||Vw]||.
We note that the error majorant 91 o55(v, y) derived for the obstacle problem con-
sists of two terms. The first term penalizes the error in the relation

AVv = y. (8.1.8)
Another term of 9t ogs(v, ¥) penalizes the “improper” behavior of divy + f on the
sets ¢, SZ:;/, and Qg, respectively.
It is easy to see that the majorant is a nonnegative functional, which vanishes if and
only if (8.1.8) holds and
<divy + f», =0 fora.e. x € Q. (8.1.9)

The latter relation means that

divy(x) + f(x) <0 ae.in Qg, (8.1.10)
divy(x) + f(x) =0 ae.in Qg, (8.1.11)
divy(x) + f(x) 20 ae.in Q. (8.1.12)

If (8.1.8) and (8.1.10)—(8.1.12) hold, then for any w € K, we have
/ AVv-V(w—v)dx—/ f(w—v)dx =/ (divy + f)(v—w)dx
Q Q Q
— [ @ivy s N@-wdr+ [ @vy o= w)ds
Qg h
+/ (divy + /)Y —w)dx = 0.
@
Thus, v satisfies the variational inequality

a(v,w—v)z/ f(w—v)dx, Yw e K,
Q

which coincides with (8.1.3). We have proved the following assertion.
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Theorem 8.1. For any v € Vg and y € H(L2,div), the estimate (8.1.7) provides a
guaranteed upper bound of ||V (u — v)|||. Moreover, if M ozs(v,y) = 0, then v = u
and 'y = AVu.

Remark 8.2. Theorem 8.1 shows that problem (8.1.7) admits a new variational state-
ment, namely: Find u € K and p € H(L2, div) such that

ﬁOBS(WP) = Uiefll/i; ﬁOBS(UJ’)- (8.1.13)

yeH(L2.div)

Unlike the variational statement (8.1.2), the value of the exact lower bound for this
problem is known (it is zero).

A more sophisticated estimate can be derived if (8.1.5) is given in the form

a(u —v,u—v) 5/ (f +divy + A1 —A2)(u —v)dx
Q
+ / (y —AVv)-V(u —v)dx + / (A(v—u) + Ar(u —v))dx,
Q Q
where A;(x),i = 1,2, are arbitrary nonnegative functions. Since
/ A(v—u)dx 5/ Ai(v—¢)dx
Q Q
and
| 2ae-vyax < [ et - v,
Q Q
from (8.1.5) it follows that
19 = 0)lI? < (CILS +divy + A1 = Aol + lly = AVOIL) IV = )]
-I—/ A1(v—9) + A2y —v))dx. (8.1.14)
Q

By (8.1.14), we deduce an advanced error majorant:

IV —=v)ll < M(v.y.2A1.42)

+ \// A1 —=¢) + A2y —v))dx + M2(v, y, A1, A2), (8.1.15)
Q
where

1 .
M(v.y.Arh2) = 3 (Ily = AVl + CILf +divy + 21 = da])).
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Note that (8.1.7) is a special case of (8.1.15). Indeed, set A1 = X1 and A, = Ao, where

>0

=0 on (2\Q4) U (RN x| divy) + f(x) = 0}),
1(x) = divy(x) + ()] on QY N {x | divy(x) + f(x) <0}
and
A =0 on (sz \ ssz) U (sz;;,(v) N {x | divy(x) + f(x) < 0}) :
Z2(x) = [div y(x) + £(0)] on QY N{x | divy(x) + f(x) > O}
Then,
/Q A1(v—¢) + A2(¥ —v))dx =0
and (8.1.15) takes the form
IV —v)lll <2M (. y. 21, A2). (8.1.16)
Note that
I f +divy + A1 — A|?

=/ |f+divy+il|2dx+/ |f—|—divy|2dx+/ |f +divy — A2 dx
Qy QY QY

=/v(f+divy)i dx+fv|f+divy|2dx+/v(f+divy)i dx
Qy Q QY
= <divy + f >y |*

For this reason, 2M (v, y, A1, A2) coincides with 9 ops(v, ).
From (8.1.14) it also follows that

1 i 2
< 52 (I +divy + 21 =20l + Iy = AVvl, )
o

(1-3) Ve =)
+/ A1(v—9¢) + A2y —v)) dx, (8.1.17)
Q

where o € (0,2). Using Young’s inequality, we rewrite (8.1.17) in the form

1+ . 1+
SR vy ha = dal? + <Py - v

4—2/Q A1 (v —=¢) + Aa(y —v))dx, (8.1.18)

Q-a) IV - ) <
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where f is an arbitrary positive number. Let

1
Cap = Lﬂcz and r(y):=divy + f.
o
Now, we are aimed at selecting A; and A5 in such a way that the value of the right-
hand side of (8.1.18) attains its minimal value. Unconstrained minimization leads to

the relations

/ (r(y)+)n—/\2+ v_¢)dx:0 (8.1.19)
Q Cap
and
vy
/ (r(y) S — A+ )dx —0, (8.1.20)
Q Cap

which cannot be satisfied simultaneously. Therefore, either A; = 0 or A, = 0 (or both
of them are equal to zero). Assume that A; = 0. Then, we should set
v —_—
Ay =1(y) + w, (8.1.21)
Cap

provided that A, > 0. Let

D(1(y), v) := cap(t(y) + A1 = 22)> + 221 (v — ¢) + A2 (¥ — v))

denote the integrand of two terms that contain A} and A,. By (8.1.21), we obtain

D(1(y), v) = Cap(r(y) = A2)* + 2A2(¥ —v)

— )2 _
P S Ull) T SV S Al (8.1.22)
Cap af
Another option is to take A, = 0 and
m=2"" 1. (8.1.23)
Cap
provided that A1 > 0. Then,
D(r(y), v) = cap(t(y) + 21)* + 241 (v — ¢)
— )2 _
P PR Gl T Al BV (8.1.24)
Cap Cap
If both A; and A, are equal to zero, then
®(r(y),v) = caﬁrz(y) if p—v <r(y) < V- v (8.1.25)

Cap Cap
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Now, (8.1.18) takes the form
1+ 8

Q- IV =) < e

lly = AV +/Q O(r(y),v)dx, (8.1.26)

where ®(r(y), v) is defined in accordance with (8.1.22), (8.1.24), and (8.1.25).

Remark 8.3. Estimates (8.1.7) and (8.1.26) were derived in [298] by the method,
which we have discussed above. In [283], the estimate (8.1.7) was derived by the

variational method. Set @ = 1. Then ¢, = cg := (1 + B)C?, and we arrive at the
estimate
1+ 8
IV @ —v)|I? < Tllly — AV + /Q (r(y), v) dx, (8.1.27)

which was also derived in [283].

8.1.2 Variational inequalities of the second kind

Another group of variational inequalities is related to problems with nondifferentiable
functionals. In this case, a solution u is defined by the inequality

a(u,w—u)+ j(w)—ju) =€ w—u), (8.1.28)

which holds for any w € Vp. As for the first kind inequalities, the corresponding a
posteriori estimate can be derived directly from (8.1.28). Let v be a function compared
with u. Set w = v and rearrange (8.1.28) as follows:

au—v,v—u)+ jw)—ju) = €, v—u)—a(,v—u). (8.1.29)
Since j is a convex functional, we know that (cf. (1.4.43))
Jj@) = j) = (v u—v),  Vv*edj),

where 0j(v) € V{* denotes the subdifferential of j at v. Therefore, we rewrite (8.1.29)
in the form

alu—v,u—v) < W v—u)+ L u—v)+al,v—u).
Note that for y € L?(2, Rd) (the divergence of which is an element of V"), we have
(divy, w) + (v, Vw) = 0, Yw € V.

By this identity, we obtain

alu—v,u—v) < (V*—L+divy,v—u) —l—/ (AVv —y)- V(v —u)dx, (8.1.30)
Q
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which implies the estimate
IV =)l < [v* = £€+divy] +[[AVY = y]l.. (8.1.31)

where | £*| 1= supy,ey, —fnév’ul)”"f.
Assume that y € H(2,div) and dj(v) contains an element that can be identified
with an L2(2)-function. Then, (8.1.31) is represented in the form

IV =)l < Cllv* = f +divyll + [[A4Vv = y]|., (8.1.32)

where v* is such an element. In particular, if j is Gateaux differentiable and
j'(v) € L?(R) denotes the Gateaux derivative, then we express (8.1.32) as

V@ =l <Cllj'w) = f +divy] + [[4Vv =yl (8.1.33)
In the next section, we show that the method applied can be extended to a considerably
wider class of problems.
8.2 General elliptic problem. Variational method.

A wide class of variational problems related to various physical models can be given
in the following abstract form:

inf  J(v,Av), J():= G(Av) + F(v), Yv eV, (8.2.1)

veuo+Vo

where G and F are convex continuous functionals, V' is a reflexive Banach space, and
A is a linear continuous operator that maps V' to another reflexive Banach space Y. In
particular, if

GO)=5CAv ). F@) = (). LeVy,
then (8.2.1) coincides with (7.1.1). Also, we assume that
cllAwly > wlv, Vv € Vo, (8.2.2)
where c is a positive constant, and J is coercive on ug + Vp, i.e., forv € ug + Vp
J(v,Av) - 400 as |v|ly = +oo. (8.2.3)

In this case, the problem (8.2.1) has a solution u (e.g., see [121]).

In ([276, 277, 282]), a posteriori error estimates for this class of problems were
derived by the variational method. In order to discuss them, we need to introduce
additional notation.
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As before, the product of v € V and v* in the topologically dual space V* is
denoted by (v*, v). We denote the space topologically dual to ¥ by Y* and the cor-
responding pairing by {(y*, y)). We note that the spaces ¥ and Y™* are essentially
different (unlike the case considered in Chapter 7). For this reason, throughout this
chapter we mark functions from Y * by stars. The operator

A*:V*>Y*
satisfying the relation
(r* Aw) = (A" y,w), Yw eV, (8.2.4)

is conjugate to A.
By G* we denote the Fenchel conjugate of G (cf. (1.4.38)), which is defined by the
relation

G707 = sup (", ») = G»).

yE

Definition 8.4. We say that G and G* are uniformly convex in the balls
Bs:=B(0,8) € Y and By, := B(0,6%)eY™,

respectively, if they satisfy the relations

G (Y1 ;—yz) + dy (J’1 - yz) E(G(yl) + G(y2)), (8.2.5)
* * k _ k 1
G (y1 eryz) T o (y1 . yz) ~(G*(y1) + G*(12)). (8.2.6)

where &5 : ¥ — R4 and CD;"* : Y* — R, are certain nonnegative functionals
vanishing at the zero elements of Y and Y *, respectively.

It follows directly from (8.2.5) that any uniformly convex functional G is convex.
Moreover, the functional ®g reinforces the usual convexity inequality. For this reason,
sometimes it is called the forcing functional (e.g., see R. Glowinski [153]).

Let v € ug + V be an approximation of u. The variational method of deriving
computable upper bounds for the quantity |A(v —u)|y is based on the inequality

@(A(vz )) S (U@, Av) = S, Aw). (8.2.7)

which can be viewed as a generalization of (2.3.1) for problems with uniformly convex
functionals. If G is uniformly convex, then it is easy to prove that (8.2.7) holds with
® = &g, provided that Au and Av belong to B(0, §). Indeed,

@ (A(”2 )) < %(G(Av) +G(Au) -G (w) ,

Of%(F(v)—i—F(u))—F(u—;v).
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Since

6 (M) 4 F (M5) = 6w + Fa,

we obtain (8.2.7).
We note that for problems with superquadratic growth, (8.2.7) holds for the whole

space, so that ® does not depend on §.
Another key relation used in the derivation of a posteriori estimates is

infP := J(u, Au) = I*(p*, A*p*) = sup P*,

where I* is the functional of the so-called dual variational problem $* and p* is the
corresponding solution that maximizes /™* on a set of admissible functions (cf. (7.1.9)).
Typically, this set consists of the functions that satisfy certain differential relations. We
will not give here a detailed exposition of the variational method (which can be found
in [282] and [244]) and pass to a discussion of the error majorant derived with the help
of it. This majorant provides an upper bound of the differences v — u (for the primal
problem) and y* — p* (for the dual one) evaluated in terms of the functionals ® and
D*,

Theorem 8.5 ([276, 282]). Let u be a minimizer of the problem, the functionals F and
G satisfy the above conditions, and Au € Bs and p* € Bg... Then for any v € ug+Vo
and y* € Y* such that Av € Bs and y* € By, the estimate

®; (w) + @ (%) < M,(v, y*)

1
holds, where
DF (v, A*y*) i= F(v) + F*(=A*y*) + (A*y*,v),
Dg(Av,y*) := G(Av) + G*(»™) — (™. y)).

The functionals D and D¢ are nonnegative (this fact follows from the definition
of a polar functional; cf. 1.4). They play an important role in a posteriori analysis
of various variational problems (e.g., see [57, 61, 139, 281, 282, 289, 293, 319, 320,
321]).

By Proposition 1.2, we know that the relation

F(v) 4+ F*(—=A*y*) + (A*y*,v) =0 (8.2.9)
is equivalent to

—A*y* € OF (v) (8.2.10)
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and the relation
G(AV) +G*(y™) — (™", Av) =0 (8.2.11)

is equivalent to
y* € 0G(Av). (8.2.12)

Note that (8.2.10) and (8.2.12) are duality relations, which hold if and only if v and
y* coincide with u and p*.

Remark 8.6. We observe that for nonlinear problems, it is natural to perform error
control with the help of special functionals ®. For linear problems, these functionals
coincide with the standard energy norms.

Example. As an example, we apply (8.2.8) to the reaction-diffusion equation with
mixed Dirichlet-Robin boundary conditions. It can be represented as the variational
problem

inf J(v,Vv)

weVp

for the functional

1 5
\V4 — v/ 2 e 2 /
J(v, Vv) /Q(2| o+ Slol )dx+ A

where § and « are positive real numbers and Vj is a subspace of H'(Q), which con-
tains functions vanishing at I';.

It is not difficult to show that the minimizer u of this variational problem satisfies
the relations

<%|v|2 — gv) ds,

2

—Au+68éu=0 in ,
u=20 on I,

du
— +au—g=0 on I'5.
an

On I'; the solution satisfies the so-called Robin boundary condition. An a posteriori
estimate for this problem follows from (8.2.8) if A is associated with the operator Vv
and the functionals G and F are defined by the relations

1
G(Aw) = —|Vv|?dx,
2
Q

] o
F(v) =/ §|v|2dx+/ (§|v|2—gv)ds.
Q I
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In the case considered, ¥ and Y * are identified with L2(Q2, R%),
(", )= / y*-ydx,
Q
* * * 1 2 1 * |2
G (=y") =sup | (=y"-y—sy[Ddx= [ S[y"["dx.
y Ja 2 Q 2
By the integration-by-parts formula
/ y*-Vvdx = / —div y*vdx —|—/ (y*n)vds, Yv € V,
Q Q I

we conclude that A*y™* should be understood as {—div y* |q, y* - n|r,} and

(A*y*’v)=/ —divy*vdx + | (y*-n)vds,
Q >

provided that y* possesses necessary regularity. By a direct substitution, we find that
1 1
G(AV) + G*(=y™) + (y*, Av) = / (F1VoP + 51 P + Vo y*) dx
Q
and

F*(A*y™) = sup {/Q(—divy*)v a’x—i—/F *-n) ds—F(v)}

vely

= sup {/Q(—divy*)va'x-i-/F (y*-n)vds—/Q g|v|2dx
2

vely

[ Gr-e) o

]
sup f ((—div Yy ) — —|v|2) dx
vel2(Q) /9 2

o
+  sup / ((y*-n)n—§|n|2+ gn)ds
neL2(I) T2

1 1
/Qﬁ|divy>’<|2dx—{—/F ﬂly*-n—l-glzds.
2

IA

From the above relations, we conclude that
F(v) + F*(A*y*) — (A*y*, v)
1 1
< / —(div y* + 8v)? dx +/ —
Q 26 r

5 ly*-n+g—avi®ds, (82.13)
04

2
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and
I
G(AV) + G*(=y™) + (™. Av) = / SIV0+ v P, (8.2.14)
Q

which yields both terms of the error majorant. It is easy to see that they vanishes if and
only if

divy* +8v =0 in , (8.2.15)
y'n+g—av=0 on I, (8.2.16)
Y =——Vu Q. (8.2.17)

Since v = 0 on I'y, the relations (8.2.15)—(8.2.17) mean that v coincides with the
exact solution u and y™* coincides with p*.
8.3 General elliptic problem. Nonvariational method

In this section, we derive an upper bound of the error from the variational inequality
associated with the problem (8.2.1). The method applied is a generalization of that
was used in Section 8.1.2 for variational inequalities with nondifferentiable terms.
For the sake of simplicity, we assume that G is Gateaux differentiable. Then, the
variational inequality follows from the variational statement with the help of well-
known arguments. Indeed, set w = u + A(v — u) where v € ug + Vpand 1 is a
positive number. Then w € ug + Vp and we have

J(w, Aw) — J(u, Au) = G(Aw) + F(w) — G(Au) — F(u) = 0. (8.3.1)
Since
F(w) — F(u) = F(u + A(v —u)) — F(u) = A(F(v) — F(u)),
we rewrite (8.3.1) in the form
% (G (A +A(v —w)) — G(Aw)) + F(v) — Fu) > 0, Vv €ug + Vo.
Let A — 0, then we arrive at the inequality
(G'(Au), A(v —u)) + F(v) — F(u) = 0. (8.3.2)

From (8.3.2), it follows that

(G'(Au) — G'(AV),A(v —u))) + F(v) — F(u) > {(G'(Av), A(u —v))), (8.3.3)
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which is equivalent to

Y(A(v —u)) := (G'(Av) — G'(Au), A(v — u)))
< F(v) = F(u) + (G'(Av), A(v —u))
<(v*,v—u)+ (G'(Av), A(v —u)))
< (G'(Av) —y*. A(w —u)) + (A*y* + v*, v —u), (8.3.4)
where v* is an element of the set dF (v) and y™* is a function in Y *.

Since G is a convex functional, its derivative is a monotone operator. Therefore, the
quantity Y(A(v—u)) := {G'(Av) —G’(Au), A(v—u))) is nonnegative and provides
a certain measure of the error.

We can deduce computable bounds of errors by one of the methods discussed below.

The first method. Note that

(G'(Av) = y*, A =) = IG"(Av) = y*[ly=[A(w —w)lly (8.3.5)
and
(A" + v v —u) < [A*Y" + 0¥y v —ully. (8.3.6)
In view of (8.2.2),
lu —vlly = cllA@ —w)ly, (8.3.7)

and we obtain the estimate

y (A —u)) < [G/(Av) — y* [y~ + c|A*y* + v* [y, (8.338)
where
L TAE-w)
y(AO =) = R G S oly

is a nonnegative error functional. The second norm on the right-hand side of (8.3.8) is
a norm of the space topologically dual to V', which may be incomputable. Therefore,
it is desirable to represent the estimate in a somewhat different form. One can make
this if the second product in (8.3.4) is estimated by the inequality

(A*y* +v* v —u) < [A*Y* + v lu=llv —ullu, (8.3.9)

where U and U* is a pair of dual spaces the norms of which are defined by ex-
plicitly computable integrals (e.g., L? and L?" with indices satisfying the condition
1/p+1/p’ = 1), V is continuously embedded in U, and

[wlv < Cuvllwlly, Yw eV, (8.3.10)
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where Cyy does not depend on w. Then, there exists a constant C (which is less than
Cyy c) such that

lwlly < ClAwlly.  Yw € Vo, (8.3.11)
and (8.3.8) is replaced by
y(A —u)) < My(v,y*) = |G'(Av) = y*[ly= + CI|A*y* + v*|y+. (83.12)
It is easy to note that the right-hand side of (8.3.12) vanishes if and only if
y* = G'(Av) and —A*y* € 9F(v),

which is equivalent to (8.2.10) and (8.2.12).
Assume that G is a differentiable functional. Then

Y2 —
2

I
GO+ 22 = GO + 56 ). v2 = 1),
I
UG (32). y2 = y1)) = 3G(y2) — EG(J’l),
and we find that

G (v2) = G'().y2 — 1) = $G(2) + L GOy - G(%) (8.3.13)

In view of (8.2.5), we have

(G0 =GO —n) 2205 (B2)  @3.14)
for y1, y2 € Bs. By (8.3.14), we conclude that
cI>5(A(vz_u))
y(A(v—u)) = : (8.3.15)
A —u)lly

Thus, properties of the error functional in (8.3.12) are determined by properties of the
forcing functional.

Remark 8.7. If G does not have the Gateaux derivative at a certain point, then the
above relation holds, provided that it is replaced by an element of the corresponding
subdifferential set dG(Av).

Remark 8.8. In addition to ®g and Y, errors can be estimated in terms of the quantity

D (Av, p*) = G(Av) + G*(p™) — (p*. Av).



194 Chapter 8 Nonlinear problems

which is a certain measure of that how accurately Av reproduces p* = Au. Relations
between the error measures @g(A(v —u)), Y(A(v—u)), and Dg(Av, p*) were stud-
ied in [244, 286, 298] (also, see comments and references in Section 8.4.1 related to
properties of DG (Av, p*)). In particular, it is easy to see that
Dg(Av. p*) = G(Av) + G*(p™) — (p*. Av))
< (G/(Av), A = W) + G(Au) + G*(p*) = (G'(Au), Av))
= (G'(Av), A(v —u))) + (G'(Au), Au)) — (G'(Au), Av)
=T(A(w —u)).

The second method. Let ¢ : R — R be a nonnegative function and ¢* be the
Fenchel conjugate to ¢. We derive another estimate from (8.3.4), using the following
arguments. Take a number « > 0 and apply Young’s inequality to the first term on the
right-hand side of (8.3.4). We have

(G'(Av) = y* A —u)))

EPTINCR R 5
G'(Av) — y*
§a<p(||A(v—u)||Y)+Oé¢*(H$ Y*). (8.3.16)

Analogously, let ¥ and ¥* be another pair of nonnegative functions, where ¥* is
conjugate to . Take B > 0 and apply Young’s inequality to the second term in
(8.3.4). With the help of (8.3.11) we find that

(A% vt 0= < | A —1)lly
B p
A* k *
< pev (aw =iy + pev (|22E5] ). wan)
V*
By (8.3.4), (8.3.16), and (8.3.17), we deduce the estimate
Yop(A(v —u))
< g (HM ) 4 eyt (”u ) . 83.18)
o Y * ﬂ V*

where

Top (A —u)) :=T(A(v —u)) —ag (A —u)lly) = fcy (A —u)ly).

and it is assumed that &, B, ¢, and ¥ are selected in such a way that Yo is a nonneg-
ative functional.
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If (8.3.9) holds, then we obtain

G/A 4k
R (e

) + peyt (H Ay r vt
Y*

)

= Mu, y*; a,p). (8.3.19)

Let the functional T satisfy the relation
T(A(W—u)) =2¢ (A —u)lly), (8.3.20)
where ¢ is a nonnegative increasing function of the energy norm. Then,
Top (AW —u)lly) = 2 —a = B)p(|AQ —u)ly).
and it is natural to set ¢ = Y = ¢. In this case, (8.3.19) has the form

@—a=PUAw-1)ly)
< age (|00
o

e (|75

Particular case. We show that for the linear diffusion problem, the general estimates
given above lead to well-known estimates established in Chapter 4 for the problem:

Findu € Vy = ISII(Q) such that

) . (83.21)

*

Y U

a(u,w) = (f,w)y, Yw € V.

In this case,
1
Av=Vv, G) = Ea(v,v), and F(v) =/ fvdx,
Q

where f € U = U* = L?(Q). Then

G'(v) = AVv, T(A@ —u)) = ||V —v)|?
A*y* =divy*, A*y* +v* =divy* + f,

and (8.3.8) gives the estimate
V@ =)l < ly* = AVvll, + Clldivy™* + f]. (8.3.22)
Now, we derive this estimate with the help of (8.3.20). Note that (cf. (8.3.20))

T(V(v—u) =2¢(|V(v —u)l),
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where ¢ (1) = 5 12. By (8.3.21), we have

o (175,0)

B U

1 C
Coa=PITE =l < iy = AVoll2 + 2 aivy® + 7] 8323

1 * 2
— — AV ,
2= lly* = AVl

BCo* (

1 Lk
Cﬁ Hdlvy —|—f||2,

and (8.3.21) implies the estimate

Setor = —— and B = %, where y > 0. Then @ + B = 1, and we arrive at the
estimate

1+ . 2
IV = < (1 +p)lly* — AVolZ + CTY [divy*+ f|°. (83.24)

which is a special form of (4.1.14).

8.4 A posteriori estimates for special classes of nonlinear
elliptic problems

8.4.1 «-Laplacian

Let o be a real number greater than 1, and let ¢* = ozaTl be the corresponding conju-
gate number. Consider the problem: Find u € V := W1*(Q) such that u = ug on I’
and

div (|Vu|*2Vu) + f =0 in Q. (8.4.1)

The weak statement of the problem is given by the integral identity
/ (IVu|*2Vu - Vw — fw)dx =0, Y w eV, (8.4.2)
Q

where f is assumed to be of class L% (§2), Vo is the subspace of V formed by the
functions vanishing at the boundary.

Variational method. By the variational method, a posteriori estimates were derived
in [278, 61]. In this analysis, we rest upon the minimization problem P

inf  Jo(w), Je(w) :=/ ($|Vw|“—fw) dx. (8.4.3)
Q

weug+Vo
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As usual, by ug + Vp we denote the subspace of V' containing functions w = ug + wy,
where wo € Vp and ug is a given function in V. The existence and uniqueness of a
minimizer follow from the strict convexity of Jy. In the variational method, we need to
consider the dual variational problem. For this purpose, we introduce the Lagrangian

1 *
L.y i= [ (Too3" = "1 = o) dx
Q o
and note that

Ju(v) = sup L(v,y).
y*ey*

The dual variational functional is defined by the relation

I;.(y*):= inf  L(v,y")

veuo+Vo

and has the form

1 *
¥ ®jo* . % *
I5(y*) = /Q(Vuo y ot*|y | fuo) dx if y*e Qf’
> if y* ¢ 07,
S

where
Q}:z{y*eY*|/y*-dex=/ fwdx, VweVo}
Q Q

and Y* := L% (Q:R%). The dual problem #* associated with the primal problem
(8.4.3) is as follows: Find p* € Y * such that P*

IJ.(p*) = sup I7.(y™). (8.4.4)
y*eY*

Theorem 8.9. The problems P and P* have unique solutions u and p* , respectively;

Jo(u) = Ig+(p*). (8.4.5)
p* = |Vul|*2Vu ae.in S, (8.4.6)
Vu = |p*|¢ "2 p* a.e.in Q. (8.4.7)

The proof of Theorem 8.9 follows from well-known results of convex analysis (e.g.,
see 1. Ekeland and R. Themam [121]). If « = 2, then we arrive at the quadratic
functional, which generates a linear elliptic equation. Properties of problems related
to the superquadratic (¢ > 2) and subquadratic (¢ € (1, 2)) cases are rather different.
For this reason, we discuss them separately.
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Estimates for problems with superquadratic growth. Variational problems with
superquadratic growth were among the first studied in the context of the variational
approach to a posteriori error estimation (see [278]). For o € (1, +00), computable
upper bounds of the error were derived in M. Bildhauer and S. Repin [61]. These
results are based on the uniform convexity of Jy (see S. Sobolev [336] and P. Mosolov
and V. Myasnikov [239]). For a > 2, the uniform convexity follows from the first
Clarkson’s inequality

+ o — o 1
/ (|y1 yz‘ +‘y1 yz‘ )dx§—||y1
Q 2

1
wa T §||y2||g,9, Vyi, y2 €Y.

2 2
(8.4.8)
Theorem 8.10. For any v € ug + Vo, the following estimate holds:
IV —wlly o <a2*7 ' (Ie(v) = I5(¢"),  Vq* € Q5. (8.4.9)

Proof. We use (8.4.8). Setting y; = Vu and y, = Vv, we obtain

v
/IV(v—u)l‘)‘abcsz‘)“1 (/ IVv|“dx+/ |Vu|°‘dx—2/ ‘M
Q Q Q Q 2

— @20 (Ia(v) ¥ Io(u) — 21, (“ + ”))

o
d x)

2
<a2? N (Ia(v) — Ia(w)),

By (8.4.5), we conclude that
IOZ(M) 2 I(:(q*)v Vq* € Q}k'7
which leads to (8.4.9). m]

Remark 8.11. We note that (8.4.9) can be viewed as a generalized form of (2.3.1)
related to variational problems with power growth.

In [61], the difference Iy (v) — I;«(¢™) was analyzed and rearranged into a com-
putable form.

Theorem 8.12. Ler « > 2 and v € ug + Vy. For any function y* € Y™ that has
divergence summable with power a* and for any real number B > 0,

W”V(v - U)”g,g = ﬁoc(va )/*7 :3) = M](U, y*v :B) + M2(y*’ :8)7 (8410)
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where

B* * 2
IHy*1*
o

+227 B =) f +divy*IE g

Ml(vvsy*ﬁﬂ):Da(v‘U?y*)-i_ y*_vv”g,g’

* 1
Ma(y*, B) = CFp <W
CyF is the constant in the Friedrichs type inequality

lw]

0,2 < Cor|Vwle,a.

and the functional Dy: Y X Y™* — Rg— is defined by the relation

1 1 *
Dalyy?)i= [ (G017 + ey = v-y") dx.

It is easy to see that the right-hand side of (8.4.10) vanishes if and only if the rela-
tions

[y*|* 72y* = Vo, 8.4.11)
divy* + f =0 (8.4.12)

hold almost everywhere in 2. Since the solution of the problem (8.4.3) is unique, the
relations (8.4.11) and (8.4.12) are equivalent to the fact that v = u and y* = p*. The
functional Dy can be viewed as a certain measure of the error in the duality relations
(8.4.6) and (8.4.7). Indeed, this functional is nonnegative and vanishes if and only if
(cf. Proposition 1.2)

Y=y and y* = [y 7Py
The second term of M possesses the same properties. Therefore, M is a measure of
the error in the duality relations. The term M»(y™, B) penalizes the violation of the

relation divy* + f = 0.

Comments. It should be noted that we cannot prove that there always exist y* and
B such that the right-hand side of (8.4.10) coincides with the left-hand one. How-
ever, such a property may hold for some special quantities introduced to character-
ize the accuracy of an approximate solution (this question is discussed in [61, 244,
282, 286, 298] and some other publications). For example, instead of the L%-norm of
V(v — u) we can take a special measure of the error defined by the compound func-
tional DG (Vv, p*), which in our case has the form

1 1 *
Do(Vv, p*) = /Q (E|Vv|a + a—*|[7*|a - Vv P*) dx = Jo(v) — I+ (p™)

= Ja(v) = Ja(u).
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The majorant 91, is deduced as an upper bound of Ju(v) — Io+(p*) and, therefore,
provides an upper estimate for Dy (Vv, p*). It is easy to see that for y* = p*, the
term M»(y*, B) vanishes and My (v, y*, B) coincides with Dy (Vv, p*). The latter
quantity is a nonnegative functional, which can be regarded as a certain measure of the
error. In terms of such a measure, the majorant 9, is sharp. Similar results hold for
other nonlinear problems (see above-cited publications).

If o = 2, then the quantity

da(v) := D2(Vv, p¥)

coincides with %H V(v—u) ||§Q and gives a natural energy norm of the error. If ¢ # 2,
then dy(v) is not a norm. Nevertheless,

dy(v) 1= Dg(Vv, p*) 20,
and dy(v) = 0 if and only if
Vu = |p*|* "2p* = Vu a.e.in Q.

In some cases, d, (v) can be regarded as a certain weighted norm of the deviation from
the exact solution. For example, for « = 3, we have

1
d3(v) > 3/ (IVv] + 2[Vu|)|V(v — u)|* dx.
Q
However, in some cases it is important to get realistic error bounds in terms of the

energy norm. In general, this is a more complicated task. We shortly discuss it in
Section 8.5.

Estimates for problems with subquadratic growth. For o < 2, it is more conve-
nient to derive a posteriori estimates within the framework of Problem (4)*. In this
case, o™ > 2 and the dual functional

1 i
(—l’oi‘*)(y*)=/Q (—Vuo-y*+§|y*l°‘ +fuo)dx

is uniformly convex on Y *. Therefore, for any ¢ and ¢ € Q;Z we apply Clarkson’s
inequality and obtain

* * * %k a* 1
() [ (55 o d e (1),

which allows us to derive an upper bound of || p* — y*||4* @, where y* is an approxi-
mate one. The assertion below is an analog of Theorem 8.12 for the case a™® > 2.
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Theorem 8.13. For any function v € ug + Vy, any vector-valued function y* € Y*
such that divy™ is summable with power o*, and any B > 0, the following estimate
holds:

lp* — y*||g:,g <M+ (v, y*, B) := M1 (v, y*, B) + Ma(y™, B). (8.4.13)
Here M1(v, y*, B) = 2f%*MZ(Da(Vv, Y5+ By e 2yt — w2 Q)

1
26
+ (@ = Dy g + GO ) (6)?) + 27T

Ma(y*, B) = 20" 1% (52 (r(r")?

= 2%""2 and r(y*) is defined by the relation 1(y*) := Cor || f + div y*|lo*.q-

The reader interested in a more detailed discussion of functional a posteriori esti-
mates for variational problems with power growth functionals is referred to [61, 57,
139, 244, 278].

8.4.2 Problems with nonlinear boundary conditions

Boundary conditions in general form. In many cases, the commonly used Dirich-
let or Neumann boundary conditions cannot properly describe the behavior of a model
and should be replaced by more sophisticated conditions that reflect real physical situa-
tions. Typical examples are presented by problems with unilateral boundary conditions
and friction (e.g., see G. Duvaut and G.-L. Lions [120] and P. Panagiotopoulos [259]).
The corresponding boundary value problems are formulated as variational inequali-
ties and can be solved by known numerical methods (e.g., see R. Glowinski [153] and
R. Glowinski, J.-L. Lions, and R. Trémolieres [155]).

We study the case of nonlinear boundary conditions with the paradigm of the prob-
lem

divAVu+ f =0 in 2, (8.4.14)
where A satisfies (4.1.4) and

u(x) = up(x), x eIy, (8.4.15)
—AVu -n(x) € 9j(u(x)), x €I, (8.4.16)

Henceforth, we assume that f € L,(2), ug € H'(R), and the boundary I" consists
of two disjoint measurable parts I'; and I';. Also, we assume that it is piecewise
smooth, so that one can uniquely define the unit outward normal at almost all points
of T. By u, we denote the normal derivative of  and j : R — R is a convex
lower semicontinuous functional, which determines the so-called boundary dissipative
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potential (e.g., see [259]). The relation (8.4.16) is the general form of a wide spectrum
of boundary conditions. Similar relations are often used in continuum mechanics if it
is necessary to model unilateral boundary contact or contact with friction. In this case,
boundary conditions are represented in the form

—on(x) € 9j(u(x)), x €Iy, (8.4.17)

where o is the stress tensor and u is the displacement. Problem (8.4.12)—(8.4.15) is a
simplified version of the elasticity model, in which u is a scalar-valued function and
(8.4.17) is replaced by (8.4.14). However, from the mathematical point of view these
two problems are quite similar.

We recall that any v € V = H 1(Q,Rd) has a trace on I' denoted by yv (cf.
(1.4.18) and (1.4.19)), where y € é@(Hl(Q), H1/2(r)) is the trace operator. In the
preceding sections, the operator y was omitted in the formulas associated with bound-
ary relations. In this section, we keep it in explicit form. Let V stand for H1(Q)
and

Vo:={veV |yv=0ae only},

which is a subspace of V. The set y(Vp) is denoted by ¥ (it is a subspace of H/2(I")).
The corresponding dual space T* contains traces (on I'z) of the functions from the
space H(2, div). Indeed, for any smooth y* and any v € Vj, we have the relation

(ypvds = / (y* - Vv + (divy*)v) dx, (8.4.18)
I Q

where y; := y* -n. Forany y* € H(RQ2, div), the right-hand side of this identity is a
linear continuous functional £,+ : Vo — R satisfying the relations

L) =0, VYve HY(Q), (8.4.19)
[ty )| < e ||| g I7vll1/2.r - (8.4.20)

In fact, £,,« is a linear continuous mapping defined on a factor space of Vo two elements
of which are considered as different only if they have different traces on I'. Indeed,
Ly« (v1) = £yx(v2) if v1,v2 € Vg and yv1 = yv2 on I'. For this reason, £, can be
identified with a certain element in T*, which we denote by y*y,; and call the normal
trace of y* on T';. The value of the functional £* € ¥* on £ € ¥ is denoted by
(€*,&)r,. Then, (8.4.18) has the form

(y*yru,yv)r, = / (y*- Vv +divy* -v)dx. (8.4.21)
Q
The norm of y*y,; is defined by the standard relation
¥ *.Vuv +divy*-v)dx
vl o= sup 2B _ gy Ja U O g4
vety  llvvlls veVo lyvlls
In view of (8.4.22),

v Il <]y | - (8.4.23)
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Conjugate functionals defined on spaces of traces. For any £ € T we define the
functional

3E) = /F j(€)ds.

We assume that the integrand j : R? > R%isa nonnegative, continuous, and convex
functional such that j(0) = 0 and dom j := {p € R? | j(p) < 400} # @, so that j
belongs to the class of so-called proper convex functionals.

In this case, the functional J(£€) is also nonnegative, convex, and lower semicontin-
uous on ¥. Since y is a bounded linear operator, the functional J(yv) also possesses
the above properties as a functional on V.

By definition, dJ(v) contains elements §* € ¥ such that

Jw+w)—JW) < E*, w)r,, Yw € 1y, (8.4.24)
and

JH(E™) = sup {{E™. &), — IE))

£ex

is the functional conjugate to the functional J.
By recalling (8.4.21), we find that

I (y*yy) = sup {/Q (y*-Vw+divy* - w) dx —J(yw)

weVy

and define the compound functional

Dr,(yv,y*yy) == 3(v) + 3 (ryy) — (yv. vy, )rs

generated by traces on ['5. It is easy to see that

Dr,(yv,y*y,) := sup (/Q (y*-V(w—v) +divy* - (w—v)) dx

weVy

+ [ Gon - jewyds) =0

Moreover, if Dr, (yv,y*y,;) = 0, then (see Proposition 1.2) y*y; € dJ(yv). If y,; is
sufficiently regular (e.g., y* ;¥ € L2(T'2, R?)), then J* has an explicit form

ey = /F J*GeyE) ds,
2

where j*(§*) = supgega 6% & — j(§)}.



204 Chapter 8 Nonlinear problems

Variational inequality. Now we can state the problem as a variational inequality:
Find u € ug + V) such that

a(u,w—u)+ J(w) —Ju) > /Q fw—u)dx (8.4.25)

holds for all w € ug + Vj. This problem is equivalent to the variational problem: Find
u € ug + Vp such that

J(u) = inf Vo J(w), J(w)= %a(w,w) + J(w) —/Q fwdx. (8.4.26)

wEU9+

The functional J is strictly convex, continuous, and coercive on V', and the set ug + Vo
is a convex closed subset of V. Therefore, the variational problem (8.4.25) is uniquely
solvable.

Assume that the function u is sufficiently regular (e.g., has first and second deriva-
tives in the classical sense). Then, from (8.4.24) it follows that

/(diVAVu—l—f)(w—u)dxf/ (j(w)—j(u))ds+/ AVu -n(w —u)ds
Q I >

for any w € ug + V. Set w = u on I'. Then, this relation implies (8.4.14). Hence,
we find that

/ (j(w)—j(u)+ AVu -n)(w —u)ds > 0, Yw € ug + Vo,
I

and we arrive at (8.4.16).
Estimates of the difference between the exact and approximate solutions to (8.4.25)
can be obtained by any of the two methods (variational and nonvariational).

A posteriori estimates. The nonvariational method. Let v € ug + Vj be an ap-
proximation of u. We substitute it into (8.4.25) and rewrite in the form

au—v,v—u)+Jw) —Ju) > /;2 fv—u)dx —a(v,v—u). (8.4.27)
By (8.4.24), we find that
a(u—v,u—v) < (V5 v—u)r, + /Q fu—v)dx +a(w,v—u), (8.4.28)
where v* is an element of the set dF(v). In view of (8.4.21),

vy (o — )T, =/Q(y*~V(v—u>+divy*~(v—u))dx,
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and we rearrange the right-hand side of (8.4.28) as follows:
= v.u =) = (07 43— + [ @i+ =) dx
Q

+ / (AVv —y*)-V(u —v)dx. (8.4.29)
Q

Now we recall that (cf. (8.4.22) and (4.1.9))

V* 4+ yr v —w)r, < [+ v yr| e v —wlls

<Crr, [V + vy | IV = ).

By this relation, we obtain

IV =)l < lAVY =yl +

(Crelldivy™ + fll + [v* +v*yi | ) - (8.4.30)

1

o <)
This estimate yields the general form of the upper bound.

Assume that the boundary potential is sufficiently regular, so that we can write

Iw) — 3w) = [F () — ju)) ds < /F Jo—wvtds,  (843D)

where v* (which is determined by dj(v)) can be identified with a square integrable
function defined on I'» (we assume that such an element exists). In addition, assume
that y*y, can be identified with a square integrable function defined on I';. Then,
(8.4.30) implies the estimate

V@ —v)lll < llAVY =yl
1 :
e (Crryldivy* + fl + Crr,lv™ + v yylr,) . (8:4.32)

where Crr, and Crr, are defined by (4.1.8) and (4.1.9). This estimate is a gener-
alization of (4.1.12). It shows that the error bound is represented as the sum of three
terms that penalize the relations

divy*+ f =0 in Q, (8.4.33)
y* = AVv in Q, (8.4.34)
—y*y, C 9j(v) on Iy. (8.4.35)

A posteriori estimates. The variational method. Since the minimizer u to the
problem & satisfies (8.4.25), we find that

J(v)—J(u)=%a(v—u,v—u)+a(u,v—u)—(f,v—u)+3(v)—3(u)

1
Ea(v —Uu,v—1u), Yv € ug + Vo, (8.4.36)

%
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which implies the basic “deviation” estimate
1
L WI? < J)—infP, Vv euy+ V. (8.4.37)

The right-hand side of (8.4.37) can be estimated from above by a method similar to
that discussed in Section 3.1.

Let v be an arbitrary approximation in ug + Vp. Then, the first upper bound of the
error for problems with nonlinear boundary conditions is given by the estimate

SV =0 = (14 DML 5%) 4 Mo, £+ P Ma(™, £, (8438

where y*, £*, and B are arbitrary elements of the sets L2(2, M4*4), T* and R,
respectively. The functionals M, M», and M3 are defined by the relations

1
Mi(v,y*) = 5/ (AVv-Vo + A7 Ly* . y* —2Vu - y*) dx,
Q
Mo(yv,§%) = J(rv) + I E") — (§*.vv)r,,

I )
M3(y".§) = 3  Inf ™ = ™l
n ES*

where
0., = {y* e L2(Q, Mxd) | /Q V¥ Vwdx = lge(w),  Ywe VO},
and
Lex(w) ::/Q frwdx — (%, yw)r,.

The proof of (8.4.35) can be found in S. Repin and J. Valdman [319].

It is clear that the quantities My, M>, and M3 are nonnegative. The quantity
M;i(v, y*) vanishes if and only if v and y* satisfy the relation (8.4.34) and
M (yv,&*) = 0 if and only if £* € dJ(yv) on I';. Thus, M, is a measure of the
error in the boundary condition (8.4.14) computed on T'; for the function —£§* € T*
(which can be thought of as an image of the normal component of the flux) and the
trace of v . The quantity M3(y*) vanishes if and only if y* € Q Zs*’ ie.,if

/y*-dexz/ frwdx — (%, yw)r,, Yw € V.
Q Q

Since

/y*-dex=(y*y;f,yw)r2—/ div y* - wdx,
Q Q



Section 8.4 A posteriori estimates for special classes of nonlinear elliptic problems 207

we conclude that M3(y™*) vanishes if and only if the equilibrium equation (8.4.33) and
the relation y*y,; = —&™ hold (in a generalized sense).

Estimate (8.4.35) can be represented in a form, which is more convenient from the
practical point of view. Assume that

£ € Ly(Ty), y* e H(Q.div), and »*y* e Ly(T2.RY).  (8.4.39)

Then, the term M3 can be estimated from above by a directly computable quantity
(using the same arguments as in Lemmas 3.2 and 7.3) and we obtain

1+ 8
2¢28

2
+Crr, /r (" + y*y,’,‘)zds) : (8.4.40)
2

SIVE=0)? < A+ HMI(v, y*) + Ma(vo,§) + (CFI‘1 Ire ()l

Here § > 0 and r(y*) := divy™* + f. We see that (8.4.40) has the same principal
structure as (8.4.38). The difference is that the functions y* and £* are integrable func-
tions. As before, the majorant vanishes if and only if the relations (8.4.33)—(8.4.35)
hold.

Particular forms of (8.4.40) Estimate (8.4.40) has particular forms, which deserve
special comments.
1. The first form arises if we set

£ =—y*y,, (8.4.41)

i.e., if we define &* (which is an image of the true boundary flux), using a known
approximation of the dual variable. In this case, the last integral on the right-hand side
of (8.4.40) vanishes, and we arrive at the estimate

1
SV — I> < (1 + M1 (v, y*) + Ma(yv, v*yy)

1
+ +§ Cr, lta(y). (8.4.42)

2. Another option is to take £* in accordance with the relation
§% € 0j(v), (8.4.43)

i.e., define it using the approximation v. In this case, the second integral on the right-
hand side of (8.4.40) vanishes and we obtain

1+5
2¢1B

+Crr, / (v* + y*y;)zds) . (8.4.44)
I

1
SNV =07 < 1+ M.y + S5 (Chr Ira ()1
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Note that M (v, y*) = %|||AVU — y*||2. Therefore, (8.4.44) is the squared form of
(8.4.32).

3. We can try to select £* in the best possible way. For this purpose, we estimate
the last term of (8.4.40) by means of Young’s inequality. Then, we get the following
inequality, which involves a new positive constant o:

V@ =v)l* = (1 +AHMi(v. y*) + Ma(yv.£7)
+5 (14 3) 0+ CEp, ()2
+ 1 (1 + %) (1+32)Ctr, /Fz(g* +y*y5)2ds. (8.4.45)
We gather the terms related to I'; and denote them by

Ity (yv,y*y,, &%) =/F (j(yv)+j*(§*)—§*'yv+%}y*y2+5*|2)ds, (8.4.46)
2

where 6 = (1 + %) (1 + é) C72"F2'
To minimize the right-hand side of (8.4.46), we need to minimize I, with respect
to £*, i.e., to solve the problem

. . 0
inf (J*(S*)-i'—|§*|2—§*Vv+§*y*y;:)-
£*eL2(T) 2

Under the assumptions made, the corresponding minimum has the form

0
Moy )= [ (560 + Sl = pv =630 ) d,
2

where p : R? — R is the function conjugate to j*(£*) + %E *2_ Now, we find that
sIV@ =) < 1+ BMi(v. y*) + Mr,(yv.y*yy.60)

+ 3 (14 3) 0+ 0Cp () (8.4.47)

Neumann type boundary condition. The boundary condition of this type corre-
sponds to the case

IE) = ("), (8.4.48)

where n* € T*. In particular, if n* is associated with a function —F € L?(T',), then

Jyu) = —=F -yu, 0j(yu) = —F,
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and (8.4.48) is the Neumann boundary condition

y(n-p*)=F a.e. on I'. (8.4.49)
Since
) =—[ F&ds
Iy

and

axpeky |0 ifé* = —F ae.onTly,

E) = { +o00 otherwise,
we find that

2
Ir,(yv,y*y,. &%) A(—F-yv+0+F-yv+§ vy, — F]| )ds
2

:Q/
21,2

Hence, (8.4.47) has the form

vy — F’2 ds.

V@ =0)lI” = (1 + B¢,y + (1 + §) (1 + ) CRr, ()

1 2
+(1+3)0 +§)cm/
I
The minimization of the right-hand side with respect to o leads to the estimate
2
IV = )I* < (1 + B)lAVY - y*|I
2
+ (14 3) (Crr O™l + Crrsllyoyy = Flir,)*. 8451)

which is the squared form of (4.1.12).

v yi—F|Pds.  (8.4.50)

Friction type boundary condition. In this case,

Jov) = plol. 3E) = /F wElds, w0, (8.4.52)
2
and
weny _ ) O FET] <
JTE) = { +o00 otherwise. (8.4.53)

It is easy to see that

+1 if§ >0,
9j(§) = t€l—n.+u] if§=0,
—u if £ <O.
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Therefore, if |p* - n| < u, then (cf. (8.4.16)) implies yv = 0; yv can take nonzero
values are only if | p* - n| attains limit values stated by the constant j.s

Set £* = —y*y, and impose the condition |y*y,| < . Then,
Moo, =r3) = [ (el + 6o0) ds, (8.4.5)
I

provided that y*y,; is a square integrable function on I',. Now the estimate (8.4.45)
takes the form

LIV —0)lI? < (14 B)M; (v ) + fr (ilvvl + G=y5) o)) ds
+1 (1 + %) (1 +a)CEp a2 (v™), (8.4.55)

where [y* v < .
Assume that the right-hand side of (8.4.55) is zero. Then

y*=AVv  inQ, (8.4.56)
divy*+ f =0 in Q, (8.4.57)
wlyvl + oy, (v) =0 on ;. (8.4.58)

We note that the last relation models boundary conditions of the friction type. Indeed,
if |y*yx| < u, then (8.4.58) means that yv = 0. If y*yy = u, then from (8.4.58) it
follows that yv < 0. If y*y,; = —u then (8.4.58) implies yv > 0.

Winkler type boundary condition. Set
1
J) =k, (8.4.59)

where k and is a positive constant. This relation can be viewed as a simplified variant of
the Winkler’s boundary condition widely used in solid mechanics. In this condition, on
I'; a body is connected with an elastic foundation, which provides a certain response
to the boundary deflections (such a condition can be modeled by a large amount of
springs connected with I';). In view of (8.4.59), we have

—y*py =k(yu)  onIy (8.4.60)
and
Lk ek * 1 2 1 *[2
JT(ET) = sup ;5 -$—§x|s|}=2—ys} : (8.4.61)
g€Rd K

Consider the quantity

2
viym +E*[0) ds.

1 1 2
Ir, == | (v +— |7 —26* yv +6
2 > K
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The minimization of this quantity over £* leads to the condition

K(yv — Qy*y:

1
Sy * _ — Pyt *
(K+ )E yv—Oy*y, = § T 0

This gives a simple expression for Ir,:

1 9
Ir, = = *y*)2 ds.

By (8.4.36), we obtain the estimate

(k(yv) + v*y)2 ds

IV =l = 1+ B2 + [

+ (1 + %) (1 +a)C2ra2 (™). (8.4.62)

If « = 0 (i.e., if we consider homogeneous Neumann boundary condition), then the
second term on the right-hand side of (8.4.62) has the form

(1 + %) (1+1) C%FZ/F (v yp)* ds
2
and (8.4.62) gives the same estimate as (8.4.50) (with F' = 0).

8.4.3 Generalized Newtonian fluids

Now, we briefly discuss error estimates for some nonlinear models of viscous fluids.
In these models, the basic relations are as follows:

U —Divo +Diviu ® u) = f — Vp in 2, (8.4.63)
o € dn(e(u)), (8.4.64)

where divu = 0, e(u) is the symmetric part of Vu, and 7 is the so-called dissipative
potential.
Many physically motivated dissipative potentials have the form

on(e) = H'(|g]) e, (8.4.65)

where #(0) = 0 and the prime denotes the derivative of # with respect to the argu-
ment. In particular, the classical Newtonian fluid relates to the case

1 1
H(Q) = v w(e) = Jvlef. (8.4.66)
Another well-known example is the Bingham fluid, where

1
m(e) = Sv le]? + kilel, ki > 0. (8.4.67)
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For slow stationary flows, the classical statement of this type problem is as follows:
Find a vector-valued function u (velocity), a scalar-valued function p (pressure) and a
tensor-valued function o (stress deviator) such that

—Dive = f —Vp in 2, (8.4.68)
divu =0 in , (8.4.69)

o € dn(e(u)) in Q, (8.4.70)

U = U onT, (8.4.71)

where f and u¢ are given functions satisfying the same conditions as in Chapter 6,
and 7 is the dissipative potential that defines physical properties of a fluid. Consider
the class of potentials

%
7(e) = 5 lel” + v (e),
where ¥ : M4*d _ R, is a convex nonnegative function such that
v(0) =0, V() <cilef*+ca 1 >0. (8.4.72)

Obviously, the cases ¥ = 0 and v (¢) = k« |¢| correspond to Newtonian and Bingham
models, respectively. Investigation of mathematical properties of such type models
was started in the 60s (e.g., see O. A. Ladyzhenskaya [212]). Variational methods for
this and other classes of nonlinear problems are studied in the book by M. Fuchs and
G. Seregin [140], where the reader will find a consequent exposition of the regularity
theory and many references related to the subject.

For dissipative potentials of such a type, energy estimates of the distance between
vV Eug+ St (£2) and the exact solution u were derived in the author’s papers [289, 292,
293], in M. Fuchs and S. Repin [139], and in M. Bildhauer, M. Fuchs, and S. Repin
[57]. In those papers, the derivation of a posteriori estimates is based on the variational
method.

In general, estimates of such a type have the following form:

S le@ =l < (1+ BD1(ew). 71) + Da(e(v). )

~2 .
n (1 n %) LCra ldiv(ti + @) + f — Vq|?>, (84.73)

where
Di(e(w), 1) := [Q (g e + 2 11 2 = e(v) : zl) dx = L vew) — |,
Djy(e(v), 13) := /Q (W(s(v)) + ¥ (1) —e(v) : 1:2) dx

Y™ is the functional conjugate to ¥, 71 + 2 € H(£2,Div) holds, g is a function in
HY(Q)NL%(Q), B > 0,and C g is a constant in the inequality ||w]|| < CFQ||8(w)||
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Assume that the right-hand side of (8.4.73) is equal to zero. Then
—div(t1 + ) = f — Vq
and, in addition,
11 = ve(v) a.e.in Q,

7 € 0y (e(v)) a.e.in Q.

Since v € ug + §1(SZ), we conclude that in such a case, v coincides with the exact
solution u, 11 = 01, and 1, = 0>.

Also, computable error bounds can be derived directly from the respective integral
identity, which has the form

e(u) : e(w)
el

=/ fowdx,  Yweup+SY(Q). (8.4.74)
Q

[ ve(u) : s(w) dx +/ ¥ (|le(m)])
Q Q

Letv € ug + St (£2) be an approximation of u. We transform (8.4.74) as follows:

/Q ve(u —v) < e(w) dx + / (w’(|e(u>|)fﬁ”;| —w’<|s<v)|)|8£”;|) - e(w) dx
/(f w —ve(v) : e(w)) dx — / W (e )|)8(”|)(’9)(|w) dx. (8.4.75)

We reform the right-hand side of (8.4.75), introducing two symmetric tensor-valued
functions 77 and 13 in H(2, Div) and using the identities

/ (w-Divt; + e(w) : ;) dx = 0, YweV, i=1,2.
Q
We obtain

/vs<u—v>:e(w>dx+[ (w<|<)|> W eS8
Q

le(u) le()]
=/ (f+DiV(T1+‘Ez))'wdx+/ (t1 + gl —ve(v)) : e(w) dx
Q Q

) ce(w)dx

e(v) \
+/Q (‘L’ — ' (le(v )|)| w )|) ce(w) dx, (8.4.76)

where ¢ is a square summable function. Set w = ¥ — v and note that

/Q(f +Div (11 + 12)) - (u —v) dx < C el f + Div(r1 + ©2)|lle(u — v)].
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With the help of Young’s inequality, we deduce the estimate
(1—ay—ay — 053)/ v]e(u —v)|? dx
Q

/ (w (et E " (e )|)(—)) e(w) dx

)l le(v)]
= Efmnf + Div(r1 + @)% + %uq +ql— ve()]2
T 1an =Y (le(v )I) ( ) (8.4.77)
o3

where o1, @z, and a3 are positive numbers such that o; + oy + a3 < 1.

Estimate (8.4.77) has the same principal structure as (8.4.73): its right-hand side
consists of penalties for the violation of the constitutive law relations and the equilib-
rium equation formed by the total stress 71 4 t2. If the right-hand side of (8.4.77)
vanishes, then

f = -Div(t; + 12),
71 = —ql + ve(v),

£(v)
v’ (le()) ok
Since v is a solenoidal field satisfying the prescribed boundary condition, we conclude
that v coincides with u.

2

Remark 8.14. The second term on the left-hand side of (8.4.77) is nonnegative and,
therefore, can be removed. However, for certain i it may be evaluated in terms of
e(u — v), which would make the overall estimate stronger.

8.5 Notes for the chapter

1. Estimates discussed in this chapter are valid for a wide class of nonlinear varia-
tional problems in continuum mechanics associated with the functional

J(v) = / g(e(v)) dx—/ fv dx—/ Fuds, (8.5.1)
Q Q Iy
where g (internal energy function) has the form
gle) =Le: e+ n(e). (8.5.2)

In (8.5.1), L satisfies (5.1.5) and & is a nonnegative convex function. A minimizer
of the functional (8.5.1) satisfies the relations (5.1.2)—(5.1.4), and (5.1.1) is replaced
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by a nonlinear constitutive relation. If 7 is a differentiable functional, then the latter
relation has the form

o = Le(u) + ' (e(v)). (8.5.3)

One example of such relations is offered by deformation plasticity theory (e.g., see
A. Tljushin [183] or R. Temam [349]), which is based on the constitutive relation

o = Kotr(e) [ + y([eP]) &2, (8.5.4)
where

2u if 1 <to=ki/V2u,

y(1) =
Qu—¥8tet ™1+ 8 if t > 1o,
Ko and p are positive (elasticity) constants, kx > 0 is a plasticity module, and § > 0
is a hardening module. In this case, the integrand g has the form

£(6) = gate.e) + (e,
where w1 =1-—46/2u,
a(e1,&2) = Kotr(eq) tr(en) + 581D :82D, Vep, g0 € M4X4,
and

wt? if | 1 |< to = k«/2p,

) ks (ﬁt—k*/2,u> it 7[> to.
Functional type a posteriori error estimates for variational problems with functionals
of the type (8.5.1)—(8.5.2) were derived in S. Repin and L. Xanthis [320, 321].

A posteriori estimates for lower semicontinuous relaxations of some nonconvex
variational problems (which are related to simple phase transitions models in the the-
ory of solids) were obtained in the author’s paper [281]). Estimates for the Ramberg—
Osgood model and for elasto-plastic torsion problem have been recently derived in
M. Bildhauer, M. Fuchs, and S. Repin [58] and [59], respectively. Estimates for an
incremental evolutionary plasticity model were obtained in S. Repin and J. Valdman
[318].

2. As we have seen, functional a posteriori estimates derived for different problems
have certain common features. We summarize this experience and put forward the
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following conjecture:

A majorant (guaranteed upper bound) of the deviation v — u, where v is an arbi-
trary function from the energy space (i.e., from the functional class that contains
the generalized solution u) consists of terms, which can be thought of as penal-
ties for unconformity in all basic relations. Relevant multipliers are defined by
constants in the embedding inequalities for spaces pertaining to the mathematical
statement of the problem.

Certainly, this conjecture is yet to be justified for many classes of boundary value
problems (e.g., for those that are related to differential equations of a nondivergent

type).

3. All the majorants that we discussed satisfy the following conditions:
@ A —v)|| < M@, y*, D) forany y* € Y*and v € ug + Vo,
(b) infyxey= M (u, y*, D) =0, (8.5.9)
© M (v, yg, D) = M (v, y*, D),

where {vr} and {y;} are arbitrary sequences in V' and Y*, respectively, such that
vy — vin V and yl’: — y*in Y*. We note that the above-stated requirements
are quite natural. Indeed, (a) means that the upper bound is guaranteed, (b) says that
if v coincides with the exact solution u, then Y * contains a counterpart function y*
(which is p*) such that the majorant vanishes, and (c) is the continuity property. Ob-
viously, practically valuable error majorants must satisfy (a)—(c). Quite similar condi-
tions should be imposed on error minorants.

However, the conditions (a)—(c) do not guarantee that the majorant M (v, y*, D) is
equal to |||[A(u — v)||| for some y* and other parameters involved in the majorant. In
other words, we cannot guarantee that there is no irremovable gap between the left-
hand and right-hand sides of (8.5.5 a).

Nevertheless, we can show that if 90t satisfies (a)—(c), then another majorant pos-
sesses such a property. For this purpose, we introduce an arbitrary function w € Vy
and define a new majorant

M, w,y*, D) = [[Aw]l| + 9 (v + w, y*, D).

M(v, w, y*, D) also contains only known functions and, therefore, is explicitly com-
putable. This new majorant satisfies the properties (a)—(c). Indeed, for any element
v € up + Vo,

A =)l < IAw]ll + 1AW —v = w)ll <M. w,y*, D).



Section 8.5 Notes for the chapter 217

Thus, M (v, w, y*, D) yields a guaranteed upper bound of the error in terms of the
energy norm. It is easy to see that M (v, 0, y*, D) = M (v, y*, D), so that

inf M(u,w,y*, D) =0.
y*ey*
wevy

Moreover, the functional M(v, w, y*, D) is continuous (i.e., the condition (c) holds).
However, M (v, w, y*, D) possesses one more property. Since

inf M@,w,y*, D)< inf M(v,u—v,y* D)
y*ey* y*ey*
wely

= [[A(u—v)|| + inf M (u.y*, D)
y*EY*
= [[A@u — V)|l (8.5.6)

we find that, in principle, the majorant M (v, w, y*, D) can give an upper bound of
the error with any desired accuracy.
Similar arguments lead to sharp lower bounds of the error: for any w € V we have

Awll < IAG =)l + 1AW —u + V)| < IA@ = V)|l + D (v + w, y*, D).
Define the minorant
M@, w,y*, D) = [|Aw[| =M (v + w, y*, D).
We have

Sup M(U’w’y*wﬂ) Z Sup M(U’u_v,y*,i))
y*GY* y*GY*
wevVy

— IA@ =)l — inf T (. y*, D)
y*eY
= [[AQu—v)l

and, consequently, the minorant also has no “gap”.

Using continuity property (c), it is not difficult to prove that the above-defined two-
sided bounds of the error (which converge to the exact error) can be constructed by
solving only finite-dimensional problems. Thus, we arrive at the following conclu-
sion: if for a boundary value problem a majorant with properties (a)—(c) has been
constructed, then (in principle) errors in the energy norm can be evaluated with any
desirable accuracy. Certainly, this theoretical conclusion may have different value for
different problems. It is very probable that for strongly nonlinear problem the practical
computation of sharp estimates (in terms of the global error norm) may lead to high
computational costs.



9 A posteriori estimates for other problems

9.1 Differential equations of higher order

Fourth order elliptic equation. A posteriori error estimation methods discussed in
previous chapters can be applied to boundary value problems associated with higher
order differential equations. As an example, we consider the 4th order elliptic problem

divDiv (BVVu) = f in €2, 9.1.1)
ou
u=—=20 on . (9.1.2)
an

Here
feLl?Q), B={bj}, bijx1 = bjirs = briij € L®(Q),
where the indices change from 1 to d, and
i < Byin=chP.  vneM{. (9.1.3)

Then, the inverse tensor B! exists and for any tensor-valued function T with square
summable components we define the norms

]l ;=/ Bt:tdx and ||z]|? ;=/ Bt :vdx.
Q Q

A posteriori estimates for this problem can be obtained from the general estimates
considered in Chapter 7 if we define A as the Hessian operator and set

U=L*Q M, vV =HQ),
ow
Voz{w€V|w:W:O onF}.

However, to make the exposition more transparent and to obtain a posteriori esti-
mates of a different form, we derive them below directly from the integral identity

/ BVVu :VVwdx = / fwdx, Yw € Vp, 9.1.4)
Q Q

that defines a generalized solution u € V.
Let v € Vp be an approximation of u. By the identity

/ (t:VVw —wdivDivrt)dx =0,
Q
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where w € Vj and t is an arbitrary tensor-valued function from the space
H(divDiv, Q) := {n € U | div Div n € L*(Q)},

we transform (9.1.4) as follows:
[ BVV(u —v): VVwdx
Q

=/ (f—divDivr)wdx+/ (t — BVVv) : VVwdx. (9.1.5)
Q Q

Let Cjgq denote the constant in the inequality
lwlle < CiellVVwl.  Yw e Vo. (9.1.6)
Set w = u — v. From (9.1.5) and (9.1.6), it follows that
VY@ =wll* < A+ AIIBVVY - ||}

1
+ (1 + B) C2 |divDive — fI13. ©.1.7)

where B is a positive real number. This estimate is quite analogous to (3.2.8) and can be
obtained as a particular case of (7.1.20). It corresponds to the following decomposition
of (9.1.1):

divDivo = f,
o = BVVu.

However, the condition
divDivt € L*(Q)

is rather demanding (for example, if 7 is constructed with the help of piecewise affine
continuous approximations, then it does not satisfy this condition). To avoid arising
technical difficulties, we introduce a new vector-valued function y € H (€2, div) and
put (9.1.5) in the form

/;)BVV(u—v):Vdex
=/Q(f—diVDivr)wdx+f9(r—BVVv):Vdex
—/;Z(wdivy—l-y-Vw)dx
:/Q(f—divy)wdx+/Q(Divr—y)-dex

+/ (t — BVVv) : VVwdx. (9.1.8)
Q
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Let C,q denote the constant in the inequality
Vwle = CallBVVW]l.  Vw € Vo. (9.1.9)

Set w = u — v and estimate the right-hand side of (9.1.8), using (9.1.6) and (9.1.9).
We obtain

[IVV@ —w)|l = IBVVv — 1]l + Ciqlldivy — fllo
+ Crq|Divt — y|lq. (9.1.10)

Square both parts of the above estimate and apply Young’s inequality. Then (9.1.10)
implies another estimate:

IVV (@ —u)||*> < (1 + B)IBVVv — |2

1+ 8 . . 2
+ T(leldlvy — flle + C2qlDive — yll@)”. (9.1.11)

Estimates (9.1.10) and (9.1.11) have two “free” functions y € H(div, ) and
7 € H(Div, ), which can be viewed as images of the gradient and double gradi-
ent, respectively. They reflect the representation of (9.1.1) in the form

divy = f,
Dive =y,
o0 = BVVu.

Remark 9.1. Note that C1q and C,q are estimated by (:1_1C1gzD and c;lcmm, re-
spectively, where C1q and Crq are constants in the inequalities

[wlleg < CiogllVVwleg, Yw € Vo, 9.1.12)

and 2 is a rectangular domain containing £2.

Remark 9.2. A posteriori estimates for the equation (9.1.1) with other boundary con-
ditions can be derived by the same arguments as for the second order problems we
discussed in Chapters 4 and 5. Instead of C1q and Cyg they involve constants in the
inequalities analogous to (9.1.6) and (9.1.9) in which Vj contains functions vanish-
ing on the Dirichlet part of the boundary. Also, such estimates involve constants in
the trace inequalities on other parts of the boundary (e.g., on the part related to the
Neumann boundary condition). We leave this task to the reader as an exercise.
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Example. Consider the application of the above a posteriori error estimates to a plate
bending problem. In this case, @ C R? is associated with the middle surface of a
plate. Let the deformation of a plate be described by the Kirchhoff-Love model. Then
u = u(xy, xp) is the bending function, x (#) = VVu is the curvature tensor, which is
connected with the bending moments t by a linear constitutive law

T = Bk. 9.1.14)
If the plate is made of an isotropic elastic material, then (9.1.14) has a simple form

11 = H(k11 + Vk22),
22 = H(k22 + Vk11),
T12 = H(1 = V)k12,
Eh?
12(1-v2)°
h = h(x1,xy) is the thickness parameter. We see that B has the following nonzero
components:

where H = E > 0,and v € (0,1). Here E an v are elasticity constants and

bitii =H,  bapo=H, by =vH,

ba211 = VH, bi212 = b2121 = (1 —D)H.
The natural condition
h1 < h(x1,x2) < ha, (x1,x2) € 2, (9.1.15)
guarantees that the estimate (9.1.3) holds with

2o Em 2o _Eh
V7 12(1+ ) 27 12(1-9)

The nonzero components the tensor C = B! are as follows:

1 1 v
C1111 = m, C2222 = m, C1122 = —m,
v 1
C2211 = _H(l——f)z)’ C1212 = C2121 = m
Hence,

Il Bk — || =/Q (Bk:k+Crt:t—2k:7)dx,

and the other parts of the error majorants (9.1.10)—(9.1.11) are directly computable.
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Biharmonic equation. A somewhat different a posteriori estimate can be derived
for the biharmonic problem

AAu=f inQ

with the boundary conditions (9.1.2). In this case, the integral identity has the form

/Aqudx:/ fwdx, Yw € V.
Q Q

Introduce a function £ € H?(S2). We have

/ Alu—v)Awdx = / (fw—AvAw)dx
Q Q
= / (f —A®w + (§ — Av)Aw dx.
Q
From here, we find that
A —v)|| = C3ellf — A&[ + (1§ — Av] (9.1.16)
where C3gq is the constant in the inequality

|w| < CzqllAw], Yw € Vp.

Variational inequalities. Consider the problem (9.1.1)—(9.1.2) with the condition
ueK:={we H*(Q) | w> ¢(x) ae.in Q},

which arises if the solution must lie above the obstacle ¢ (x). For the sake of simplic-
ity, we consider the case with one obstacle and assume that ¢ is sufficiently regular
(e.g., continuous and piecewise smooth). Then, the solution satisfies the variational
inequality

/ BVVu:VV(w—u)de/ fw—u)dx, Yw € K. 9.1.17)
Q Q
Assume that v € K is a function, which is an approximation of u. Then,

llu = vl||® < /Q (f(u—v)—BVVv:VV(u—v)) dx. (9.1.18)
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As in the linear case, we introduce two auxiliary functions y € H(2,div) and
T € H(2,Div). We have

|||u—v|||25/Q(f—divy)(u—v)dx+/Q(Divr—y)-V(u—v)dx

+/ (t—BVVv):VV(u—v)dx

Q

=/ (f—divy)(u—v)dx+/ (f —divy)(u —v)dx
Qg Qg

+/ Divt —y)-V(u —v)dx

Q

-i—/ (t — BVVv) : VVwdx, (9.1.19)
Q

where
Qg ={xeQ | v(x) =¢(x)} and Qy:={xeQ |v>¢p(X)}|

Since
/ (f—divy)(u—v)dxf/ (f —divy)y (u —v)dx,
2 2

we estimate the right-hand side of (9.1.19) in the same way as (9.1.8) and deduce the
estimate

IVV(w =)l = IBVVv — 1]« + Cigllr(v. )@ + C2qlIDivz — y|q. (9.1.20)

where

K, y) = (f —divy), ian,
T fodivy inQp.

Remark 9.3. If u is subject to two obstacles (i.e., ¥ < ¥ as in Section 8.1), then the
estimate is obtained quite analogously. In this case, we append the third branch and

setr(v,y) = (f —divy)_ on SZ:;/

Comments. Estimates (9.1.10) and (9.1.11) were derived in P. Neittaanmaiki and
S. Repin [243] by variational techniqus. In [300], it was shown that the estimates fol-
low from the corresponding integral identity. Numerical testing of these estimates was
performed in the PhD thesis of M. Frolov [134], in which the estimate (9.1.16) was de-
rived (see also [135]). In the context of the above-discussed a posteriori estimates, the
classical Kirchhoff-Love plate model was considered in P. Neittaanma#ki and S. Re-
pin [243] and in the author’s paper [285]. Estimates of modeling errors arising if the



224 Chapter 9  Other problems

Kirchhoff-Love model is used instead of the 3D elasticity model has recently been de-
rived in S. Repin and S. Sauter [306]. Estimates for the Reissner—-Mindlin model were
obtained by the variational and nonvariational methods in the papers by M. Frolov,
P. Neittaanmiki, and S. Repin [138, 304]. A posteriori estimates for the fourth order
elliptic equations with obstacles were obtained in M. Bildhauer, M. Fuchs, and S. Re-
pin [60] with the help of the variational method. In M. Bildhauer and M. Fuchs [56]
these results were extended to a wider class of nonlinear functionals.

9.2 Equations with the operator curl

Basic problem. The simplest version of the Maxwell’s problem is given by the equa-
tion

curl p=teurlu + k2u = j in Q, (9.2.1)

where € is a bounded domain in R?, J 1s a given current density, and p is the perme-
ability of a medium (may be a positive constant or a positive bounded function). The
case k = 0 corresponds to magnetostatics. Equation (9.2.1) with positive « arises in
semidiscrete approximations of the evolutionary Maxwell’s problem.

On I' the condition

nxu=0 (9.2.2)
is stated. In this section, V(L2) is the space H(£2, curl),
Vo(R) :={we H(Q,curl) | [nxw=0 onI}

and

L(w) :=/Q Jj-wdx.

First, we consider the case « > 0. Multiply (9.2.1) by a smooth vector-valued function
w that satisfies (9.2.2) and integrate over 2. We have

/ (curl w ™ eurlu - w 4 1%u - w) dx = L(w).
Q
By the relation
f (curlv) -wdx = / v (curlw) dx — f (vxn) - wds, (9.2.3)
Q Q r
we express the integral identity as follows

/ (u teurlu - curlw + k2u - w) dx — / (w teurlu x n) - wds = £(w).
Q r
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Note that
w - (curlu x n) = —curlu - (w x n).

Therefore, if w € Vj, then the boundary term vanishes. Since smooth functions are
dense in V', we conclude that the generalized solution can be defined as a vector-valued
function u € Vj such that integral identity

/ (,u_l curlu - curl w + «%u - w ) dx = L(w) (9.2.4)
Q

holds for w € Vj.
If « = 0, then the additional compatibility condition

divj=0 inQ, j-n=0 onTl (9.2.5)

is necessary to have a well-posed problem. In this case, a respective generalized solu-
tion is defined by the integral identity

/ w teurlu - curl w dx = £(w), Yw € V. (9.2.6)
Q

Since curl Vi = 0 (see Section 1.4), a solution should be understood as an element of
the factor space, in which the functions are equivalent if their difference is a gradient
field. To ensure the uniqueness of a solution, the Coulomb gauge condition

U € Voo i= {u e Vo |/ v-Vodx =0, V¢ e I-OII(Q)}, 9.2.7)
Q

is usually attracted.
Let v € Vp(2) be an approximation of u. Rewrite (9.2.4) in the form

/Q (u_lcurl (u—v) - (curl w) + k> —v) - w) dx
= /;2 (j-w-— w(curlv) - (curl w) — «?v - w) dx, Yw e Vp(2). (9.2.8)
By (9.2.3), we obtain
/Q (" eurl (u —v) - (curlw) + k% (u — v) - w) dx
= /Q ((j —k*v—rcurly)-w+ (y — p ' curlv) - curl w) dx, (9.2.9)
where y € V(2). Introduce the norm

llw]|? := /Q (1 eurlw|? + k?|w]?) dx.
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Setting w = u — v in (9.2.9), we obtain the relation
lhe =0l = [ =20 —curly) - (u =) dx
+ /Q (y — n teurlv) - curl (u — v) dx,
which leads to the estimate

2
e = wll* <

llc(u = V)

1
—(J —/czv—curly)‘
K

1/2 1

+ 2 (y — peurl v) ||| T 2eurl (u — v)|).

Hence, we find that
S
llu —vl* < M2, . ). (9.2.10)
where

1

=~ 1 . 2 _
M2(v,9) 1= | = (G =20 —cur y) |+ |2y = p~ eurl )

is the majorant for this type of Maxwell’s problem. It is easy to see that

inf ﬁMAX(vv y) =0,
vel,
ye€H (L2 ,curl)

and the exact lower bound is attained if and only if

curl y 4 K*v = Jj a.e.in , (9.2.11)
y = teurlv a.e.in . (9.2.12)
Since v x n = 0 on I', (9.2.11) and (9.2.12) mean that v coincides with the exact
solution u and y coincides with u™ Leurl u.
For any y € Vj, the quantity 92 (v, y) gives an upper bound of the error. It is
easy to observe that

Jnf ML (v.7) < M (v, 1~ eurlu)

1 2
= H— (j — kv —curl u tcurl u)H + ||,u_1/20url (u—v)|?
K

-1/2

= [l = o)I* + [l >eurl @ — ) ||* = fJlu - v]|*.

Therefore, the estimate (9.2.10) has no gap between the left- and right-hand sides. A
practically computable estimate can be determined if M2, (v, y) is minimized over
a finite-dimensional subspace V;, C V().
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A lower bound of ||u — v||| follows from the relation

sup / (/L_lcurl (u —v)-curlw + 2w - (u —v)
weVO Q

Leurlw - curl w + k2w - w) dx

1, _
—E(ﬂ
~1 L 2 )
< sup (u curl(y —v) t1—=pu t-t+k°n-(Uu—v)— =k n-n)dx
reL?(Q,RY) /R 2 2
neL?(Q,RY)

Sl = olf?
= / (u_lcurl (u —v) -curl (u —v) + k(U —v) - (u —v)
Q

1
— E(,u_1|curl (u—v)* +x?u— v|2) dx

IA

sup / (/L_lcurl (u —v)-curlw + «%w - (u — v)
Q

wely

1

1
- 5(/1_ curl w - curl w + k2w - w) dx.

Thus, we conclude that

1
§|||u—v|||2= sup / (,u_lcurl(u—v)-curlw+K2w-(u—v)
Q

wely

1

1
— —(u teurlw - curlw + k2w - w) dx.
> 2

By (9.2.4), we obtain

lu = vl = ME (v, w)
= / 2/ -w-— w eurl w|? — k2 |wl?
Q
—2p Yeurlv - curlw — 2«%v - w) dx. (9.2.13)

For any w € V} the quantity M, é (v, w) provides a lower bound of the error. Certainly,
the sharpest bound is given by

sup Mé (v, w).
wevVy
It is not difficult to prove that this quantity coincides with the squared error (to prove

that it suffices to set w = u — v). A practically computable lower bound can be de-
termined if maximization is performed over a finite-dimensional subspace Vo, C Vo,
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dimVy,, = m. Then, finding the quantity

sup Mé(v, w)

weVom

requires solving a quadratic type maximization problem.

Now, we consider the problem (9.2.6). Since u is defined up to a gradient field, we
consider only the divergent part of v, which leads to the assumption v € Vyg. Our aim
is to estimate the quantity

|[u = ]| == [lcurl (u — V).

First, we recall a result in the theory of functions in H (€2, curl) (e.g., see [152, 236,
327)).

Lemma 9.4. Let Q2 be a Lipschitz simply connected bounded domain. There exists a
constant Cg such that

|lw] < Cgqllcurl w||, Yw eV, (9.2.14)

provided that divw = 0 in Q.
By (9.2.6) we observe that
/chrl (u—v) -curlwdx = /;z(j -w—curlv-curlw)dx, VYwelVy. (9.2.15)
Since
/Q(curly-w—y-curlw)dxzo, Yw e 1,

we rearrange (9.2.15) as follows:

/Q curl (u —v) -curlwdx = /Q ((j —curly) - w — (curlv — y) -curlw) dx.
Setw = u —v € Vy. We obtain
Il —v][> < Ij —curl y| lu = v]| + llcurlv — y | [lcurl (u — V).
In view of (9.2.14), this estimate leads to the following upper bound of the error:
[fu —v]| < Cqllj —curl y| + ||curlv — y|. (9.2.16)

Note that in (9.2.16) v occurs only as the argument of the operator curl. Therefore,
it should be understood as an estimate of the factor-norm for functions in the factor
space equivalent up to a gradient field.
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Comments. Approximation methods for the Maxwell’s equation were investigated
by many authors (e.g., see P. Monk [236] and R. Hiptmair [174]). Parallel multigrid
solvers were studied in G. Haase, M. Kuhn, and U. Langer [164]). A posteriori esti-
mates were derived in R. Beck, R. Hiptmair, R. Hoppe, and B. Wohlmuth [45] in the
context of the residual approach and in D. Braess and J. Schoberl [69] with the help of
the equilibrated approach. A posteriori estimates for nonconforming approximations
of H (curl) elliptic partial differential equations were studied in P. Houston, I. Perugia,
and D. Schotzau [181].

Estimates (9.2.10) and (9.2.16) were obtained in the author’s papers [296, 297] (es-
timate (9.2.10) was independently derived by A. Hannukainen [168]). We note that
(9.2.10) can also be derived from the general a posteriori estimate given in [280] (see
also [244]) for convex variational problems related to the functional G(Av) + F(v)
(see Chapter 7). The problem is encompassed in the general framework if we set
A = curl,

1 2
G(y)zf L yPdx, and F(v)zf ("—|v|2—j-v) dx.
Q 21 Q 2

Advanced forms of a posteriori estimates for the Maxwell’s problem has been recently
obtained in P. Neittaanméki and S. Repin [245].

9.3 Evolutionary problems

A posteriori error control for evolutionary problems is a substantial topic that requires
a special consideration. The goal of this section is to give only an idea of how to extend
methods considered in previous chapters to evolutionary problems. Below we shortly
discuss a posteriori estimates that follow from the evolutionary integral identity. As
before, we do this with the paradigm of the linear diffusion problem.

9.3.1 The linear evolutionary problem

Consider the classical initial-boundary value problem for the heat equation: Find
u(x, ) such that

ur—Au=f in Qr, 9.3.1)
u(x,0) = ¢, x € Q, (9.3.2)
u(x,t) =0, (x,t) € ST, (9.3.3)

where Q1 := Q x (0, T) is a space-time cylinder and S7 := I" x [0, T']. This problem
is one of the simplest evolutionary problems, which is often used to model various
diffusion type processes (e.g., heat transfer). With the paradigm of this problem, we
explain how to derive computable estimates (in terms of a space-time norm) of the
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difference between u and any admissible approximation v. Our analysis follow the
lines of [287]. In A. Gaevskaya and S. Repin [144], the method was applied to a more
general class of linear parabolic problems (this paper also contains results of numerical
tests).

We begin by introducing some spaces of functions defined on Q7. Spaces of func-
tions that map (0, T') into a Banach space X are called Bochner spaces. For example, if
p € [l,400) and || - |x denotes the norm of X, then the Bochner space L?((0,T), X)
is the Banach space of mappings g such that

T 1/p
lgllzro,1),x) == (/0 lgC D% dl) < 00.

In particular, L2( (0,T); H'(RQ)) consists of H!-functions (with respect to spatial
variables) the norms of which are L2-functions with respect to t € (0,7)). Let
H(} (Qr) be the subspace of H!(Q7) that contain functions with zero traces on S7.
By V(Q7), we define the Banach space of functions from L2( (0, 7); H'()) having
finite norm

2 . 2 2
w|5 ;= vrai max |w(,t + [Vw .
[wll5  ax lw. Dlg + Vw3 o,

The space V0(Q7) = C([0,T]; L2()) N L%( (0,T); H'(RQ)) is a subspace of
V(Qr). Forall t € [0,T], elements of this space have traces (which are square
summable functions on cross-sections of Qr) that continuously change with respect
tot € [0,T]. By I;I’O(QT), we denote another subspace of V(Qr), which is the in-
tersection of V1:°(Q7) and L?((0, T); H! (2)). For elements of the space V1'°(Q 1),
we define the quantity

lwliee =klwC DG +elVwlp,.  p.e>0.

which will be used as a measure of the difference between the exact solutions and
approximations.

Also, we use the space H&’A(QT) that consists of functions w € L?(Q7) having
finite norm

Ileli’,oA = / (w? 4+ w?+ | Vw |* +(Aw)?) dx dt
or

and vanishing on S7.

In the context of the well-known theory for parabolic type problems, a function
u € ﬁl’O(QT) is called a (generalized) solution of (9.3.1)—(9.3.3) if it satisfies the
following integral identity:

/ Vu-dexdt—/ uw,dxdt+/(u(x,T)w(x,T)—u(x,O)w(x,O))dx
or or Q

= 0 fwdxdt, Yw e H} (OT). (9.3.4)
T
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We recall the classical solvability results (e.g., see Ladyzhenskaya [217]) for this prob-
lem.

Theorem 9.5. Let 2 be a bounded connected domain with Lipschitz continuous bound-
ary I'.

(i) Let f € L>(QT) and ¢(x) € Ifll(Q). Then the problem (9.3.1)—(9.3.3) is uniquely
. 1,A
solvable in the space Hy*™ (OT).

(i) If f € LY((0,T), L*(R)) and ¢ € L*(RQ), then u belongs to the class ﬁl’O(QT).

9.3.2 First form of the error majorant

Assume that

feLl*Qr). ¢eH Q). (9.3.5)

In this case, Theorem 9.5 guarantees the existence of a solution u that satisfies (9.3.4).
Letv € H(}(QT) be a given function. In particular, v may be an approximation of
u obtained by a semidiscrete approximation of (9.3.1)—(9.3.3). We are interested in
deriving an upper bound of the deviation ¥ — v evaluated in the norm || - || or in terms
of the quantity [-](,,s). From (9.3.4) we obtain

/ Vu—v)-Vwdxdt — (u —v)wy dx dt
or or

+ / (ux, Ty—v(x, THw(x,T) — (u(x,0) — v(x,0)w(x,0)) dx
Q

= (fw—Vv-Vw—v,w)dxdt, VweHOl(QT).
or

Set w = u — v and note that
/ | w(x, T) |2 dx—/ | w(x,0) |* dx
Q Q
— [ wwidxdr+ L. 1 - Huc.0l.
or
This yields the integral relation
IV =030, + 3¢ T) = v(. DG
=/ (fu—v)—Vv-V(u —v) —v:(u —v))dxdt
or

+ 2u,0) —v(-, 0)[13, (9.3.6)
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which presents the energy balance in terms of deviations from the exact solution u. The
relation (9.3.6) can be regarded as a generalization of the well-known energy-balance
equation for the heat equation (see, e.g. [217]). It is easy to see that the classical
energy balance equation follows from (9.3.6) if we set v = 0. Subsequently, we
use (9.3.6) as a starting point of the analysis. Introduce a new vector-valued function

y(x.1) € Y(Qr), where
Y(Or) == {y(x.0) = {yi(x.0)} | yi € L*(Q7). 1 <i <d},
and rearrange (9.3.6) as follows:
IV =)y, + 3l T) = v TG — Su. 0) — v )1

= (f(u—v)—vi(u—v)—y-V(u—v))dxdt
or

+ / (v — Vv) - V(u — v) dx dt. 9.3.7)
or

For almost all ¢ € [0, T'], we can define a linear functional F; : i (2) — Rbythe
relation

F:(w;v,y) :=/Q(fﬂ)'—vtﬁ7—y-Vﬂ7) dx.

The quantity
(fw —v:w—y- VW) dx
el (@) ¢
w#0

is finite (it is bounded by Crq (| /(. D)@ + lv: (. D)) + [[y(, 1) [@) and can be
viewed as a norm of this functional (note that | F;(v, y)| is square integrable on
0,7)).

Now, we put (9.3.7) in the form

IV = )5, + 31l =) TG = 311 =) 0) %
T
= / Fi((u—v)v,y)dt + / (y —Vv)-V(u—v)dxdt. (9.3.8)
0 or
Let 6 and p be two given constants such that
0<d6<2, O0<pu<l. 9.3.9)

Define the set

L7(0,T):=4{B(t) € L=(0,T) | B(t) > u foralmostallz € (0,7)}.



Section 9.3  Evolutionary problems 233

Take two scalar-valued functions o1 () and a3 (¢) such that

ay(t) = é (1 + %) and ay(t) = é(l + B(1)) . (9.3.10)

In view of the Young—Fenchel inequality, we have
T T
Fe(u—v),v,9)dt < | (YD F(0,9)|? + i [V —v)[13) dr
0 t s Uy y = o 2 t ) y 20 (l) Q )

T
[Q(w_y).wu_v)dxdtf/o (=200V0 — Y1 + g 19 =013 ) dr.
T

Note that oq () and o5 (¢) satisfy the relation

R S
ar(t)  aalt)

Now, by (9.3.9) and the inequalities we deduce the estimate

Q=OIVu -5, + -0 T}

1 T
< 10C0) =gl + 5 [ 1+ BaNly - Vol dr
0

1 (T . )
+§[0 (”m)lﬂ(v’y)lgdt- (9.3.11)

This estimate is valid for any B(r) € L7°(0,7) and § € (0,2]. It is not difficult to
observe that the right-hand side of (9.3.11) vanishes if and only if
Fi(w;v,y) =0 for all w € Ifll(Q) and almost all ¢ € (0, T),
y =Vv a.e.in Qr,
v(0,x) = ¢(x) fora.e. x € Q.

These relations mean that v € H(Q7) satisfies the initial and boundary conditions
and for almost all ¢ € (0, T') satisfies the relation

/(fw—vtw—Vv~Vw)dx=0, Vweﬁl(Q),
Q

which shows that v is a solution of the problem.

To make the estimates computable, we should replace the norm of F; by an explic-
itly computable quantity. For this purpose, we take y in a certain subspace of Y (Q ).
Namely, suppose

y € Yan(O7) :={y € Y(Qr) | divy € L*(Q) forae.t € (0,T)}. (9.3.12)
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Then, for almost all ¢t € (0, T),

/ w(x,t)divy(x,t)dx = —/ y(x,t)-Vw(x,t)dx,
Q Q
and we have

| Fe(u. )| < Crallf — v +divy|q. (9.3.13)
Then, by (9.3.11), we arrive at the following result.
Theorem 9.6. Let the conditions (9.3.5) and (9.3.9) be satisfied. Then

e — vllIF sy < M2, (B.8. v, ) (9.3.14)

where
T (850 3) = [ 1005,0) = g dx
1 .
+3/QT ((1+,3)|y—Vv|2+C1%~Q <1+%)|f—v,+dlvy|2) dx dt

and y € Yqiv(Qr) and p € L77(0,T).

Consider two particular forms of (9.3.14), which deserve a special discussion. As-
sume that v satisfies the initial condition and set § = 1. Then we obtain

IV =), + Il =) T
<M2,(B.1,v,y)

T
=A (U + BNy — Vol3 dr

T
+ Crgq / (1 + %) | f — v +divy|3de.  (9.3.15)
0

This estimate can be viewed as an analog of (3.2.8) derived for the stationary diffusion
problem. Note that in (9.3.15), B = B(¢) is a positive function (in the stationary case,
B is a positive constant).

If § = 2, then we arrive at another estimate:

I =) TG < M2, (B.2.v, y)
1 (T )
=5A (1+ By — Voll3 di

4 Lra i 14 72 ) |Lf — v + divy|3 dr, (9.3.16)
2 Jo 10 ve +divylgde. 3.
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which yields an upper bound of the error on the top of the space-time cylinder. Since
the right-hand side of (9.3.16) is a monotone function with respect to 7', the right-hand
side also gives an upper bound of the quantity

. 2
_ -t .
vrai max [ =), )G

)

Proposition 9.7. For any § € (0,2] and B € L77(0,T), the variational problem

inf  9M2,(B.8,v, ) (9.3.17)
veHb o)
Y€Xa(Q7)

has a solution. The exact lower bound of this problem is equal to zero. It is attained if
and only ifv =u and y = Vu.

Proof. The existence of a pair (v, y) € HO1 (Q1)xY4iv(Qr) minimizing the functional
ﬁfw B,6,v, y) is proved straightforwardly. Indeed, set v = u and y = Vu. Since
u € Hzl”lA, we see that div Vu € L2(Qr) and, therefore, y € Yg;,(Q7). In this case,
M s(v, y, B) = 0, so that the exact lower bound is attained.

Assume that ZJTIgV](ﬁ, 6,v, y) = 0. Then, the function v(x, ¢) satisfies the initial
and boundary conditions. In addition, for almost all (x, ¢) € Q7 the relations

Vv =y € Ya(0r) (9.3.18)
and

divy—v,+ f=0 (9.3.19)
hold. Hence, v is the exact solution. m]

Corollary 9.8. By (9.3.15) and (9.3.16), we find that
lu—vl|3 < M2, (B.1,v., y) + M2, (B.2,v. y). (9.3.20)

Remark 9.9. The majorant ﬁgw(ﬁ,é’,v, y) is well defined for v € HOI(QT),
f € L>(0r), v(x,0) € L*(Q), and ¢(x) € L?*(R). Using arguments close to
those often used in the theory of PDE’s (e.g., see [217] (Chapter 2, §2)) one can extend

the estimates (9.3.15), (9.3.16), and (9.3.20) to wider sets of functions.

9.3.3 Second form of the error majorant

Now we reform the right-hand side of (9.3.7) by other means and deduce an advanced
form of the error majorant. Present the right-hand side of this relation as sum of three
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terms, which are
I :/ (fu—v)—vi(u—v) =% (u—v)—y-V(u—v)) dxdt,
or

I, = (y—Vv+V9)-V(u—v)dxdt,
or

I3 Z/Q Wr(w—v) =V -V(u—v)) dxdt.

Here, y € Y(Qr) and 9 € H(}(QT) are some arbitrary functions (later we discuss
how one can chose these functions in order to obtain optimal estimates).
For almost all ¢ € (0, T'), we define a linear functional

Fi(-:v.9.y): HY(Q) > R
by the relation
F;(w;v,%,y) :=/ (fw—viw—thw—y-Vw) dx.
Q

It is easy to observe that the quantity

Jo (fW —vw— 9w —y- VW) dx
IVwq

| Fe:(v,9,y)] ==  sup
weH (Q),
w#0

is finite. It defines a norm of this functional and generates the estimate

T
I < / |Fi(. 90| V(i — ) dr.
0

The term /5 is estimated by

T
| by =vo-vola 19— vla d
0
and /3 is represented in the form

I3 = (V9 -Vv—1v,v)dxdt — (V9 -Vu —%u)dx dt
or or

= (Vo -Vo—19,v— fO)dxdt + /(u(x, TYd(x,T) —u(x,0)0(x,0)) dx
or Q

=%, v+ L((u —v)(x, )0 (x,T) — (u —v)(x,0)P(x,0)) dx,
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where

F (v, ) ;=/Q (Vv - VO + v, — f9) dx.

Since

/ (u—v)(x, T)0(x,T) — (u—v)(x,0)0(x,0)) dx
Q
< 2l = 06+ L1 DIR = [ @) = 6x0)9(r 0y dr
we deduce the estimate
1
@—ﬁmvm—wsz+(1—;)Mu—waTWé
< 719G Dl +2F (v,9)
1 T
- 3/0 (4 B)y = Vo + VoIZ + (14 ) | Fe(w. 9. )13) dr
+2F (v,9) + /Q (I¢(x) — v(x,0)[> = 28 (x, 0)(¢(x) — v(x,0))) dx.
Here #(x.1) € H}(QT1).y € Y(Q1). B(1) € L¥(0.T),y = l,and § € (0.2].

As in the previous section, we find a computable majorant of the error, provided that
y € Yaiv(@Q7). In this case,

| Fi(v.9. )| < Cralf —v:—9: +divy|a.

and we arrive at the estimate
e = vl _1 5—g) < D27, 8,0.9, 9), (9.3.21)
where
M2, (B.y.8.v.9.y) =y [0 TG + /Q | (x) — v(x,0)|* dx
1 (T )
+5 [ (A+Bly=Vo+ VoI
0
2
+ LD — v — 0, + divyl13) dr

+2F (v, %) — 2/ ?(x,0)(p(x) —v(x,0)) dx.
Q
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If v(x,0) = ¢(x) then the majorant has a simplified form:

M2,(B.7.8,v,9,9) == y[0C. T3 +2F v, 9)

1T 2
+5 [ (a+ply-vos Vol
0

2
+ cg(;w) Lf —ve — 0 + divy”gz) dt. (9.3.22)

Remark 9.10.If ¥ = 0 and y — +o0, then 9 2, is reduced to M /. In practice,
the estimate (9.3.21) (which contains a “correction function” ) gives a sharper upper
bound than (9.3.14). Using ¢, one can reduce the residual term f — v; + div y, which
may be difficult to make small by operating only with y (such a situation arises if v;

significantly differs from u;).

Remark 9.11. By setting § = 1 and § = 2, we obtain the estimates

IV =), <28, 7. 1.v.9. ). (9.3.23)
vrai max I =) DNG < F5MEL B, 72,0, 8, p). (9.3.24)

The proposition below shows that the majorant ﬁgw generates a variational prob-

lem the exact lower bound of which is attained on the solution of our problem.

Proposition 9.12. For any § € (0,2], y > 1, and B € L77(0,T), the variational
problem

inf mg\lz(ﬂs )/’ 85 v, 19’ )’)7 (9325)
veH, (Q7)
weH;(27),
y€Yan(Q71)

has a solution. The exact lower bound of this problem is equal to zero and is attained
ifv=u,w=0,andy = Vu.

Proof. Obviously, theEﬁmum in (9.3.25) is majorated by ﬁgvz(ﬂ,y,&v,(), ¥),
which coincides with 9t/ (8,8, v, y). Therefore, the result follows from Propo-
sition 9.7. o

9.3.4 Equivalence of the deviation and majorant

Now we focus on another property of the majorant 9t 2,,. Suppose v(x,0) = ¢(x)
and consider the quantity

MZ(y,8,v) := inf m?2 J1,6,0,0, y),
o(.8,v) sl ) w(B.y )
deH} (Q71)
ye¥au (Qr)
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which is an upper bound of the error (see (9.3.21)). We are aimed at showing that this
bound is realistic, i.e., it does not lead to a large overestimation of the actual value of
the norm of the true error. For this purpose, we estimate Mg (y, 8, v) from above and
show that this estimate is equivalent to the error.
Since u € HOI’A(QT), one can put y = Vu € Yg4i,(QOr1). Moreover, we set
¥ = u —v. Then
f—vi—t+divy=f—u;+Au=0,
and we find that
2 2 4 (T 2
Mg(y.8,v) = yll(u—v)(. T)llg +2F (v,u —v) + 5/0 L+ DIV —v)gdr.
Note that
F,u—v)= / Vv-Vu—-v)+v;(u—v)— f(u—v)) dxdt
or
= / Vu-Vu—v) +us(u—v)— f(u—v)) dxdt
or

—/ (IV@ =0 + (u = v)(u — v)) dxdr.
or

The first integral on the right-hand side is equal to zero. Hence,

T 1
3080 = [ @5 oIV - v

+y||(u—v>(~,T>||§z—2/ (u — v)e(u — v) dx di
or

< /OT(41+T“ =)V =) g di + (y = D@ = ). DG
Set ' = 2 — 8. Then, we obtain
Mg (y.8,v) < %(5’ +20[V@ = )5, + 7 = DIl =), Tl
Recall (9.3.21). We observe that for any v € H(} (Or1)
llw = vl 5y < MG(.8. ) < llu = vllF,n 5y < llle = vlIT, 5).
where y' = VT_I, 8" = %(5’ +2u), YY" =y —1, and k = max {y,%(] + %—’f)}

This relation means that the quantity Mg (y, §, v) is equivalent to a certain measure of
u—v.
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9.3.5 Comments

Generalizations. The derivation method considered above is extendable to other
parabolic equations of the form

Uy — AN*AAu = f in Or, (9.3.26)
u(x,0) = ¢, x € Q, (9.3.27)
u(x,t) =0, (x,t) € ST, (9.3.28)

which are generated by the elliptic operator A*AA (cf. Section 7.1). Generalized
solutions of such problems are defined by the integral identitiy

T
/ (AAu, Aw) dt —/ uw; dx dt + / ux, TYw(x,T) —u(x,0)w(x,0))dx
0 or Q

= / fwdxdt, Yw e V(Qr), (9.3.29)
or

where (- ,-) is the scalar product associated with the spatial part of the operator and
V(Qr) is a suitable space of trial functions. Then, an upper bound of u — v is derived
by a procedure close to that used for the diffusion equation. Below we give a sketch
of it. Let v be an approximation of u (which satisfies the boundary conditions and
belongs to the corresponding energy space). We have

T
/ (AA(u —v), Aw)dt — (u —v)wydx dt
0 or

+/ (u(x,T)—v(x,T))w(x,T)dx—/ (u(x,0) —v(x,0))w(x,0)dx
Q Q

=/()T/Q<fw—vtw) dxdt—/(;T(AAv,Aw)dt.

Set w = u — v and note that
1
[ wwidxar =3 (e 1)1 - 1ot 0lR).
or

We arrive at the relation

T
/0 IAG = 0)IP di + Lue. T) = v

T T
:/ / (fU)—Utw) dxdt—/ (AAv, Aw) dt
0 Q 0
+ L, 0) = v, 0))3. (9.3.30)
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Further transformations are based on spatial properties of the operator A and its con-
jugate counterpart A*. Suppose y is such that we can represent A*y as an integrable

function and write
T T
/ (y,Aw)dt://A*ywdxdt,
0 0o Jo

where w € V. Then, we have
d 2 1 2
/O IAG =P di + Lu.T) — v TR

T
=/ (y—,A)Av,A(u—v))dt—l—/ (f = A"y +v)(u—v)dxdt
0 or

+ 3ll¢ — v, 03, (9.3.31)
where (as in Chapter 7) ||| - ||| denotes the spatial energy norm generated by +. Note
that

T
0 (f = A"y +v)(u—v)dxdt < C/ If = A"y +vdlellA@ - vl dt,
T 0

where C is the constant in the inequality |w|q < C||Aw]|.
Define o and o3 by (9.3.10) and use the estimates

/Q (f = A*y +v)(u—v)dxdt

T
Oll(l) 2 * 2 /
< —=C —A dt
_/0 > |f Yy +velgdt + o 201

T 2
A —=v)[|~ dr

and

T
/ (y — AAV, A(u —v))
0

T T
ax (1) 2 / 1 2
< — AA dt Alu — dt.
= [ 2Py —Anvlar+ [ —siaw—vl

Then, we obtain an estimate analogous to (9.3.14) in which ||y — Vv||%z is replaced
by |ly — AAv||4, Crq by C, and divy by A*y. We note that the above-discussed
method can be applied to other evolutionary problems (see [162, 301]).

Practical applications. Finally, we briefly comment on possible applications of
the estimates derived. As for elliptic problems, the simplest way for the practical
exploitation of the above estimates consists of using post-processed fluxes of ap-
proximate solutions. Let v be an admissible approximation. Set y = RVwv, where



242 Chapter 9  Other problems

R : Y(Qr1) — Yaiv(QT) is a post-processing operator (which performs necessary
regularization of y). Then the quantity 90t 2 (8,8, v, RVv) yields a directly com-
putable bound of the respective error norm, provided that § and § lie in admissible
sets.

Usually, the numerical analysis of evolutionary problems is based on using a se-
quence of consequently refining meshes. In this case, a directly computable error
estimate can be obtained in the same way as for elliptic problems (cf. Section 3.6.2).
Suppose v is an approximate solution of the heat equation computed on a coarse mesh
with mesh-size t for the time variable and & for spatial variables. Let v, be an-
other approximate solution computed on a finer mesh (7., /.¢) and R, denote a post-
processing operator on the refined mesh. Then, the estimates (9.3.14) and (9.3.21)
provide guaranteed and easily computable bounds of the approximation errors related

to v:

|||u - v|||%l,8/) S ﬁs\ll ,3’ 87 Rref(vuref)) (9332)
and
|||u - v|||%y/,8’) = ﬁgvz(ﬂv 12 87 U, Ut — VU, Rref(vuref))' (9333)

These estimates can be viewed as justified quantitative forms of the Runge’s rule.
Minimization with respect to f(¢) € L77(0, T') (which is not difficult to perform) will
make the above estimates sharper.

If a more accurate error bound is required, then the majorant ﬁgw(ﬁ ,6,v,y) (or
ﬁgvz(ﬁ, y,68,v,1, y)) should be minimized with respect to 8, y, 8, y (and ). Cer-
tainly, such a procedure needs additional computational efforts. A rational way con-
sists of using the majorants on each step of time integration (instead of the whole inter-
val (0, T']). For example, if § = 2, then we rewrite (9.3.14) for the interval (g, f5 4]
and obtain

2 L s 2 C12~"Q 12
ek+1:ek+§/; (1—{—;‘3)/S2 (|y—Vv| +T|f—vt—|—dlvy|)dxdt,
where ey denotes the error at t = . This formula gives a way for controling the
accumulation of errors on time-steps. If the minimization with respect to y and 8 does
not reduce the estimate below an acceptable level, then the corresponding interval (or

even several neighboring intervals) should be diminished.

9.4 A posteriori estimates for optimal control problems

Functional a posteriori error estimates open new ways of error estimation for some
classes of optimal control problems. Let ¥ € L®(Q), 6¢ e L%(Q,R%), and
f € L%(Q) be given functions, and

U:={veL*(Q)|v<vyae. inQ}.
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Our goal is to find a control function u € U and a state function n,' defined by the
boundary value problem

—Anpy=Vv+f a.e. in 2, 9.4.1)
v=0 onT (9.4.2)

such that the cost functional

a
d||2+_

v —ud|?,
2

1
J1(n,v) :=§||V77—o a >0,
attains its minimal value J(7y, U). Another version of such a problem is generated by

the functional

a
d||2+_

d 2
—u ,
Shv—uf|

1
Jo(n,v) == §||71v—71 v

where nd e L2(Q).

It is well known that under the above assumptions, the optimal control problem
(with the functional J; or J3) has a unique solution (e.g., see J.-L. Lions [221]). In this
section, we show that functional a posteriori estimates allow us to obtain guaranteed
and computable bounds for the cost functional and for errors of approximations of the
state and control functions. First, we deduce an upper bound for the cost functional,
which leads to an unconstrained minimization problem. In this problem, the differ-
ential equation (9.4.1) (whose presence is the major difficulty of the above optimal
control problem) does not appear explicitly. This new minimization problem can be
solved by well-known methods (e.g., by means of direct minimization). We prove that
the sequence of the so-obtained upper bounds converges to the exact value of the cost
functional and that the associated states and controls converge to the exact state and
control, respectively. These results have been established in the papers A. Gaevskaya,
R. Hoppe, and S. Repin [142, 143], where the reader will also find numerical results
illustrating the reliability and efficiency of the approach.

94.1 Two-sided bounds for cost functionals

Upper bounds. Assume that v € U is an admissible control function computed by
some numerical procedure and 7y is the corresponding state function. Since the latter is
a solution of the state boundary value problem, we do not know it exactly and instead

o
must operate with a certain approximation n € H!(Q) (which may not satisfy the

!1n the literature devoted to optimal control problems, the control function is traditionally denoted by
u. However, in other parts of the book this letter was used to denote the exact solution of a boundary
value problem. We try to follow the style accepted and, at the same time, to avoid a collision of notation.
For this reason, in this section, we use special fonts (U, V) for the denotation of control functions.
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differential equation). By the triangle inequality, we obtain the following upper bound
for the cost functional:

1 2 a
Iev) = 5 (V=0 + Vo =mll) +SIv—u/ |2 (943)
Now, we estimate the term ||V (ny — )| by (4.1.13) and find that

IV =mll < llx = Vall + Crelldive + v + |,

where 7 is an arbitrary function in H (€2, div).
In view of (9.4.3) and (9.4.4), we have

— a 1
Iev) < TaG1wv) = SV =12+ S (IV = o) + e = Vil
. 2
+ Crolldive + v + f||) . (9.4.4)

The functional J (7, 7, V) is directly computable and provides an upper bound of the
cost functional for any n € Vp := Poll(Q), T € H(R,div), and v € U. Tt is easy to
see that (9.4.4) has no gap between its left- and right-hand sides. Indeed, set v = u,
7 = Vny, and n = ny. Then,

— a 1
Tu(ntv) = Zlu—uf 2 + 2|V, — o,

i.e., J1(n, t,V) coincides with the value of the cost functional computed for the exact
solution.

Using Young’s inequality with positive parameters « and 8, we can represent this
bound in terms of a quadratic functional:

Ji(u.u) < J1(nv, V) < J1(e, Bin. T, V), (9.4.5)
where

gd||2+w

—Vnl?
e LB

_ 14+«
Ji(a, Bin,T,v) = THV’?—

N A+a)(1+p)

1
2 : 2 d |2
20f Croldive+v+ £ +§||v—u . (9.4.6)

Setting v. = u, t = Vpn, and n = ny and letting o go to zero, we find that
J1(e,0;n, 7,V) also tends to J(ny, U).
Hence, we conclude that

Ji(ny,u) = inf Ji(a, Bin.T.v). (9.4.7)
neVp, vel,
teH(2,div), a,BER
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The majorants J (1, ,Vv) and J (e, B;7,7,V) can be used for finding guaranteed
upper bounds for the cost functional. For example, we can take 7 and v as approximate
solutions computed by a certain optimization procedure and additionally minimize the
majorant with respect to 7 (and to the parameters 8 and «). In the simplest case, we can
take T as a post-processed flux Vv and perform a simple minimization with respect to
o and B. The respective value J gives an upper bound of the cost functional. It should
be outlined that the quantity J; (v, ) may not provide such a guaranteed upper bound
because 7 is not the exact solution of (9.4.1).

For the functional J,, the majorant can be easily derived by applying the same
method. We have

1 a _
J2(n,v) = 5”77 —nal* + §||V —u?|? < Ta(a. Bin, T, V), (9.4.8)
where

nd||2+w

— 1+«
Tale pin. V) o= —— Il - g Cralr=vnl?

(1 +a)(1+B)
2P

F1nd1ng the sharpest upper bound for cost functionals requires the minimization of
J 1 (or J») over n, T, V, «, and B, where the variables are taken in the above-stated sets
and are formally independent. Below, we show (with the paradigm of the majorant
J 1) that the amount of independent variables can be reduced.

It is easy to observe that the minimization of J; with respect to V is equivalent to
the problem

. a
Choldive +v+ > + SIv— u .

inf M(a, B;7,v) = M(a, B; 1),
veU
where
C ) 1
M, BiT,V) = %ﬂﬂdwr VA SISV - u? |2
and Cpp = C %Qw This problem is reduced to the minimization of the
integrand of M at almost all x € Q. If no constraints are imposed on the control
function (i.e., U = L?()), then the respective minimizer V is easy to find. It satisfies
the relation

V(x) =

o (U700 = Capiv (o) + £(x).

which implies
Cup

2
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If U contains a finite constraint i, then

V(x) if x € Qo,

V) = Y(x) if x € Qy.

where Qy, = {x € Q |V(x) > ¥ (x)} and Q¢ := 2 \ Qy. In this case,

o~ Caﬂa . d 2
M(w,B;7,V) = ——————||dive + U* +
(. B;7.V) 2Cap +0) [ Flg,
C, . a
+ %ﬂﬂdlvr o+ flg, + IV w9410
Hence,
inf J1(a, B 1. 7.v) = J1(a, Bin, 1), (9.4.11)
ve
where

It =Vl + M(a, B; 7, V).

~ 1+ (1+a)(1+ B)
Tie. pin.r) = —= |V — o |2 4 =

Then, we conclude that the problem of finding the sharpest upper bound for the cost
functional can be formally reduced to the following minimization problem:

inf T1(a. B: 1. 7). 9.4.12
neVo,te H(R,div), 1( ﬂ 7 ) ( )
d,,BGR+

Lower bounds. Suppose o? = Vnd, where r]d € Vp. Then J; has the form
1 a
Jv) = IV =D + Sl —u |, (9.4.13)
We note that if ¢ does not have such a form, then the optimization problem can be

reduced to the above-considered case. Indeed, let 'ﬁd be the projection of o? onto Vj,
1.e.,

f Vit —6%) - Vwdx =0, VYw e V.
Q

Then
IV = |2 = 1Vn = Vi’ + [Vi? - o?|?
and !
a
J@.u) = SV = Vit |2 + S u—u?)? + e,
where ¢ = || V7i? —a¢ ||? is the distance from n? to the set V. Thus, the cost functional

can be reduced to the form (9.4.13).
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We derive a lower bound for the functional J1(7y, V). For any n € V, we have
1 1
N v) = IV G =P + SV 0 = 1)1

a
+ [ Vo= dx + G- w2

1 1
SIVON =0 + S 1V =D + fQ (f +¥(0 =) dx
a
~ [ V-t ax 4 Sy - ul P,
Q
Hence,

Ji(nu,u) = 325 J1(nv. V)

1
= SV + [ (=)= Vn- V- ) dx
Q

+ inf {f vin—n?)dx + g||v—ud||2}. (9.4.14)
vel (Jo 2

Note that

inf{/ gvdx+‘—l||v—ud||2}=/ H(a,u?, v, g)dx,

veU (Jq 2 Q
where

1 ~
d u”lg——g2 ifv:=ud—§§w,
%@, ul . g) dx = A “
yg+ W —u)? iV

Now we obtain the following lower bound for the cost functional, which involves only
known functions:

1

O = 1,0 = 31V =P + [ (=)= - Vo= 1) dx

+/ H(a,u?, v, n—n?)dx. (9.4.15)
Q

Assume that U = L?(2). Then, it is easy to show that the minorant is sharp. Indeed,

1
sup J; (1) = L, (1) = 51V —n)|> + / (/G =n") = Viu- V=) dx
7]€V0 Q

+/ 9 (a,ud .y — 1) dx.,
Q
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where
1
(@ u? o= = ul (=) = ——nu—n?P.

It is easy to prove (e.g., see [221]) that the corresponding solution of the optimal
control problem satisfies the necessary condition

1
u=u+ E(”d — ). (9.4.16)

Therefore,
/Q(ﬂnu—n")—Vnu-V(nu—nd»dx+/QJf(a,ud,w,nu—n%dx

=/ ((ud W1 — - nd)z) dx = L u—ud 2.
Q 2a 2

Thus, J1(ny,u) = J ;1 (nu).
To find a more accurate lower bound for the cost functional, we estimate the first
term on the right-hand side of (9.4.13) with the help of (3.1.13), which reads

1 1
§||V(77V —n|? = / (—§|Vw|2 —Vw-Vn+(v+ f)w) dx, YweVy. 94.17)
Q
This way results in a more complicated estimate:
1 1
T W) = Ly (. w) o= = [Vw|? + SV — )|

+/ (fw+ 71— 1% = V- V(w + 71— %)) dx
Q

vel

+inf{/ v(w+n—nd)dx+%||v—ud||2 , (9.4.18)
Q

where the last term is equal to [, #(a, ud v w +n—n%) dx.

Remark 9.13. It should be noted that this estimate contains an additional function
w, which makes computations of the lower more expensive with respect to (9.4.15).
Numerical experiments performed (in part they are cited in [142, 143]) have shown
that in most cases, specifications computed with the help of w are not very essential.

9.4.2 Estimates for state and control functions

Now our goal is to derive guaranteed upper bounds for the errors of v and 1 measured
in terms of a combined norm
a

2
u-—Vvij-.
Zhu—v]

1
u—v]*:= 1V = nII? +
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Our analysis is based upon the following result, which can be viewed as a generaliza-
tion of the Mikhlin estimate (2.3.1) for the class of optimal control problems that we

consider.

Theorem 9.14. Let U = L?(Q). For any control function v € U,
[u—VIP* = Ji(v. V) = J1(nu. U).

Proof. We have
1 2, 4 2
J(nv,Vv) — J(ny,u) = EHV(UV —nu)ll= + EHV —ul
+ /Q Vs — 1) - V(o — ) dx

—|—a/ (u—u?)(v—u)dx.
Q
Note that

[ v n Vo=t = [ @ v n?)dx.
By (9.4.16), we know that

(u—1%) +au—u?) =0.

In view of this relation,

[ =V — ) dx = =a | v-w-ut)dx
and the last two terms in (9.4.20) vanish. Hence, we arrive at (9.4.19).
Corollary 9.15. From (9.4.6), (9.4.14), and (9.4.19), it follows that

IV —u]l* < M (e B0, 7. V) i= Ty (o, Bin. T, v) — I (),

(9.4.19)

(9.4.20)

(9.4.21)

(9.4.22)

where V is an arbitrary control function in L*(R2), t € H(Q,div), « and B are arbi-

trary positive numbers, and

d)||2+w

—Vnl?
el =V

N o
mopt(a’ ﬂ’ n,1, V) = EHV(YI -n

. 1+ o)1+ B

2up 2

- [Q ((f +uh)(n—n?) = V-V — nh) dx

1
+ 5l — 1> dx.
a

) 1
Cigldive +v+ f>+ = v—u?|?
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Proposition 9.16. The majorant ﬁnm(a, B, n,t,V) attains the exact lower bound on
the exact solution of the optimal control problem, i.e.,

inf 9 o (. B. 7y, Vi, u) = 0.
a,f>0

Proof. In view of (9.4.21),
/Q ((f + U — 1) = Vi - Vg — 1)) dx

1
= / ((u—uhy(n? —ny) = —[In? = null? (9.4.23)
Q a

and
1 dp2_ 1 4 2
—|lu—u = — — )
= u )P = =l

For this reason, the last three terms of ﬁopt(a, B, n, t,v) vanish. The second term is
also equal to zero, as well as the third one. Thus,

— o
M (@, B, 10, Vi, W) = =V (00 = 1)1

and the result follows if we let o go to zero. O
Remark 9.17. Finally, we note that it may be useful to represent the basic problem in
another (but equivalent) form. For a function ¢ € Vj, consider the following problem:
Minimize :
a ~
Tug () =S|IV = O + 2 u =7 @) (94.24)

over (1,u) € Vo x L?(R2) such that

—Anp=u+ f ae.in Q, (9.4.25)

~ 1
where 79 (¢) = u? + E(nd -0).
In [143], it is shown that for any n € Vj,

Ji(.u) = Jie(n.u) + C, (9.4.26)

where

1 a, -,
Cp = C@n?. fu?) = SIVE =V |2 + S @) —u|?

. d _ _ d d __
+(f9vz Vo — ¢ dx /Q(ﬁ O+ ) ;)dx).
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We outline that C¢ depends only on { and known functions n¢, f, and u¢. This
constant gives a quantity, which is contained in the upper bound of the cost functional,
as well as in the lower one. In practice, it is convenient to reformulate the problem in
such a way that this a priori known constant is sufficiently large. Then the estimates
based on the comparison of upper and lower estimates of the cost functional would
become more efficient (see [143] for details and numerical experiments).

9.4.3 Estimate in a combined norm
Introduce the following combined norm:
1 .
Iv: g5 = VI + Ellqll2 + Alldiv g%,

where (v,q) € L?*(Q) x H(Q,div) and A € (0,a). This norm can be regarded as a
full primal-dual norm associated with the problem under consideration.

Proposition 9.18.
v —w: (x = P < ceMaople, B, 1,7, V), (9.4.27)
where p := Vny and
cep =3+ Mﬁmax {6, Cg-;g (4C1%Q + aATaA)} .
Proof. By the obvious inequality
S = pI? = e =Vl < V00— mo) P + 19—
= 2|V —ull> —allv—ul® + | Vny - 7|? (9.4.28)
and (9.4.22), we find that

1 —
sle—»p I <20 (. Bt V) —allv—ull® + [Viy =72 (9.4.29)

For any positive A and p, we have

Alldivt —div p|| = A|ldivt +u + f|?
, 1+
<A ((1 +wldive +v+ f* + T“nv— u||2). (9.4.30)

Setting A*EE = a, we find that 1 = -2;. Now (9.4.29) and (9.4.30) imply the
estimate

1 , _
EHT _p ||2 + A,”le(T _p)||2 E Zmopl(avﬂ’ n7t’v)

Aa |
+ m”dlvr +V+ fIP+ IV — T2,
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which, together with (9.4.22), yields

[(u—u); (v = pIF < 3M (@, B0, 7,V)
+ %Hdivr +v+ fIP+ IV —)*. (9.431)
For the last term, we have
IVay = l? < 2V = I? + 21V — < |?
<2(|Vn—zll + Creldive + v+ fI)* + 2| Vy - |?
<6|Vn—1|> + 4CEqlldivt + v+ £
By (9.4.31), we obtain

[(u—u): (r = P} = 3M (e, B, 7. 7.V)
A
+ (40%9 + ﬁ) Idive + v+ 1>+ 6]Vn— |

Recalling the structure of 901, (at, B, 1, T, V), we arrive at (9.4.27). O

Remark 9.19. In the proof, we overestimated the right-hand side of inequalities sev-
eral times. Therefore, in reality the constant cg is essentially smaller than it is defined
by Proposition 9.18.

Remark 9.20. With the help of similar arguments, it can be shown that
v —u); (z = P13 = ceM yulex, B, 1, T.V),

where cg depends only on the data of the problem.

9.4.4 Generalizations

As we have seen, error majorants of the functional type allow to consider state equa-
tions of optimal control problems in the form of penalty functionals. This method
yields computable upper bounds for cost functionals of many other optimal control
problems (provided that the majorant for the state problem is known). Below we
briefly consider several examples related to nonlinear problems.

1. Consider the problem with the cost functional J; in which the state function is
defined not by (9.4.1) and (9.4.2) but by the variational inequality (see 8.1.1)

/ Vi - V(=) dx = / v+ fHn—nv)dx, Vne K, (9432
Q Q

where .
K:={neVy:=H'Q) | ¢(x) <n(x) < ¢¥(x) a.e.inQ}.
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Now the problem is to minimize J1(7y,V) on (ny,V) € K x U. We use (9.4.3) and
estimate the term ||V (ny — n)|| by the majorant derived in Section 8.1. Instead of
(9.4.4), we obtain

— a 1
i) < Ti(wv) = SIV =2+ 5 (IV0 = o) + e =Vl
2

+Cral <divy +V+ f >, ||) (9.4.33)

where y € H(2,div). For any (1y,V) € K x U, the quantity J1(#y, V) is computable
and gives a guaranteed upper bound for the cost functional.

Also, we can derive a computable lower bound. Suppose ol = Vr;d, where nd ek.
Let v € U be an approximation of U and 7 be an approximation of 7y. Then,

1 1
N0 v) = SV =P + 51V 0= 1))

a
+ [ Vo= o= dx + v —u|?

1 a

> SIVO =D + Sl =u? 2 = IV = IV = 1]
1-8 a

> —— Vo =1 + S v —u’|®

1 . 2
~ 3 (It =Vl + Crall <divt +v+ f >, )°. (9.4.34)
The right-hand side of (9.4.34) can be maximized with respect to v € U by the same
method, which we applied to the optimal control problem with linear state equation.
Then we obtain a computable lower bound for the cost functional. The quality of this
lower bound depends on the value of approximation error for the state function.

2. The method is extendable to optimal control problems with convex cost function-
als and also to those that have the control function in the main part of the differential
operator (in the latter case, the existence of U requires a special investigation). If the
cost functional J (7, v) is convex with respect to the first variable for any admissible v,
them we have the relations

T, V) < AJ (gv) F(1-2)J (?V:fv) , (9.4.35)
J(%,v) > %J(n,v)— “;MJ(’;__';V,v), (9.4.36)

where A € (0, 1). Assume that J satisfies the growth condition

J(n,v) < CV)nl$. (9.4.37)
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where C > 0 does not depend on 7 and V is the energy space of the boundary value
problem (which defines the state function)

AWy = f(v) (9.4.38)

generated by an elliptic operator A. If for the problem (9.4.38) we have a computable
upper bound of the deviation from 7y

Inv —nlly <9 (n, AV), f(v), D), (9.4.39)

then (9.4.35), (9.4.37), and (9.4.39) imply a computable upper bound for the cost func-
tional, namely,

. n — oo
Ton ) < dnf {/\J (X,v) + (1= cv)mm (n,A(v),f(v),D)}. (9.4.40)

A lower bound follows from (9.4.36). However, in general, getting computable lower
bounds for cost functionals is a more difficult task. Usually it requires a deeper analy-
sis, which attracts specific properties of the problem considered.

9.4.5 Comments

For the reader interested in other approaches to a posteriori estimation for optimal con-
trol problems (and in the adaptive numerical methods developed for such problems),
we recommend the papers by R. Becker and R. Rannacher [49], R. Becker, H. Kapp,
and R. Rannacher [47], M. Hintermiiller [173], R. H. W. Hoppe, Y. Iliash, C. Iyyunni,
and N. H. Sweilam [177], A. Gaevskaya, R. H. W. Hoppe, Y. Iliash, and M. Kieweg
[141], D. Meidner and B. Vexler [230], and R. Becker and B. Vexler [50]. These
papers also contain an overview of the results in the area and many references.

9.5 Estimates for nonconforming approximations

Let  be divided into a collection of subdomains 2;,i = 1,2,..., N, and
a==.
i

We consider nonconforming approximations that may violate the continuity on the
boundaries of subdomains €2; and the boundary conditions on I'y. The corresponding
functions are marked by “hats” and form a broken Sobolev space

H':={we L2(Q)we HY(Q), i=12,...,N},

the norm of which is defined by the relation

wll*= Z lw

2
1,2,Q;°
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Also, we define the following norms:

gl ;:/Q Aq - qdx, g1z q, ;:/Q A7'q - qdx,

llgll* = Z gl g3 = Z gl

2
*,Qi‘

Guaranteed bounds of approximation errors generated by nonconforming approx-
imations can be derived by two methods. The first method projects a nonconform-
ing approximation into the energy space (with the help of a suitable post-processing
procedure) and applies the functional error majorant to the post-processed approxima-
tion. Since the majorant is valid for any conforming approximation, this procedure
implies computable and guaranteed error bounds. The second method is based on the
Helmbholtz decomposition of the error. Below we briefly discuss both methods with
the paradigm of the problem (4.1.1)—(4.1.3).

9.5.1 Estimates based on projecting to the energy space

LetT € Vbea nonconforming approximation of u € ug + Vp (we recall that V
contains functions vanishing on I'1). Probably the simplest modus operandi is to define

v :=P@),

where P : V — ug + Vo is a projection operator. In particular, one can use the or-
thogonal projection to a certain finite-dimensional subspace of ug + Vj. If P produces

A

A
Vv

A
\ y
\ P/ - wotV
vV u v u
a b

Figure 9.5.1 Projection to ug + V5.

almost orthogonal projection (see Figure 9.5.1 a), then V' is a better approximation of
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u than . In this case, it is logical to consider U as an approximate solution and use the
estimates

|||Vu - Wm = ﬁDF(T): y)7 y € H(Q7dlv)7
”lvu - Wm Z %DF(‘D: w)7 w € VOv

to evaluate the respective error. Similar estimates can easily be obtained for noncon-
forming approximations of other boundary value problems, where the corresponding
functional error majorants are known.

However, orthogonal projection is equivalent to solving of an auxiliary problem,
which may lead to essential expenditures. On the other hand, cheap post-processing
procedures may destroy approximation properties of U, so thatv'is less accurate than v
(see Figure 9.5.1 b). In this case, we should estimate the error in terms of the “broken”
norm ||[§i)\ — Vu]||, in which V7 is defined at almost all points of & by the relation

Vi(x) = Vi(x), xeQi i=12,...N.

The simplest way to obtain such an estimate is as follows. For any v € ug + Vp, we
have the triangle inequality

IVu — VoIl < V@ — )]l + I[Vo = VoI, Yveuo+Vo.  (9.5.0)

Remark 9.21. It should be noted that ||[§i)\]|| is a seminorm on V. One can view this
quantity as a factor norm defined for the class of functions that differ from each other
by a constant, so that in (9.5.1) we can write v € ug + Vo + R.

Consider the first term on the right-hand side of (9.5.1). Since u — v € V), the
broken norm |[V(u — v)]|| coincides with the usual energy norm ||V (u — v)|||, which
is estimated from above by the error majorant. Moreover, the value of this norm does
not change if we replace v by v + ¢ (where ¢ € R). For this reason, we arrive at the
estimate

Vu—V3) < inf_ {DMpe(v,y) + [[VD = Vo]|}. 9.5.2)
veup+Vo

yeH(L2,div)

Ifv =wuand y = AVu, then M (v, y) = 0. Therefore, (9.5.2) holds as the equality.
Let v := P(v). Then, (9.5.2) is replaced by

Ve - Vol < inf  Mu@. y) + VO - V3. (9.5.3)
yeH(2,div)

where y € H(S2, div) should be used to minimize the right-hand side of (9.5.2).
Lower bounds of approximation errors are derived analogously. By the obvious
inequality

Ve — V3| > [V — )]l = Vo = Vo],  Vveuo+Vo, (954
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we find that
V= Vo)l = sup {Mpe(v,w) - 195 - Vol 9.5.5)
veuo+Vo
weVy
and, therefore,
[Vu — V3| > sup M@ w) — [V — V7. (9.5.6)
wely

If the term ||[§/v\— V7]|| (related to the “nonconformity error”) is large, then the
estimates (9.5.3) and (9.5.6) may be not sharp. In this case, estimates of a somewhat
different type can be helpful. They are obtained if instead of the triangle inequality we
use another representation of the error.

9.5.2 Estimates based on the Helmholtz decomposition

Consider the error function

~

7 := Vu — V.

Since V7 is defined at almost all points of Q and Vv € L?(Q;, Rd) fori =1,..., N,
we can regard 7 as a vector-valued function in L2(S2, R4 ), for which the well-known
Helmholtz decomposition takes place. For our purposes, it is more convenient to use
a similar decomposition of Ay, namely,

An = AVuy, + 1, (9.5.7)
where u, is a function in Vj and
7y € St 1= {r e L2(Q.RY) | / T-Vwdx =0, VYwe V.
Q
If t € Sr, thendivt = O and v - n = 0 on I'; (these relations should be understood
in a generalized sense; they hold in the classical sense if 7 is a sufficiently regular

function).
The decomposition (9.5.7) is motivated by the problem: Find u, € Vj such that

/ AVuy -Vwdx = / An-Vwdx, Yw € 1, (9.5.8)
Q Q
which is uniquely solvable. From (9.5.8) it follows that

/ Ty - Vwdx =0, Yw € 1y, where t; := A(n — Vuy), (9.5.9)
Q

which means that 7, € Sr, and we obtain (9.5.7).
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By the definition of Sr,, 7y is orthogonal to Vw for any w € Vp. Therefore, we
arrive at the important relation

2 =3 [ an-nax

= / (AVuy - Vuy + Aty -1y — 2Vuy, - 1) dx
Q
= I Vun I + llza I (9.5.10)

A posteriori estimates based on the Helmholtz type decomposition of 5 were studied
in E. Dari, R. Duran, C. Padra, and V. Vampa [113] and M. Ainsworth [4, 5]. In those
papers, T, is represented as curl ¥ and ¥ is defined by the relation

/ A Ycurly - curl ¢ dx = / n-curl¢ dx, Vo € H,
Q Q

where J# is the subspace of H!/R that consists of functions having zero tangential
derivatives on I',. Hence, the overall error is represented by (9.5.10), where u, and 7,
are defined as solutions of auxiliary boundary value problems.

Below we discuss a somewhat different modus operandi, which was suggested and
numerically tested in S. Repin and S. Tomar [317]. First, we estimate u; with the help
of the same method as we used for deriving a posteriori error estimates (for conforming
approximations) in previous chapters. This method provides computable two-sided
bounds for the term || Vuy|||. After that, we show that the value of |||z, ||| is estimated
from above by the broken norm of the difference Vv — Vo (i.e., by a “penalty for
nonconformity”). The sum of these two estimates yields a directly computable bound
of the error, expressed in terms of the broken energy norm.

Upper bound of |[p]||. First we find computable upper bounds for the norms
IV |l. Note that

/AVu,,-desz/ An-dex—/ - Vwdx
Q PRA Y Q

=/ AVu-dex—Z[ AVY-Vwdx
Q i i

=/fwdx+/ Fwds
Q I'>

- E / AV -Vwdx, Yw € V. (9.5.11)
~ JQ;
l
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Now, we rearrange the right-hand side of (9.5.11) by introducing a vector-valued func-
tion y € H(L2,div) and obtain

/AVu,,-dexz/(divy—l-f)wdx—l—/ (F—y-nwds
Q Q I

+ Z/ (y — AVD) - Vuw dx. 9.5.12)
[RAY:
From (9.5.12), it follows that
S . 1/2
IVl < Iy — AVl + C(Idivy + 1>+ lly-n— FIE,) . (9.5.13)

For the function 7,, we have
/ Al 1y dx =Z/ n-tpdx = Z/ (Vu — Vo) -t dx
Q ; Q; i Q;
= Z/ (Vv — V) - 15 dx, Yveug+ Vo. (9.5.14)
—~ JQ;
4

Hence,

1/2
el < (Z /Q A<Vv—w)-(w—vmdx) lzll-
i i

and we find that
eyl < Vv — V]|l (9.5.15)

By (9.5.10), (9.5.13), and (9.5.15), we deduce the estimate
2
|

S : a2 on
Vu = Vol < inf ~[Vo— Vo] + (Il[y — AVl

veupo+Vo
. 1/2\2
+C(Idivy + fI>+ Iy -n—Fl3,.) ) . (9.5.16)

which provides an upper bound of the error in terms of the broken energy norm.

Remark 9.22. The right-hand side of (9.5.16) presents a natural decomposition of the
overall error into three terms: the error owing to nonconformity, the error in the duality
relation for fluxes, and the error in the equilibrium equation and boundary condition
for fluxes.

Remark 9.23. If y is subject to the boundary condition y - n = F, then (9.5.16) takes
a simplified form
2

Il < v = 95)1° + (Iy — AV + Clldivy + /1)) (95.17)
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where v is an arbitrary function in ug + Vo. We set v = P(v) (i.e., define v as a
projection onto ug + Vp). Then,

~ 1 .
I < 03 + (1 + By — AT3] + € (1 + B) ldivy + fI2.  (95.18)

where f is an arbitrary positive number and yp := [[VP(V) — 65)\]” is the projection
error (which is directly computable). Minimization with respect to y is now reduced
to a quadratic problem.

Finally, we consider a modification of (9.5.16). Let I';; = 0$2; N 92; and n;;
denote the unit normal vector to I';; external to €2; if i < j. In (9.5.16), we assume
that y belongs to H (€2, div) (which means that y - n;; is continuous on I';;). However,
AV7 is a vector-valued function that may have jumps on I';;. For this reason, it may
be useful to have another form of the upper bound, which operates with y from a
wider set. To deduce such an estimate, we transform the right-hand side of (9.5.11) as
follows. Let

Te¥ = {yz yDin@;, D e H(Q;, div), | = 1,...,N}.

Denote the “broken” divergence by div (.e., div y(i ) = div y(i ) in Q).
For any 0 € H(L2, div), we have

/(wcTiV?Ww-?)dx =Y [ wdivy® +Vw-y@)dx
Q —Ja

=/(wd/i;(j)\—a)—|—Vw~(37—o))dx+/ (o-n)wds.
Q

I,
Substitute this identity into (9.5.11). We have

/AVun-dexzf(f—i-d/i;j?)wdx—F/ (F—0o-n)wds
Q Q )]
+Z[ (5 — AVD) - Vw dx
i VS

—[ (wdiv (¥ —0) + Vw - (J — 0)) dx.
Q
Since

'/Q (wdiv (¥ —0) + Vw - (F —0)) dx| < (Crr, |div (T — o)|| + [T — o) Vu],

we find that
IVugll < er'(Crr, ILf + div3] + Crr, | F — o - nlir,
+ Crr, Idiv (G — o) | + 17 —oll) + [y — AV,
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Now, by (9.5.10) and (9.5.13) we obtain

~ 2 = 2
IVu = Voll” = _inf [V — V]|

T veuo+Wo

+ (71 (CrryILf + VT + Crry | F =0 il
—_— . . ~__ 2
+ Crry &V G = o)l + 15 = ol) + I — 4V3Il.) ", ©:5.19)

where y is any vector-valued function in Y.
From (9.5.19), we deduce the estimate

~ 2 = 2
[[Vu —V3]l" < inf  [[Vv— V7|

veuo+Vo

+ (7' Crr I f +dVTI + I — AV,

Thn 2

_1 . - R R

‘ inf (Crr v —o ~ol))". ©.520

T4 ceHG.a \FD [div(y —o)| + Iy — o ( )
o-n=F on F2

which operates with piecewise continuous approximations and fluxes. We note that
the last term on the right-hand side of the above estimate can be viewed as a penalty
for “nonconformity” of y.

Lower bound of |[#]||. To derive a lower bound of the error we again use (9.5.10).
Now, our goal is to find lower bounds for the norms on the right-hand side of (9.5.10).
To estimate the first term, we rewrite (9.5.11) in the form

/ AVuy - Vwdx = {(w), (9.5.21)
Q
where £ : Vo — R is a linear functional defined as
{(w) :/ Fwds +/ fwdx —Z/ AVT - Vw dx. (9.5.22)
> Q i Q;
Note that (9.5.21) is the Euler’s equation of the variational problem
1
min Jy(w), where Jy(w) = =||Vw]||* — £(w). (9.5.23)
weVy 2

From (9.5.21) it follows that
IVan 1 = (€,17), (9.5.24)

and, therefore,

1
ToCauy) = = [V |l*. (9.5.25)
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From (9.5.24) and (9.5.25), we obtain
IVl = 2/ uy) = =2 inf. 24V — e
K e weVy 2

= sup {20(w) - | Vul|?}.

weVp

Hence,
Vgl = 2£w) = IVwI?, Yw e V. (9.5.26)

For the second term in (9.5.10), we proceed analogously. In view of (9.5.7), 1,
meets the identity

/ Al odx = / (m —Vuy) -todx
Q Q
= / (Vu—V0—Vu,) -19dx, V1o €Sr,. (9.5.27)
Q
Introduce the functional u : Sy, — R,
u(zo) i=—>_ / (Vuo — V) - 10 dx. (9.5.28)
—~ JQ;
1
Then, t; is a minimizer of the variational problem

. 1
min [,(79), where I;,(70):= {§|||‘L'()I||i — ,u(ro)}. (9.5.29)

‘L’()ESr‘2

By the arguments similar to those used before, we conclude that

lenll2 = =20u(z) = sup {2n(z0) = lloll

‘L’()ES]"2

>2u(t0) — llwll3. Y7o € Sm. (9.5.30)
Combining (9.5.26) and (9.5.30), we obtain the following lower estimate of the error
Iml> = 2€(w) + 2p(z0) — [IVwII* = llzoll2- (9.5.31)

In (9.5.31), w and 19 are arbitrary functions in Vp and Sr,, respectively. Certainly,
getting a realistic estimate requires a proper selection of these functions.

Remark 9.24. If U € ug + Vjp, then (7o) = 0 and we should take 79 = 0 to make the
right-hand side of (9.5.31) maximal. In this case, (9.5.31) is transformed to the lower
bound that was derived for conforming approximations in Chapter 4.
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9.5.3 Accuracy of approximations obtained by the Trefftz method

Approximate solutions to boundary value problems can be constructed as series
> i «i¢i(x), where the ¢; exactly satisfy the differential equation. The coefficients
a; are selected in order to approximate the Dirichlet boundary condition as accurately
as possible (in the sense of least squares). Numerical methods of this type originate
from the Trefftz method (e.g., see S. Mikhlin [232]). For the problem (4.1.1)—(4.1.3),
the respective approximate solution % satisfies the equation

divAVi + f =0 inQ,

but violates the condition ¥ = ug on I';. We can view such a function as a noncon-
forming approximation of # and apply (9.5.16). In this case,

V=HYQ) and |[[Vu—Va] =[IVu-a)|.
Set y = AVu. Then, (9.5.16) implies the estimate

IVu = VaE||* < _inf ||V —0)|I> + C*|AVE-n - f[,.  (95.32)
veuog+Vo 2

If ', = @, then we arrive at a simple projection estimate

IVu —Val| < inf [V =@ < [IV(Pu—u)]|. (9.5.33)
veuo+Vo
Since
Z(w):/ Fwds—i—/ fwdx—/AVﬁ-dex: (F—AVu-n)wds
I Q Q I
and
w(to) = / (Vug — V) - 1o dx,
Q
we find that
IV —0)|* = 2/ (F — AVu)wds + 2/ (W —ug)to - nds
I I

—IVwlli® = o2, Vw e Vo, 10 € Sr,.  (9.5.34)

If T, = @, then the right-hand side of (9.5.34) does not have the corresponding bound-
ary integral. In this case, the best choice of w is the zero function. Then, the lower
bound is given by a simple relation:

2 10 € Hyp.  (9.5.35)

VG —m)]* = 2/r(ﬁ— uo)to - n ds — || zoll
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The vector-valued functions in Sr, can be represented in the form « 7o, where « is a
real number and || Tg|||, = 1. Take

a= / (U —ug)To -nds.
r
Then,

IV —u)|| = sup / (U —ug)To -nds. (9.5.36)
‘E()EH(), r
llzoll«=1
Remark 9.25. Consider the special case in which @ = u + ¢, ¢ € R. The left-hand
sides of (9.5.33) and (9.5.36) are equal to zero. If we take v = u, then the right-hand
side of (9.5.33) is also zero. On I we have i —ug = ti—u = c. Since [ To-nds = 0,
we conclude that the right-hand side of (9.5.36) is also equal to zero.

Similar estimates are easily obtained for different generalizations of the method.
For example, the differential equation may be satisfied in subdomains €2; only approx-
imately, i.e.,

divAVU + [ = ¢ (x), x € Q;, (9.5.37)

where €; (x) is a small residual. For this case, we have the following upper bound of
the error

. S~ 2 ~
Il = _inf Vo= Vall” +C? (Z lei (O II%, + 1AV -n — f||%2) .(9.5.38)

eVo+ ;

9.54 Comments

A rapidly developing group of methods is related to nonconforming finite element ap-
proximations. Here, a posteriori error estimation methods are much less developed
than for classical (conforming) finite element methods. Concerning a posteriori esti-
mates for Discontinuous Galerkin (DG) approximations of elliptic type equations, we
refer to R. Becker, P. Hansbo, and M. G. Larsson [46] and R. Bustinza, G. N. Gatica,
and B. Cockburn [83], where a modification of the residual based estimate for the en-
ergy norm of the error was suggested. In P. Castillo [101] a posteriori estimates in
the L2-norm were derived for the so-called “local DG method” applied to an elliptic
boundary value problem. A posteriori error estimates for DG approximations were
also obtained for other classes of problems. In particular, in S. Sun and M. F. Wheeler
[346] time-dependent (transport) equations were considered and in P. Houston, 1. Peru-
gia, and D. Schotzau [181] the authors investigated elliptic problems of the Maxwell’s
type. The paper by J. Ma and H. Brunner [224] deals with a posteriori error estimates
for DG approximations of integral equations. In A. Ern and J. Proft [127] a posteriori
estimates were obtained for DG approximations of the convection-diffusion equation.
In A. Ern, A.F. Stephensen, and M. Vohralik [128] advanced a posteriori estimates
using constants in Poincaré inequalities for elements were derived for DG approxima-
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tions. Error reduction and convergence analysis of an adaptive nonconforming finite
element method was studied in C. Carstensen and R. H. W. Hoppe [94].

Finite Volume (FV) method is another nonconforming scheme, which is widely used
in modern numerical analysis. Various approaches to a posteriori error control of
FV approximations can be found in, e.g., Y. Achdou, C. Bernardi and F. Coquel [1],
A. Bergam, Z. Mghazli, and R. Verfiirth [51], C. Carstensen, R. Lazarov, and S. Tomov
[98], R. Lazarov and S. Tomov [219], V. Jovanovic and C. Rohde [191], D. Kroner and
M. Ohlberger [196], K. W. Morton and E. Siili [238], S. Nicaise [247], and M. Vohralik
[365].

A consequent discussion of an a posteriori error estimation method based on (9.5.3)
and (9.5.6) is presented in R. Lazarov, S. Repin and S. Tomar [218], where it is stud-
ied with the paradigm of the Discontinuous Galerkin method (also see [350], which
includes a discussion of numerical experiments and practical efficiency of the error es-
timation method). In the context of the Finite Volume method, functional a posteriori
estimates were studied in S. Cochez-Dhondt, S. Nicaise, and S. Repin [109].

9.6 Uncertain data

In practice, the data of a problem are always defined with certain indeterminacy. This
fact should be taken into account in constructing approximation and error control
methods that must be stable with respect to small variations in the coefficients and
other data caused by indeterminacy. Also, it is necessary to compare the approxima-
tion errors and the errors caused by indeterminacy in the data. There are three major
sources of the latter errors related to indeterminacy in

(a) coefficients of a PDE;

(b) boundary (initial) conditions;

(c) the configuration of €.

In what follows, we discuss the cases (a)—(c) and apply a posteriori estimates derived
in previous chapters to the analysis of such errors. As everywhere, in this chapter
we demonstrate new possibilities arising on this way, using linear diffusion problem
as a basic example. Generalizations to other problems are rather transparent and can
be done by the thoughtful reader without big difficulties. However, we begin with a

concise introduction to general principles underlying error control theory in the case
of uncertain data.

9.6.1 Introduction

Take a boundary value problem in abstract form
Au =1, (9.6.1)

where the operator # and the functional £ are defined with indeterminacy. In this case,
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instead of concrete +4 and £, it is only known that
A € UA and e Ug, (9.6.2)

where U 4 and U, are certain (bounded) sets of “possible” data. In the simplest case,
we assume that all pairs

(A, L) € Uy x Uy

are of equal probability. In order to guarantee the solvability of problems, we must
assume that for any «#, the problem (9.6.1) is correct and has a unique solution. More-
over, we must assume that variations of #4 are sufficiently small, so that all problems
belong to the same type (e.g., the operator remains elliptic and bounded).

Exact solutions of (9.6.1) with data satisfying (9.6.2) form a set in the respective
energy space V', which we call the set of possible solutions and denote S. Formally,
this set is defined as follows:

S = {ueV‘Au=€ for some AGUAandZGUg}.

Let v € V be an approximation of the exact solution (which is an unknown element of
S). Since the data are indeterminate, the error estimation problem takes two different
forms. The first form is defined by the quantity

e(.S) = inf v —uly 9.6.3)

that measures the distance between v and the set S in terms of a certain norm || - ||y
selected for this purpose. The quantity e(v, ) is equal to zero if Av = £ for some pair
(A, €) € Uy x Uy. This quantity provides the lowest possible bound of the true error
or the error in the best-case situation (cf. Figure 9.6.1). Another important quantity is

e(v,S) =sup|v—uly. 9.6.4)

ues

It compares v with the most remote element of S and yields the error in the worst-case
situation. Obviously,

e(v,S)>e(,S) and e(v,S)>0. (9.6.5)

If the problem (9.6.1) is uniquely solvable and the data are exactly determined, then S
contains only one element, which is the exact solution u. In this case,

e(v,§) =e(,§) = [v-ully,

and the accuracy of v can be evaluated by the error norm. However, if the data are not
fully determined, then the error estimation problem is more complicated, and we need
at least two different quantities to have an idea of the quality of v.
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Figure 9.6.1 The set of solutions S and errors e and e.

Approximation
error
dominates
L [
, 1

0 Indeterminacy 1
error
dominates

K

Figure 9.6.2 The indicator « (v, S).

In addition, we introduce the quantity

e(v,S)—e(,S)

K. 8) = ) T e, )

e [0, 1], (9.6.6)

which is easily computable provided that e(v, S') and e(v, §) (or bounds of them) are
known.

This quantity could be used as an indicator that predicts the efficiency of expendi-
tures spent on decreasing approximation errors. Indeed, if « (v, ) is close to zero, then
approximation errors provide the major part of the overall error and the impact of inde-
terminacy is not significant. In the special case of fully determined data, « (v, S) = 0,
and we have only the error of approximation. However, if k (v, S) is close to 1, then

e(v,8) > e, S),

which means that v is quite close to S. If k(v,S) = 1, then e(v,S) = 0, i.e,
v € §. In this case, further attempts at reducing approximation errors are obviously
meaningless. These observations are schematically depicted in Figure 9.6.2.
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Hence, guaranteed and computable estimates of e(v, S) and e(v, S), are indeed
required in practice because they could provide important information for an efficient
organization of the computational process.

If a boundary value problem is analyzed with account of the data indeterminacy,
then one more important quantity should be determined. It is the diameter of S, which
henceforth is denoted by the symbol diam. The quantity diam S gives an insight into
the accuracy limit caused by the indeterminacy in the data. By definition,

diam S := sup Jui —uz2|y . (9.6.7)

u],uzes

We outline that diam S does not depend on v. It characterizes a particular boundary
value problem under the indeterminacy conditions imposed. The generation of ap-
proximate solutions that have approximation errors less than diam S has no practical
sense.

In general, the exact values of e, e, and diam § cannot be found. However, func-
tional a posteriori estimates supply a method for finding their computable bounds,
which we shortly discuss below.

First, we note that a computable lower bound of diam .$' stems from the relation

s =il = o= vl =g =iy = o =il 069

where v; and v; are conforming approximations of two exact solutions u; and u;
(which belong to the set € ), respectively. The functions v;, i = 1,...,m, can be
constructed by solving the boundary value problems with 4; € U 4 and £; € U, with
the help of some numerical method. Their accuracy is controlled by error majorants,
which furnish relevant error bounds (e.g., see (7.1.20))

”ui - vi||V =€ = mﬁ(vj,y),
where the functions y; are properly selected to avoid significant overestimation. Then

diam S > . sup {“vi —ijV—ei —ej}. (9.6.9)

i,j=1,2,..,m

The right hand side of (9.6.9) is computable, because it contains only approximate
solutions and known functions. The larger is m, the sharper lower bound of diam § is
given by (9.6.9) (provided that the ¢; are sufficiently small).

However, such a straightforward procedure may be rather expensive. To simplify
computations, we can use another method that we discuss with the paradigm of prob-
lem (7.1.1)~(7.1.3). Let A and £ € 'V be certain (“central”) elements of the sets U 4
and Uy, respectively. Consider the quantity

p(S)? == sup [IAu — D).

ues
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where u is the solution generated by 4 and £ (we assume that it is either known or
computed with a high accuracy confirmed by the the corresponding error majorant),
I - Il denotes the energy norm associated with #, and % is the exact solution of the
problem with Aand €. Itis easy to see that

diamS = sup [[A(u1 —u2)||

ULU2ES

< sup ([IAGy = wll + [IAG@2 = w)l)= 2p(S).

ULURES

On the other hand, diam § > p(S). Thus, the quantity p(.S') characterizes the diameter
of §. We can estimate p(S') from below by (7.1.28), which reads as follows:

lIAG—W)I% = sup {—(%Aw, Aw) — 2(AAu, Aw) — 2(2, w)}

weVy

= sup {—(%Aw, Aw) — 2((% — A)Au, Aw) — 2<Z— Z, w>} .

wely

From this relation, it follows that

p(S)> = sup  sup [|A@ -0
AU, LeU, WEVO

= sup sup — (%Aw,Aw)
wWeV0 AeU 4, leUy
—2((%—A)Au,Aw)—2(Z—e,w>}. (9.6.10)

Computable lower bounds follow from (9.6.10) if Vp, U 4, and U, are replaced by
some finite-dimensional subsets.
Further simplifications can be made if we assume that

AA e Uy forall A e[l —pug, 1+ o],

where 1 and p, are some known nonnegative numbers, and there exists § > 0 such
that

B, 8) = {Ze V| Tty < 5} c U,
Set 4 = A, := As. Then

IAG =W = AllA@ =D,
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and we find that

1
p(S)? = sup || AGu=)I> = 7 sup sup IIAG ~DII%
A, L ¢ weW

> sup {— (AAw, Aw) — 2 (1 - %) (AAu, Aw)

wely
2
+ 5 _sup (Z—e,w>}. 9.6.11)
’Z’EUE

Since

sup (Z—z,w>z sup (0 — €, w) = 8|wlly,

TeU, TeB(,8)
we have

p(S)? > sup {—(AAw,Aw) -2 (1 — %) (AAu, Aw) + i—8||w||'v} . (9.6.12)

weVy

where A € [1 — u1, 1 + wp]. Taking the supremum with respect to w € Vg C Vp and
A, we obtain a lower bound of p(5).
Finally, consider the special case in which ug = 0. Then we set w = ou and obtain

1
p($)? = 5 sup {(—ha? = 204 + 2| Au|” + 2lals|u]lv

a€R
2
(=2
=2
If § = 0, then (9.6.13) implies the estimate

)
Il Al + 2511 = Allullv. (9.6.13)

1—A
o(S) > max | |

Aull. 9.6.14
rep X WAl (9.6.14)

which (for this special case) can be derived in a simpler way.

9.6.2 Errors caused by indeterminacy in coefficients

Indeterminacy in coefficients of a boundary value problem that models a certain phys-
ical object is quite typical. For example, the coefficients of diffusion, elasticity con-
stants, and viscosity are usually known only approximately. Functional a posteriori
estimates provide a way for estimating these errors and comparing them with approx-
imation errors. In this section, we consider this question by using again the problem
(4.1.1)—(4.1.3) as a basic example. Assume that the indeterminacy in the coefficients
of the differential equation (4.1.1) is described by fixing some “mean” elements

Ao € L2 MP*Y),  (fo, Fo) € L2(R) x L3(T),
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and by defining bounds of possible variations. In this case, the elements of the sets
U 4 and U; are represented by elements of the following two functional sets:

Uy = {A € LOO(Q;Mded) | A= Ag+¢E, E c 8}
Uy := {(ﬁF)|f = fo+ 8191, F=Fy+ 6800, 9 € Fi, i = 1’2}’
where
£ := |E e L@ M) 1] o < 1}.

Fi:={p1 € L*(Q) | l¢1
Fp:={p € L*(I2) | llp2

l2,@ <1},

2,I'» = 1} .

Here, € and §; are small parameters characterizing the range of indeterminacy. Hence-
forth, we assume that € < c%, where ¢ is the ellipticity constant for Ag:

cPE|? < Aok -£ < 3|E>, VEeRY. (9.6.15)
Since |E£ - £| < |E||£)?, we find that
A £ = Aok & —€|E|[§]” = (cf — )€, (9.6.16)
A -§ < Aok & +elE|[E7 = (3 +o)l§) (9.6.17)
and analogous estimates for the inverse matrix are
3 2[617 < At - § < g, (9.6.18)
G+ P =ATEE < (cf - EI> (9.6.19)

Let the energy norm ||| V(u — v)||| 4, generated by the mean matrix 4¢ be selected as
the energy norm. Our goal is to find estimates of the quantities

e@.$) = inf V@ =wlly, and e@.S) = sup [V —w)]ls,.

ues

where

S(Ug, Uy) := {ueV‘/ﬂAVu-dexz/wadx—kA Fwds,

2

Yw e TV, for Ae Uygand l € ‘u[}.

The idea behind the derivation of computable bounds of e(v, S) and e(v, S) is to
use the majorants and minorants discussed in Chapter 4 that explicitly depend on the
coefficients. Then, taking the supremum (infimum) over u € § is reduced to a mini-
mization (maximization) problem for the coefficients of a majorant (minorant).
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By (4.1.12), we know that
IV @ —v)I3, < (1 +collVa— v

5/ (AVU-VU—{—A_ly-y—Vv-y) dx
Q
1 .
+ o (Crrlf +divyl + Crry| F =y onlr,). 9620)
where ¢ = c;—_e Analogously, by (4.1.13) we obtain
1

IV @ = v)IZ, = (1= cll V- vl

> (1—C€)(/Q (—AVw - Vw —2AVv - Vw + 2 fw) dx

+ 2/ Fw ds). (9.6.21)
I

Below we use (9.6.20) and (9.6.21) to find the desired error bounds.

Upper bound of (v, S). Letuy, 7, F) denote the solution of the problem generated
by A, f,and F. Then,

IV =, 1r)l4,
< IV = uca, fo, fo) gy + IV eca, o, o) =, 1,7 g (9:6.22)

Also, we have

/ AVu(A,f’F)-dexzf fwdx—|—/ Fwds, Yw e Vy, (9.6.23)
Q Q I

/ AVuy, fo,Fy) - Vwdx = / fowdx + f Fow ds. (9.6.24)
Q Q I
From (9.6.23) and (9.6.24), we conclude that

IV e a, 1o, Fo) — Uca, £
< (Crr,Ilf = foll@ + CTr, I F — Follr,) IV (uea, o, 7o) — Uea, £, 7))l (9.6.25)

Hence,

IV e, fo,70) = uca, 1,7 4,
V1t cellV(ua, fo,Fr) — Uca, 7,74
C
“—(Crridillerlle + Crryd2llealin, ). (9.6.26)

IA

IA

] —€
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By (9.6.22) and (9.6.26), we obtain

IV —uca, r,7)l4,

1
< IV —ua, fo,Fe)lll 4, + m(CFnSl + Crr,82). (9.6.27)
2

Here,
IV =14, fo,F)ll 4, = A+ cOlIV (0 =14, £, F)l 4
= (1 +c)(llAVv = yllg—1 + Crr, Idivy + foll
+Crr,lly -n = Follr,). (9.6.28)
We must estimate the term
1AV = yllZ-1 = (AV, Vo) + (A7 y, ) =2(Vv, y).
Since A € U 4, we have
A7V = (Ag(L+ €A E)) ' = I+ eB) " 45",
where B = AglE and
€|B| < €|A0_1| |E| <ecy? < 1.

Thus, the absolute values of all eigenvalues of the matrix € B are less than one and we
can use the representation

o0
[+eB)™" =T+ (-1)/e/B/.
j=1
Hence,
ATy y =T +eB) Aty -y
m . . .
=Ay'y y—eBAG'y -y + > (=D e/ B/ ATy - y.
j=2
Estimate the last term as follows:
P . —1,j j —2(j+1
B/ Az y -y < |BIAGY [y < |4 VY IEY |y? < o2V y)?

and
/ A_1y~ydx§/ (Ag'y -y —eBAg'y - y)dx
Q Q

o0
+ [ S P )2,
j=2
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In view of (9.6.1) and the relation

/ AVv~Vvdx=[ (AoVv-Vv +€eEVv-Vv)dx,
Q Q

we find that
HAT = 3151 = l1AoVo =yl +e [ (EVo-Vo—Bdz'y-y)d
1 > € g
2
+—lyI* Y (——2) : (9.6.29)
a =\ A

Since Ag is symmetric, we have
EVv-Vu— Ay EAyy -y = E(Vv— A5 y) - (Vo + Apty).

To find an upper bound of e(v, §), we note that

sup / E : ((Vv — Ao_ly) ® (Vv + Ao_ly)) dx < I:s.e,
Q

Ec&
where
Iis e(v.y) = 6/9 Vo — A5 y[IVo + 45"y dx.
Define
2 1
€

Ie:=|— 2,

2 (c%) (€+C%)||y||
Then,

AV = yll4=1 < 140VV = ylll i1 + Vs, + Lie (9.6.30)

and by (9.6.28), we conclude that

IV = 2 70,y = VT + e (Magiors @29 + Vg + Taic) o 9-63D)

where
M ag.ty.r0 (V. ¥) 1= [ Ao Vv — Yllgzr + Crrylldivy + foll + Crrylly -7 = Follr,.

Now (9.6.27) and (9.6.31) imply the estimate

C1 —
V(v — u(A,f,F))mAO = 2—9)? Ao,fo,Fo(v’ y) + MS,ev (9.6.32)
Cl — €
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where
c1 1
Ms o = ———1/I1.5.¢ + I2,c + ——=(CFr,81 + C11,52).
2 2
Cl — € Cl — €

We note that the right-hand side of (9.6.32) contains only known functions and para-
meters. It gives an upper bound of the error for any u € §. Hence,

_ c —
e(v.S) < Z—IzmAO.fo,Fo(v, ) + Ms .. (9.6.33)
Cl — €

In (9.6.33), the term 91 aofo.Fo (V5 V) s related to the approximation error of a solution
to the “mean” problem and M . reflects the impact of data indeterminacy.

Lower bound of ¢(v, §). In view of (9.6.16), we have
IV @ = v)llF, = (1 = call V@ —v)li

>(1—ce) (/Q (—AVw - Vw —24Vv - Vw + 2 fw) abc—i—Z/F Fwds)

=(- ce)ﬂ(on.fO,Fo)(v, w) + (1 — ce)e/g (—EVw-Vw —2EVv-Vuw) dx
+2(1 - ce)/ (f — foowdx +2(1 — ce)/ (F — Fo)wds, (9.6.34)
Q )]

where w is an arbitrary function in Vp and

m?2 ’FO)(v, w) = / (—AoVw - Vw —24¢Vv - Vw + 2 fow) dx + 2/ Fow ds.
Q >

AV
Therefore,
. 8) = inf [V w3,
ues
> (1 —ce) Eueléf2 sup (@%Aogfo’po)(v, w)

®1€F | .¢2€F> weo

—e/ (EVw-Vw +2EVv-Vw) dx
Q

+2/ 81¢1wdx +2/ 82¢2wds)
Q )

Z (1 - Ce) Sup (m(zAO.fo,Fo)(v’ w)

weVy

te inf/ (EVw - Vw + 2EVv - V) dx—251||w||—282||w||p2).
Eeé Jo
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Here,

inf/ (EVw - Vw + 2EVv - Vi) dxz—/ ‘(Vw+2Vv)®Vw’dx.
Eeé Jo Q

Now, we obtain

2(v.8) = (1= c) sup (M2, (0. 0) = S5 (w)), (9.6.35)

weVp

where the term
Ses(w) == e/ ‘ (Vw +2Vv) @ Vw( dx + 261w + 282wl
Q

depends on the indeterminacy parameters.
To obtain a computable lower bound, we replace Vj by a finite-dimensional sub-
space Vpr and solve a finite-dimensional maximization problem

sup (%(ZAOJO,FO)(U’ w) - Se,S (w))

weVor

9.6.3 Errors owing to uncertain €2

In practice, the domain €2 may be also not completely defined. For example, it may be
only known that

Q_CQCQy, (9.6.36)

where Q_ and Q4 are given domains with Lipschitz continuous boundaries I'_ and
'+, respectively. Henceforth, for the sake of simplicity, we assume that €2 is a simply
connected domain.

In general, accounting of this type uncertainty imposes a more complicated task.
One way to solve it is to make a proper parametrization that maps €2 to an etalon do-
main 2. Then the uncertainty is transformed to the coefficients of a modified differen-
tial problem related to the new coordinate system. Then the uncertainty is transformed
to the coefficients of a modified differential problem related to the new coordinate
system. In this case, the influence of uncertain geometry can be estimated by the
above-discussed methods.

Below we consider another (simpler) way the applicability of which is, however,
restricted to the case of Dirichlet boundary conditions.

Consider the problem

divAVu + f =0 in Q2

with homogeneous Dirichlet boundary conditions. We assume that f € L?($24) and
the matrix A is defined and positive definite in 2. Let us denote the exact solutions
of the boundary value problems in € 4 and €2_ by u 4+ and u_, respectively.
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A function v € I-oll(Q) can be extended to I-}l(Q+) ifwesetv = 0in Q4 \ Q.
Similarly, u— can be viewed as a function in H 1(Q4) or H 1(Q) with zero values
outside Q2_.

By analogy with the estimate (2.3.1), we deduce the relation

1
SIVa —wlla, = Ja, ()= Ja, (). 9.637)
where
Ja, (v) = / (AVv Vv — fv)dx.
Q4
Since
Jo, (W) =Jo) < Jo(u-)
we find that
1
SIVG —wlla, < Jauo) = Ja, @) = Ja, (u-) = Ja, (1)
1
= IV —u)lig, .
On the other hand,

1
SV —wllg = Jo@w-) = Ja@) = Jo, (u-) = Ja, ()

IA

Ja (u) = Ja. uy) = SV~
Hence, we conclude that

IV as —wllg, <NV —u)llg, - (9.6.38)
This estimate leads to an upper bound of

diam § := sup ||V (u; —u2)|||9+,
uiu2

where u; and u, are the exact solutions related to €2; and 25, respectively (it is
assumed that Q_ C Q; C Q4 fori = 1,2). Then,

V@ —u2llg, = IV —u)llg, + IIVu-—uplla, + IVt —u2lla,
<3V —up)llq,
and we find that

IV@u-—upllq, =diamS <3[[V@u- —ui)llg,- (9.6.39)
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Letv_ e H! (£2_) be an approximation of u_ extended by zero to 2. Then
1
SV —uplig, = Jo, @)= Ja, (us)

< U, (0) ~ Ja. () = IV G- —us)l,
and by (9.6.39) we conclude that
diam S < 3[[V(v- —u)llq, - (9.6.40)
Apply the majorant to the right-hand side of (9.6.40). We have
V@t vl = lAVY— =]

*,Q + CFQ+||d1Vy + f”Q+
= Mq, (v_. ) (9.6.41)
where y € H(Q24, div).

Remark 9.26. By the same arguments, we can obtain computable estimates of the
error arising from the uncertainty of the Dirichlet part of the boundary in many other
problems, for which the principal relation (9.6.37) holds.

9.6.4 Comments

In the fully reliable mathematical modeling, the errors caused by uncertainties in the
problem data must be measured, as well as the approximation errors. However, this
question has only recently started receiving serious attention. For example, effects
associated with uncertainty in the boundary conditions was considered in the papers
by I. Babuska and J. Chleboun [23, 24]. Also, we refer to the papers by 1. Babuska,
F. Nobile, and R. Tempone [29] and J. T. Oden, 1. Babuska, F. Nobile, Y. Feng, and
R. Tempone [250]. A study of mathematical models generated by uncertain input
data and the worst scenario method is the main subject of the book by 1. Hlavacek,
J. Chleboun, and I. Babuska [175].

In [290] (see also P. Neittaanmiki and S. Repin [244]), a posteriori estimates dis-
cussed in Chapter 4 were used to evaluate errors induced by indeterminacy in coef-
ficients of elliptic problems. Subsequent investigations of this problem and results
of numerical tests are presented in O. Mali and S. Repin [225]. Recently, estimates
of diam S for linear diffusion problems has been derived by a different method (see
O. Mali and S. Repin [226, 227]).

It should be noted that the influence of various uncertainties (e.g., roundoff errors)
affecting the accuracy of computations can also be investigated in terms of the so-
called interval analysis. In it, the operations are performed for intervals instead of
numbers. This theory is beyond the scope of the present book. The reader inter-
ested in it is referred to, e.g., G. Alefeld and J. Herzberger [11], B. S. Dobronets and
V. V. Shaidurov [115], Y. V. Matijasevich [228], R. E. Moore [237] and to the literature
cited therein.
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9.7 Error estimates in terms of functionals and
nonenergy norms

A posteriori estimates are intended to present a computable measure of the difference
between an exact solution of a certain boundary value problem and an approximate
one obtained by some numerical technology. In most cases, a posteriori estimates are
derived in global (e.g., energy) norms and, therefore, justify the overall accuracy of an
approximation considered. However, such information may be not sufficient because
numerical analysts are often interested in local errors and in errors expressed in terms
of special problem-oriented functionals. In other words, it may be desirable to have
estimates of the type

P —v) <My (v, y, D),

where @ : V' — R is a given functional and R4 denotes the set of nonnegative real
numbers. In this section, we derive computable estimates in terms of local norms and
other quantities, which may be used to obtain a comprehensive presentation on the
error structure.

9.7.1 General framework

It is often required to measure the accuracy of approximate solutions in terms of func-
tionals other than the energy norm. If the basic error control problem stated at the
beginning of Section 4 is solved and we have certain 9t and 9t satisfying (8.5.5),
then on can to construct computable and sharp error estimates for any error functional
subject to the energy norm.
Assume that we are interested in the value of ®(v — u), where & : V' — Risa
given functional such that
[P(v1 + v2)| = w1 (|P(V1)] + [P(v2)]), Yvi, vz €V, 9.7.1)
[P = palllvall. 9.7.2)
where ;17 > 1and py > 0.
Setv; = ¢ and v = u — v — ¢, where ¢ € V. From (9.7.1) it follows that
[P — V)| = w1 P(P)| + 1| P —v — )]
< u| @@ + uipzllu —v —all. (9.7.3)

Consider v + ¢ € ug + Vp as an approximation of u and apply the majorant to the
second term. We have

@@ —v)| < p1|D(P)] + w12 (v + ¢, D), 9.7.4)

where D stands for the problem data and free functions.
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Setv; = u —vand vy 4+ vy = ¢. Then,
1 I
|®(u —v)| > o O(¢p) — u2IM (v + ¢, D). (9.7.5)
1

Since Mt (u, D) = 0, we observe that, by choosing ¢ = u — v the right-hand side of
(9.7.4) is equal to |®(u — v)|. If 1 = 1, then the lower bound (9.7.5) is also sharp.

Also, from (9.7.4) we observe that an upper bound of |® (1 — v)| can be obtained if
M is additionally minimized on the kernel of @, i.e.,

(@ =) = prp inf {ﬁ (v + b, 50)} . (9.7.6)

9.7.2 Estimates in local norms

Consider the diffusion problem (4.1.1)—(4.1.3). Let @ be a subdomain of 2 with Lip-
schitz continuous boundary dw. Set

1/2
Pu—v) =V -, := (/ AV(u—v)-(u—v)dx) .
w
In this case, 1 = p2 = 1 and we have the following estimates:

V@ =)y < IVl +DMoe(v + ¢, ) =: Mo, (v, ¢, ), 9.7.7)
V@ =)l = IVlly = Moe(v + ¢, ¥) =: Mow, (v, ¢, ), (9.7.8)

where ¢ € Vj. It is easy to see that the estimates (9.7.7) and (9.7.8) have no gaps (if
y = AVu and ¢ = u — v, they hold as equalities).

In particular, from (9.7.7) it follows that an upper bound of |||V (u — v)|||,, is ob-
tained if M (v + ¢, y) is minimized over functions ¢ such that V¢p = 0 in o (see
[291, 295, 294]).

Square both parts of (9.7.7) and use (4.1.14). Then, we obtain

1+p0+y)
Y

IV =% < 1+ Vel + AV (v —¢) — ylI

L d+pd+y)

5 C(ldivy + fI*> + IF —y -n|?),

(9.7.9)

where 8 and y are positive numbers, y € H(2,div), and ¢ is an arbitrary function
from Vy,. If y, B, and y are defined, then optimization of the upper bound is reduced
to minimization of the quadratic functional

Jo(@®) := €IVl + IVHIZ, - 2K/Q Vo - (AVv —y) dx (9.7.10)
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on the set V. In (9.7.10), k = # This problem can be approximately solved if J,,
is minimized on a sufficiently reach subspace Vg, € Vj.

It should be noted that the last term on the right-hand side of (9.7.9) does not depend
on ¢, so that the quality of y states an accuracy limit for the local norm. Therefore,
an efficient evaluation of ||V (u — v)|||i) requires not only finding ¢ but also needs a
vector-valued function y such that ||divy + f|| is sufficiently small. However, such
difficulties are quite predictable and it is natural to await that getting guaranteed and
accurate estimates for local norms (which provide a more detailed information on the
quality of an approximate solution) should be more expensive than for the global en-
ergy norm.

Remark 9.27. If y is equilibrated, then we can set ¢ = w, where w is obtained by
maximization of the minorant 9% ,z(v, w). The same choice is valid for any error func-
tional @ that satisfies (9.7.1)—(9.7.2). Thus, we conclude that if the global upper and
lower bounds computed by the majorant and minorant are sufficiently close, then the
corresponding w provides a good image of u — v and, therefore, it can also be used for
estimation of local errors and other quantities of interest without noticeable increasing
in the computational cost. In fact, these observations mean that the expenditures spent
for a careful control of global errors can be utilized for other purposes.

9.7.3 Estimates in terms of linear functionals

In Section 2.6.4, we discussed some error estimation methods used to evaluate the
quantity
Ee(u—v) :=| (Liu—v) |,

where £ € V| is a given linear functional and (:,-) denotes the duality pairing of
the spaces V" and V. The functional £ is usually taken in such a way that its value
characterizes some especially important properties of a solution. It is necessary to note
that &y is only a seminorm on V, so that small values of this indicator do not guarantee
small values of the error. Indeed, if u # v,bute := u—v € Ker?, then §g(u—v) = 0.
Thus, indicators of this type are meaningful only if e contains a significant component
orthogonal to Ker £. Despite of this fact, error indicators of such a type are often used
in error control methods in combination with global error estimates. Guaranteed upper
bounds of [{£,u — v)| can be derived in several different ways discussed below.

1. The simplest way is to use the inequality
[(€u—v)| < LIV @ — o)l (9.7.11)
which implies the estimate

|(£’u —U)| =< IKI ﬁDF(v7y)v (9712)
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where
1{€, w)|

wevp VWil

14| .=

However, the right-hand side of (9.7.11) may essentially overestimate the left-hand
one and, in general, the upper bound given by (9.7.12) may be very coarse.

2. Another upper bound follows from (2.6.34). Since
Ea(u, up, ug uge) < IV up =1V e —uoll,
we find that
(€ =un)| = | [ (Fuee = Ay Vi d
+ M eor (. y1) M or(ee. y2)|. (9.7.13)

where y; and y, are two (different) functions in H(S2, div). By M, o and M ¢.or WE
denote the majorants related to the diffusion problems with source terms f and ¢, re-
spectively. This upper bound is sharper than in (9.7.12). Regrettably, its computation is
rather expensive, because, in addition to uy, it requires finding y; and y, sufficiently
close to exact fluxes of solutions to the original and adjoint problems, respectively.

3. Another method is based upon the relation
[(€,u —v)| = |{€,u —v— )], Vo € Voe(2), (9.7.14)
where
Vor(82) == {¢ € Vo(2) | (£.9) = 0}.
By (9.7.14) we obtain

[(€,u —v)| < |€] inf |Ju—v— o] (9.7.15)
d€Vor

We show that (9.7.15) holds as equality. Indeed, let uy € V) be a function such that

/ AVuy - Vwdx = (£, w), Yw € Vp. (9.7.16)
Q
Since £ is a bounded linear functional (on Vj), the solution u, exists, is unique, and
satisfies the relation || Vug||| = | £].
Set
- (€,u—v)
=u—v— ——-— uy.

1€12



Section 9.7  Error estimates in terms of functionals and nonenergy norms 283

Then,

: an
(0. = (=) (1- ) o

so that ¢ € V. Hence,

inf [lu—v—a|l <llu—v-—gll
d<€Vor

IVuell 1
= o {Gu—v)l.
R4 S 19
and we see that the left-hand side of (9.7.15) is equal to the right-hand one.
Estimate the right-hand side of (9.7.15) by the error majorant. Then, we find that

= [{t,u —v)|

[(€u—v)| < [€] Mor(v + ¢, ). (9.7.17)
It is easy to see that

[{Cu—v) < 1€l inf  IMpe(v+¢,y) < 1€] Mue(v + ¢, AVu)

yeHrz(Q.div)
»EVye

= [€HIAV @ —v = P)ll. = [€llllu—v =@l = [(£.u —v)I.

Thus, additional minimization of the majorant 9t . over the set Vy is sufficient to get
a sharp upper bound of |{¢, u — v}|.

4. An estimate of the quantity |(£, u — v)| follows from (9.7.4) if we set
Pu—v) =Lu—).
In this case, ;1 = 1 and o = |£]. Therefore, we have the estimate

[{€.u—v)| < [(€,0)] + €] Mpe(v + ¢, ). (9.7.18)

where y and ¢ are arbitrary functions in Hr, (€2, div) and Vjp, respectively. Usually,
the value of | £] is not difficult to estimate. For example, if

,u—v) = / Au —v)dx, where A € L?(Q), (9.7.19)
Q
then | £] < |A|<E2. 1f

(l,u—v) = / 7-V(u—v)dx, (9.7.20)
Q
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where t € L?(£2, Rd) is a given vector-valued function, then

‘/ t-Vwdx
Q
and | €] < [zl

In another frequently encountered case, the functional is defined by the integral

,u—v)= / y-(u—v)ds, (9.7.21)
ow

=< [zl Vvl

where y € L?(dw) is a given weight function. In this case, the value of |£] is esti-
mated by the constant in the trace inequality associated with dw.

9.7.4 Estimates based on the Poincaré inequality

In Sections 3.5.3, 4.1.3, and 4.2 we used the Poincaré inequality for deriving error
estimates in terms of energy norms. Below we shortly discuss one other application of
this inequality.

Let w be again a connected subset of € with a Lipschitz boundary. In view of the
Poincaré inequality, we have

2
lu =13, < Cro (uvw — )3, + ( / (u — v)dx) ) L 0722)

where u is the exact solution of (4.1.1)—(4.1.3) and v € ug + Vjp is an approximation.
For some subdomains (simplexes, circles, squares, cubes, etc.), the constants Cp, can
be evaluated analytically. For example, if

w=1II;:= {x | O0<xi <[, i= 1,2,...,d},
then (see (1.4.31))

1 2 g
lu —vf, < T ( : (u —v) dx) + Emiax{ll-z} IV —v)llg, . (9.7.23)
l

Thus, if the error in the local energy norm is evaluated, then adding the error in terms
of the linear functional sz (u — v) dx provides an upper bound of the local error in

L2. Also, (9.7.23) implies a special characteristic of the error. Introduce the quantity
0 —v):=inf |[u —v— ,
So(u —v) := inf [u —v —afl,
which characterizes the oscillatory part of the error u — v related to . Obviously
Osp(u—v) <|u—-v—af,,

where & = {u — v},,. Therefore, (9.7.23) implies the estimate

Osm, (u —v) < \/gmax{li} V(@ —v), - (9.7.24)

Hence, by (9.7.7) we can also evaluate certain part of the local error.



Section 9.7  Error estimates in terms of functionals and nonenergy norms 285

9.7.5 Estimates based on multiplicative inequalities

To derive estimates in L? norms, we can use well-known embedding inequalities
analogous to (9.7.22). However, these estimates involve new constants (in place of
Cpy). The multiplicative inequality (e.g., see O. A. Ladyzhenskaya and N. N. Uralt-
seva [214]) opens a way for avoiding the necessity of computing new constants. It has
the form

| o Vwe H' (o), p>2.  (9.7.25)

lwllp.o < Cpa VWIS 4 w2

where

-1
_(1_1\(1_d=—2
o= (E_E)(E_W) :
If d = 2, then we can take p € [2,+00), and the constant is defined by the relation
Cpo = max {£,2}* . Ifd = 3, then p € [2,6] and Cp o = 4.
Let ¢ € W1 (w) be a function such that

0<¢(x)<1, suppp Cw, and ¢(x)=1ino Cow.
By (9.7.25), we conclude that

lpu =)0 < Cpa V@ —)3, ¢ —v)

11—«
2,0 °

Since

V(@@ —v)3, < (1+8) 16V —v)l

1+96
2w+ 5 IIVOl @ =v)l3, .
where § is an arbitrary positive number, we obtain

ot =Vl =< 9 =)0
< Coa((1+8) VO =)l

1+94

T

/2
2 2 1—
[VoP| _ e=vi3n)" lu—vli . 0726
00,
Thus, having estimates of the local errors in terms of L2-norms, we obtain an upper
bound of the error in any L”-norm without computing new global constants.

9.7.6 Estimates based on the maximum principle

Pointwise estimates of approximation errors can be derived with the help of known
estimates for partial differential equations, which follow from the maximum prin-
ciple (e.g., see D. Gilbarg and N.S. Trudinger [151] and O. A. Ladyzhenskaya and
N. N. Uraltseva [214]). In the simplest case, it reads as follows:
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Theorem 9.28. Let A be a uniformly elliptic operator of the second order, which
is defined in a bounded domain Q2 with Lipschitz boundary T'. Assume that
ut e C2(Q)NC%Q) and

Aut > 0. (9.7.27)
Then, the function ut attains its maximum on T, i.e.,

suput = supu™. (9.7.28)
Q r

This principle holds for many elliptic operators. In particular, it holds for the opera-
tor Av := div AVv+b-Vuv+cv provided that ¢ < 0, the coefficients are bounded, and
|b| is small with respect to the ellipticity constant ¢ (so that the ellipticity condition
is satisfied).

The function u™ in Theorem 9.28 is called a sub-solution associated with #. A
function u~ € C?(Q) () C%(R) that satisfies the condition Au~ < 0 is called a
super-solution. If 4 is the operator A, then sub- and super-solutions are presented by
sub- and super-harmonic functions, respectively.

Consider the problem Au = f in  with homogeneous Dirichlet boundary condi-
tions. Assume that we have an approximate solution % € C(2) N C2(Q) that satisfies
the condition

Au> f in Q.
Then A(W — u) > 0 and by the maximum principle we conclude that

sup(U — u) < sup(u — u) = sup. (9.7.29)
Q r r

The estimate (9.7.29) shows that the (pointwise) error is bounded by the quantity
supr u. If W satisfies the relation An < f', then we find that infq (2 — v) > infr %.

Also, one can apply a more sophisticated estimate that based upon the following
theorem (e.g., see [151]):

Theorem 9.29. Let A > f and W € C(Q) N C?(R). Then

supu < sup ()4 + pwsup|(f)_|/A. (9.7.30)
Q r Q

If AW = f, then
sup ] < Sgpl(ﬁh | + u«sgplfl/k, (9.7.31)

where A(x) is the lowest eigenvalue of A(x) and the constant u depends only on
diam Q and on the ratio B = sup |b|/A. In particular, if Q lies between two parallel
surfaces and d is the distance between them, then u = exp{(8 + 1)d} — 1.
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Theorem 9.29 implies estimates of the difference between v and any approximation
e C(Q)NC?*Q). Sete = u — . We have

Ae=Au—Ai= f — Ai =: f.
By (9.7.31), we obtain

suple| < sup| (u =T | + psup F1/A, (9.7.32)
r

where we can estimate A by (4.1.4). If the residual 7 = Av — f is of constant sign
in €2, then we can apply (9.7.30). The maximum principle and the estimate (9.7.30)
can be extended to a wider class of functions. However, these functions must have
second generalized derivatives summable in any subdomain of €2, so that the regularity
conditions that we must impose on U are rather strong. This fact may lead to certain
technical difficulties in practical applications.

9.7.7 Estimates in weighted norms

Estimates in weighted norms can be useful if the significance of errors in different parts
of €2 is different. We consider a way of deriving such estimates with the paradigm of
the problem

Au+ f=0 in 2, (9.7.33)
U = U onTI. (9.7.34)

Let ¢ be a smooth (or piecewise smooth) positive weight function. We wish to measure
the error in terms of the norm

IV — )% = | ¢V —v)dx.
Q
From the corresponding integral identity, we find that

/ V(u—v)-Vipw)dx = / (fow — Vv -V(pw))dx, Yw € Vy, (9.7.35)
Q Q

where Vo = H 1(Q) and v € ug + Vjp is an approximate solution. Set w = u — v and
rewrite (9.7.35) in the form

/¢|V(u—v)|2dx+1[ Vo - V((u—v)?)dx
Q 2 Ja

= / ((f¢p—V¢-Vv)(u—v)—¢Vv-V(u—n))dx. (9.7.36)
Q



288 Chapter 9  Other problems

By the identity
/Q(¢>y-V(u—v)+(u—v)y-V¢+¢(u—v)divy)dx =0,
we obtain
/Q¢|V(u —v)|?dx + %/Q Vo -V((u—v)?)dx

- /Q ((f +div )+ V- (v — Vo)) (u — v)
+¢(y — Vv) - V(u —v)) dx. (9.7.37)

If ¢ is sufficiently regular, then we integrate by parts in the second term and deduce
the estimate

/qulv(u—v)lzcbc—%/Q A¢ (u —v)? dx

- /Q ((f +divy)g + V- (3 — Vo)) — v)

+¢(y — Vv) - V(u —v))dx. (9.7.38)
If ¢ is a harmonic (or superharmonic) function, then (9.7.38) implies the estimate
/ |V (u —v)|>dx
Q
< [+ dv3)0 + 99 (= To) =) + 4 = Vo) V=) d.
It is easy to see that a constant Cyg exists such that
[wll = CpalVwlig.  Yw € V.
In particular, one can set Cyq = Crgq (¢0)_1/2, where ¢g = minyeq{¢(x)}. Since
[+ div 320+ 99 (= Vo v dx

= Cpal(f +divy)p + Ve - (y = Vo) [V — v) 4.

we arrive at the estimate

IV —v)lig) < Cooll(f +divy)p + Vo - (y = Vo) | + 9"/ (y = Vo). 9.7.39)
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Remark 9.30. Let ¥ (x) € C2() be a superharmonic function and b € R< be a
vector independent of x. Set ¢(x) = ¥ (x) + b - x + €, where

€>| Hgsrzl{lﬁ(x) +b-xjl.

Since A¢ = Ay, the function ¢ is a nonnegative superharmonic function, which can
be used in (9.7.39).

We can rearrange (9.7.37) without assuming that ¢ is superharmonic. For this rea-
son, we shift the term with V((u — v)? to the right-hand side of (9.7.38). Let (A¢)
denote the positive part of A¢. Note that

! . — )2 _1 N2
/Qqu V((u v))dx—z‘fQA¢(u v)“dx

2

IA

1
; [Q (Ad)y (u—v)dx

1 (A@) 4 lloollu — v]?
< [ (AP) 4 llooCia IVt — v) I fg]-

IA

Hence, (9.7.37) implies the estimate
(1= C2all (Ad)4 lloo) IV = v) gy

< Cll(f +divy)p + Vo - (y — V)| + |92 (y — VV)|,  (9.7.40)

which has a meaning only if || (A¢) . |loo is sufficiently small.
Another estimate follows from the relation

/ ¢|V(u—v)|2dx=/ G(f +divy) + V- (y — Vo) (u — v) dx
Q Q
+/ ¢(y —Vv)-V(u —v)dx
Q

1
+5 [ @@= Vi@-v2ax
Q
where ¢ is an arbitrary function in L°°(€2, R4 ) N'S(£2). Since

3 | @V Vi@ v ax

< ||q—V¢||oo/Q = o] [V — )] dx

IA

1/2
14 = Vollool V= ) g3 (/Q ¢—1|u—v|2dx)

IA

Cro
Wllq —Vo|oollV(u — v)||[2¢]
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we find that

C
(1 _Cra . V¢||oo) VG~ ) )
do

< Cral¢"?(f +divy) + V- (y — Vo) + 92 (y — V)|l (9.7.41)

Certainly, this estimate makes a sense only if the quantity in parentheses is positive. If
¢ is a harmonic function, then its gradient is a divergence free vector-valued function
and the term ||¢ — V¢|| oo vanishes.

Finally, we note that a posteriori estimates in weighted norms can be derived for
other elliptic problems, using transformations of integral identities quite similar to
those we applied to the problem (9.7.33)—(9.7.34) (see [302]).
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Notation

%%ll <
X
IS

Msdxd
Q,w

I, Ty, T,
n
meas;{w}
diam S
a-b
a®b
axb
o:¢

tro

UD

{g)o

o
supp g
[g]r
(&)-

(g)+
Ker T

equals by definition

for all

implies

space of real d-vectors

space of real d x d matrixes
space of symmetric real d x d matrixes
open sets in R4

boundary of €2 and its parts
exterior unit normal

Lebesgue measure of a set w € R4
diameter of the set S

scalar product of vectors

tensor product of vectors

vector product of vectors

scalar product of tensors

trace of o

deviator of 0; 0° := 0 — %Htra

mean value of g on w; {g} := ﬁ [, gdx
o =g —{g)o

support set of g
jumpof gonT
negative part of g
positive part of g

kernel of the operator T

partial derivative with respect to i-th coordinate; v; := ;T”
1
gradient of a scalar-valued function; V¢ := ((,i),l, ey ¢,d)

divergence of a vector-valued function; divv := Zi:l, 4 Vi
divergence of a tensor-valued function; (Div t); 1=} ;_; ;7 Tiji
rotor of a vector-valued function;

curlv := (v3,2 — V2,3, V1,3 — V3,1; V2,1 — V1,2)

Laplace operator; Av = div Vv

error majorant

error minorant

error

error indicator

efficiency index of an error estimate

ball of the radius r centered at x
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T set of uncertain data
S set of possible solutions
P projection operator
L?(w) space of functions integrable in w with power p
ZZ(Q) set of functions in LZ(2) with integral mean 0
I 1p.0 L?(®) norm
-1, 1 lle  L*(82) norm
I oo, supremum norm
WhP(Q)  Sobolev space of functions having generalized derivatives
up to order / integrable with power p
Ilp2  W!P(R) norm
-1l energy norm
-0 “broken” energy norm
- 111 weighted norm with weight ¢
Crq constant in the Friedrichs inequality for the domain €2
Cpro constant in the Poincaré inequality for the domain €2
() space L2(Q2, M 4*4) of tensor-valued functions
with square summable components
Y (R2) space L%(R, Msd *d) of symmetric tensor-valued functions
with square summable components
S(2) subspace of L2(€2, R?) formed by divergence-free functions
St () the closure of smooth solenoidal functions with
compact supports in £ with respect to the norm of H!(Q2,R)
H™Y(Q) space dual to ﬁl(Q)
H(R,div) :={veL?Q)|divv e L?>(Q)}
Il Il div norm of H (2, div)
H(Q,Div) :={r e L2(Q, M%) | Divt € L%(Q,R%)}
I - lIDiv norm of H (2, Div)
£(X,Y) space of linear bounded operators acting from X to Y
(v*, v) duality pairing between v* € V*andv € V
F* polar functional (Young—Fenchel conjugate of F'),
F*(u¥) 1= sup, {(v*,v) — F(v)}
F** bipolar functional
F**(v) := supy+{(v*,v) — F*(v*)}
D(v,v*)  compound functional,

doF (v)

D(v,v*):= F(v) + F*(v*) — (v*,v)
subdifferential of F at v
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A

A posteriori estimates
explicit residual method, 32
implicit residual methods, 35
iteration methods, 28
optimal control problems, 254
A priori error estimates, 1
Adaptive methods, 31
Adjoint problem, 42
Almost incompressible fluids, 137

B

Banach theorem, 27
Boundary condition
Dirichlet-Robin, 189
friction, 209
mixed, 75
Neumann, 80, 208
nonlinear, 201
Robin, 85
Winkler, 210

C

Céa lemma, 59

Clément’s interpolation estimates, 33

Clarkson’s inequality, 198

Coincidence set, 179

Compound functional, 189

Contractive mapping, 27

Convex set, 17

Cost functional, 243
majorant, 245
minorant, 247

D

Discontinuous Galerkin method, 264
Dual-weighted residual method, 42
Duality pairing, 18

Duality relation, 160

E

Efficiency index, 56, 169
Equilibration, 41

Error indicator, 22, 65, 70

Error majorant, 6, 49, 50, 128, 132, 152,

163, 168
decomposition of €2, 62
modifications, 59
Error minorant, 6, 49, 52, 148, 165
Error reduction property, 163

F
Finite volume method, 265
Fixed point, 27
Fixed point problem, 30
Friedrichs inequality, 16
Functional
affine, 18
bidual (bipolar), 19
characteristic, 18
compound, 21
conjugate, 187, 203
convex, 17
dual (polar), 18
forcing, 187
Gateaux differentiable, 21
nondifferentiable, 185
strictly convex, 17
uniformly convex, 187
Functional a posteriori estimate
biharmonic problem, 219
data indeterminacy errors, 270
diffusion problem, 77
domain decomposition, 62, 166
equilibration of fluxes, 64
general form, 188
generalized Stokes problem

models with polymerization, 148

generalized Stokes problem, 141
models with rotation, 149

in terms of functionals, 279

linear elasticity

estimates for displacements, 107

estimates for stresses, 109

isotropic media, 111

modeling error, 114
Maxwell’s problem, 225
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minimization of the error majorant, 66
nonconforming approximations, 254

nonvariational method, 50
optimal control problems, 242
principal structure, 215

reaction-convection-diffusion problem,

96
reaction-diffusion problem, 83
regularization of fluxes, 65
Runge’s type estimate, 66
stationary Oseen problem, 152
stationary Stokes problem, 123

estimates for combined norms, 128

estimates for pressure, 127
estimates for stress, 128
estimates for velocity, 125
lower bounds of errors, 130
mixed boundary conditions, 131
structure, 52
variational method, 45

G

Galerkin approximation, 59, 65, 78
Galerkin orthogonality, 33
Gradient averaging, 40

H

Helmholtz decomposition, 11, 23, 257
Hooke’s law, 108

Hypercircle method, 23

I

Inf-Sup condition, 118
Interpolation constants, 33

K
Kirchhoff-Love plate model, 221
Korn’s inequality, 16

L
LBB condition, 118
Limit density, 54

M

Main error control problem, 6
Maximum principle, 285, 286
Mikhlin estimate, 25
Minkovski inequality, 15
Mixed approximations, 170

Modeling error, 112
Monotone operators, 30

N

Nonconforming approximations, 254

o

Ostrogradski formula, 10
Ostrowski estimate, 26

P
Poincaré inequality, 16
Post-processing, 37
Prager-Synge estimate, 23
Primal-dual error norm, 57, 168
Problem
biharmonic, 222
convection-diffusion, 88
dual, 159, 188
evolutionary, 229
general elliptic, 186, 191
generalized Stokes, 140
linear diffusion, 75
linear elasticity, 104
linear elliptic
fourth order, 218
general form, 158
on a subspace, 173
with lower terms, 171
Maxwell, 224
Navier—Stokes, 153
nonlinear elliptic, 196
optimal control, 242
Oseen, 151
plane strain, 113
plane stress, 111
primal, 159
reaction-convection-diffusion, 93
reaction-diffusion, 81
stationary Stokes, 123
Stokes, 117
saddle point statement, 119
with subquadratic growth, 200
with superquadratic growth, 198
Projection operator, 255

R

Regularization, 37
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Index

Runge estimate, 22

S
Saddle point, 176
Sobolev space, 13
Solenoidal field, 10
Space
bidual, 18
of rigid deflections, 17
of solenoidal functions, 122
topologically dual, 18
Sturm-Liouville operator, 86
Sub-solution, 286
Subdifferential, 19
Subgradient, 19
Super-solution, 286
Superconvergence, 40

U
Uncertain data, 265, 278

A%

Variational inequality, 178
first kind, 179
fourth order problems, 222
second kind, 185

Y
Young’s inequality, 8, 194
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